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[Mpeaucnosue

Ilpeanaraemas BameMy BHUMAHWIO KHATA HAIUCAHA IO
MaTepHalaM JEeKIUA [JIA MIAJIIEKYDCHUKOB, KOTOPHIE TH-
TaINCh aBTOPAMM B PasHBIE T'OJEI Ha MEXAaHAKO-MAaTEMaTH-
geckoM dakyasrere MI'Y. (M=ul HafeeMCa IPOJOIKATE STy
CepuIo: TOTOBATCA K MEYATH KHUTY «fI3BIKM M mcamciaeHus»
7 «Beraucanvere byEKIIMY. )

OCHOBHBIE TOHATHA TEOPHH MHOXECTB (MOIIHOCTH, Op-
[VHAIE, TPAHCHUHATHAA HHAYKIAA) BXOIAT B IUCIO BEIIEH,
KOTOPHIE XOPOIIO GBI 3HATEH JO60MY 'PAMOTHOMY MaTEMATH-
Ky (faxe ecim OH He ABIAETCA MATEMATHIECKWM JOTWKOM
wmm 06muM Tomomorom). QO6HITHO TPO HWX KOPOTKO MHAIIYT
B IIEPBLIX IVIABaX y9€OHAKOB aHAIN3A, AAreO6phl Wik TOIIOJIO-
TUM, Crena MepedTd K OCHOBHOUM TeMme KHUru. A xamh —
mpeIMeT JOCTATOYHO WHTEPECEH, BaXEH W IPOCT, ITOGHI
paccka3aTh 0 HEM HE TOPOMACH.

VImeHHO TakoM MOMYJAPHBIM PACCKA3 MBI OLITAIACH Ha-
NUCATH, UMEA B BHAY CAMBIX DPA3HBIX UATATENEW: OT MOJ-
TOTOBJEHHOT'O IIKOJBHUKA (3aXOTEBIIEro MepeuTr oT moGex
Ha OJEMIMAfaX K 9eMy-TO 6ojiee OCMBICIEHHOMY) A0 IIPO-
¢dbecCHOHANLHOIO MaTeMaTVKa (pEIIMBIIEro IPOYATATH IO
JOpOre HA OT[ABIX, 9YTO XK€ TAKO€ TPAHCHUHATHAA HHIYK-
U, KOTOPYIo Bceraa sameratoT demmont Ilopra). Ina Gonee
moAPOGHOr0 3HAKOMCTBA C TEOPUEN MHOXKECTB IUTATETE MO-
XKeT 06PATUTHCA K APYI'MM KHUTaM (HEKOTODEHIE M3 HUX Ile-
PeYuCIeHH B CIMCKe JUTEPaTypH Ha c. 121).

ABTOpH TMOMB3yIOTCA Cryd9aeM TOGIATOJAPUTEH CBOErO
yaurens, Baagumupa Amapeesmda YcCmeHCKOro, JeKiuw,
TEKCTH 7 BHICKA3HIBAHHA KOTOPOr0 MOBIHAIA HA HEAX (X
Ha COJlepXaHWe DTOM KHUT'M), BEPOATHO, NaXe B GOJbIIEH
CTEIeHN, 9€M aBTOPEL DTO OCO3HAOT.

TIpu mOATOTOBKE TEKCTa UCTIOMBb30BAHE! 3amucu A. Ezdu-
MbeBckoro u A. Pomamerko (KOTOPEI TakXke IPOTIEN mpe-
BAapUTENLHBIM BAPUAHT KHUT'Y W HAMMEA TaM HEMAJO OIId-
60K).
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Opuruean-MakeT KHATHM HOATOTOBIEH €€ PENaKTOPOM,
B.B. llysanosrim; 6€3 €ro HACTOMIABOCTH (BILIOTH 10 TO-
TOBHOCTY Pa3/IeIUTh OTBETCTBEHHOCTE 33 OIIMOGKM) OpPUIHU-
HaJ-MaKeT BPAJ JU MOABAICA GBI K KAKOMY-I#60 CPOKY.

AsTtops mpmsHaTemsHE Ecole Normale Supérieure de
Lyon (®panmmsa) 3a 0OAAePKKY W TOCTEIPAIMCTEO BO Bpe-
Ms HANMCAHUA DTOU KHUTH.

W3nanve KHUTH CTal0 BO3MOXHEIM Grarogapa Poccum-
ckoMy GOHAY GYHIAMEHTATLHEIX UCCAEOBAHWUMA, a TaKXe
1. B. fAmenko, KOTOPLIA YTOBOPUI aBTOPOB MOJATH TYIa 3a-
ABKY.

Hakomen, Mb1 61arogapuM COTPYAHWKOB, ACIMPAHTOB
¥ CTYAEHTOB Kadeaphl MATEMATHIECKOU JOTMKA MEXMATa
MI'Y, a TakXe BCEX YIACTHUKOB HAIAX JIEKIAA U CEMUHA-
POB M YUTATENEN TPEJBAPUTEIHHEIX BADUAHTOB 3TOU KHUTH.

IIpocum coob6maTs 0 Bcex ommbOKax M OMEYaTKaX aBTO-
pam (sneKTpOHHEIE afapeca ver@mccme.ru, shen@mccme. ru;
nouroBem ajapec: Mocksa, 121002, Bonsmon Bracvesckuu
nep., 11, MOCKOBCKUY IIEHTD HENPEPHIBHOTO MaTeMaTude-
CKOro 06pa3oBaHuA).

H. K. Bepewaeun, A. Illens



1. MHoXxecTBa U MOLWHOCTH

1.1. MHoxecTBa

OcHOBHEIE TIOHATHA U 0603Haqem«m, CBA3aHHBIE C MHOXE-
CTBaMH4 ¥ OII€paluAMU Had HAMMHA:

o Muooscecmea COCTOAT U3 IAeMeHMO6. Jammucsk £ € M
03HAYAET, 9TO & ABIAETCA DJIEMEHTOM MHOXecTBa M.

e ToBopaTr, uro MHOXecTBO A ABNAETCA NOIMHONICE-
cmeom MHOXeCTBa B (3ammen: A C B), ecim Bce
anemenTH A saBasoTca snemerTamu B.

e Muoxectsa A u B paenvt (3ammcs: A = B), ecom omz
CO/IEPXKAT O/JHE ¥ Té€ XK€ 3IEMEHTH (PYyrAME CJIOBaMH,

ecm A C Bur B C A).

e Ecim A — momgmmoxecTtBo B, He paBHOEe BCcemy B,
TO A Ha3EIBAIOT CO6CMEENNHbIM TTIOAMHOKECTBOM B (3a-
macs: A C B).

o ITycmoe MHOXECTBO & HE COAEPXKUT HU OSHOL'O DIIe-
MEHTa W ABIAETCA MOAMHOXECTBOM JI060r0 MHOXe-
CTBa.

o Ilepeceuenue A N B nByx muOXecTB A m B cocromuT
U3 DIEMEHTOB, KOTOPBIE IPUHAJIEXAT 060MM MHOXE-
crBam A u B. DT0 3anuCHBAIOT TaK:

AnNB={z|z€ Anzc B}

(amTaeTca: MHOXECTBO TAKHWX &, ITO... ).

o Ob6vedunenue AU B cOCTOUT U3 3IEMEHTOB, KOTOPBIE
IPUHAIEXKAT XOTA 6B oHOMY M3 MHOXECTB A u B:

AUB={z |z € Aum z € B}.
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e Pasnocmv A\ B cOCTORT U3 31€EMEHTOB, KOTODHIE TIPH-
maamexar A, Ho He mpuHAAIEXRAT B:

A\B={z|z€ Arnz ¢ B}.

Ecaz MHOX€ECTBO B ABIAETCA HOAMHOXECTBOM MHOXE-
ctBa A, pasHocTs A\ B Ha3HIBAIOT TaKXKe JONOAHEHU-
em B do A.

o Cummempuueckras paswocmv A /A B cocrout u3 aie-
ME€HTOB, KOTOpHIE MPHHAJIEKAT POBHO OJHOMY WH3
muoxecTs A u B:

AAB=(A\B)U(B\A)=(AUB)\ (4N B).

e Yepes {a, b, c} 0603HaTAETCA MHOKECTBO, KOTOPOE CO-
MEPXKUT DJIEMEHTH a, b, ¢ 1 He comepxkuT Apyrux. Ecan
cpenu a, b, ¢ ecTs paBHEIE, OHO MOXET COIEPXATDH OWH
win aBa saemeHTa. [loqo6HOEe 0603HAYEHNE UCIOTL3Y-
eTca U B MeHee (pOPMATLHLIX CHTYAIAX: MHOXECTBO
9IEHOB TOCHE0BATENLHOCTH ag,a1,- .. 0003HaIaeTCA
{ag, a1, ...} mm naxe {a;}. Bonee akkypaTHas 3amucn
[JJ1S TOT'O Xe MHOXecTBa Takosa: {a; | i € N}, rze N —
MHOX€eCTBO HaTypansHex wucen {0,1,2,...}.

IloHATHE MHOXECTBa MOABUAIOCH B MATEMATUKE CPABHU-
TeJLHO HEeJaBHO, B KOHIE 19-r0 Beka, B CBA3M ¢ paboTaMm
KanTopa (cpaBHeHWE MOIIHOCTEM MHOXECTB), O KOTODEHIX
monA€T peds pansime (pasfgen 1.3 m crexyromme). Hexoro-
poe BpeMaA Ha3ad 3TOT A3HIK MBITAJACH BHEIPATH B IIKOTH-
HOE TIPenoaBaHue, OOBACHAA YICHWKAM, 9TO y yPABHEHUA
2241 = ( ecTE MHOXECTBO PeIeHuH (BIPOYeM, TyCTOE), ITO
MHOX€CTBO PEIIEHAT CUCTEME] yPABHEHHAN €CTh II€PECEIEHIE
MHOX€ECTB PEIeHAN KaX /00 X3 HEX (@ A «COBOKYIIHOCTH»
ypaBHeHMI — 06beJUHEHHUE), 9TO B MHOXecTBe {2,2,3} He
TpHU 37€MEHTa, a JBa, X OHO PaBHO MHOXecTBY {2,3}, dro
@, {o} n {@,{0}} — sT0 TPH CoBepIIEHHO Pa3HBIX MHO-
xecTBa U T. . Ho BCE paBHO GOJBIIMHCTBO MIKOJIBHAKOB TaK
7 He TOHANO, II0YeMy MHOXECTBO DEIIeHAH yPAaBHEHUA T2 =
= 4 MOXHO 3amICHBATE KaK {—2, 2}, a MHOXECTBO pemeHui
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ypaBrenua 22 = —4 merp3s 3ammcrBaTh Kak {J} (a mago ma-

cats ). OTMETHM KCTATH €mE [Ba PACXOX/IEHWA: B IITKOIE
HaTypaJbHEIE YUCJIa HAIMHAIOTCA C €JUHUIEL, 8 B HEKOTOPHIX
KHIXKaX — C HyJId (MBI Toxe 6y/eM Ha3bIBaTh HYJIb HATY-
pansHbIM "ucaoM). Kpome Toro, naoraa sMecTo C mumryT C,
ucroms3ysa C JIA COGCTBEHHEIX ITOJMHOXECTB (BMECTO Ha-
mero ).

M= mpeamonaraem, 9T0 mepeIACACHHBIE BEIIIE 0CHOBHBIE
HOHATHUA TEOPUM MHOXECTB 60Jiee WiInm MEeHee BaM 3HAKOMEI,
u GymeM AOCTAaTOIHO CBOOOJHO MMM MOJIL30BaTHCA. BOT He-
CKOJIBKO 33139 /1A CAaMOKOHTPOJIA; HaJe€MCA, ITO OOJLIIMH-
CTBO U3 HUX He IPEJCTABUT A Bac 6OJBIIOro TPYyAa.

1. Crapenumi MaTEMaTHK CPEJHA MIAXMATUCTOB U CTAP €UIITIY
IIaXMATHCT CPEJZ MATEMATAKOB — TO OJZH WK TOT XK€ I€I0BEK
miz (BO3MOXHO) pa3HbIe?

2. JIyqmm# MaTeMaTHK CPEAW IMIAXMATHACTOB K JIy WY IIaX-

MaTHCT CPEJAM MaTEMATHKOB — DBTO OJWH WM TOT XK€ YeJOBEK
miz (BO3MOXHO) pa3HbIEe?
3. KaxnU JeCATHIA MATEMATAK — MMIAXMATHUCT, 8 KaXJHIZ

IECTOX IAXMATHACT — MaTeMaTuk. Koro Goibiie — MaTeMaTH-
KOB WIA IIaXMATACTOB — ¥ BO CKOJBKO pa3?

4. CymectByioT au Takue mHOXecTtBa A, Bu C,aro AN B #
#0,ANC=2=z(ANB)\C =27

5. Kakwe n3 pasercts (a) (ANB)UC = (AUC)N (BUC);
(6) (AUB)NC = (ANC)U(BNC); (B) (AUB)\C = (A\C)UB;
(r) (ANB)\ C = (A\C) N B; (x) A\ (BUC) = (A\'B)n
N(A\C); (e) A\ (BNC)=(A\B)U(A\ C) BepH jf1s T06GHIX
muoxects A, B,C?

6. IlpoBeguTe moaAPOGHOE AOKA3aTEILCTBO BEPHEIX PABEHCTB
OpesBAYyIIEN 3a4a9d, UCcxoAA u3 onpegenermi. ([Jokaxem, 9To
MHOXECTBA B JIEBOY W IPABOY YaCTAX PaBHHL. llycTs & — m0601n
3JIEMEHT JIEBOM YaCTH PaBeHCTBa. Torga ... IlosTomy x BXOAUT B
npasyio wacts. O6paTHo, mycTs . .. ) [IpuBegmTe KOETPIPEIMEPED
K HEBEPHLIM PaBEHCTBAM.

7. JoxaxwuTe, 9TO CAMMETPHAYECKAA PA3HOCTD aCCONMATUBHA:
AANA(BAC)=(AAB)AC pna mobux A, B u C. (Yxasanue:
CII0XEHUE [0 MOAY.IO 2 aCCONUATHRHO. )

8. Moxaxwmre, a0 (A1 N...NA,) A(B1N...NB,) C (41 A
A Bi)U...U (An A B,) pna no6bix mEOXECTB A1,...,A, 1
Bi,...,B,.



[m. 2] Hucao saemenmos 9

9. lokaxuTe, 9TO €CJIM KAKOE-TO PABEHCTBO (CoAepxKaInee me-
PEMEeHHEIE 1A MEOX€ECTB 1 oneparmu N, U, \) HEBepHO, TO MOXHO
HAWTH KOHTPOPUEMEDP K HEMY, B KOTOPOM MHOXECTBA IyCTH WIA
COCTOAT U3 OJHOI'O DIEMEHTA.

10. CKOIBbKO Pa3sIWYHBIX BHIPAXKEHHM I8 MHOXECTB MOXHO
cocTaBuTb 3 nepeMeHHEHX A m B ¢ momMompo (MEHOIOKPATHO HC-
TOJIb3y€EMEIX) OIEPANyyU NePeCcedeHns, O0LeUHEHNA X PA3HOCTH
(/IBa BEIpaX€HWA CIATAIOTCA OSUHAKOBLIMY, €CJIA OHA PABHEI IPH
JIO6GEIX 3HAYEHUAX NEPeMEHHEIX.) TOT X%e BOOpoC Ausa TPEX MHO-
xecTs u g1 n mEoxectB. (OTBer B 06mem crygae: 227 1)

11. ToT xe BOIPOC, €CIM MCTIOIB3YIOTCA TOJBKO omepanuu U
u N. (1A gByX ¥ TPEX NEPEMEHHEKIX 3TO YHCIO HECIOKHO IOACIHA-
TaTh, HO 06IIen GOPMYIEl AJIA N IEPEMEHHBIX HE U3BECTHO. DTY
3a/[ady Ha3HEIBAIOT TAKXKE 33/1a9€d O YUCIe MOHOTOHHHIX GyJIEBEIX
GyEKOEA OT N aPryMEHTOB. )

12. CKOJBKO CyIIECTBYEeT IOAMHOXECTB y N-3JEMEHTHOI'O
MHOXeCTBa?

13. ITycTs MHOXECTBO A CONEPXUT 7T DJIEMEHTOB, 8 €0 MOJ-
MHOXeCTBO B cogepxut k smemenToB. CKOIBKO CyIIeCTByeT MHO-
xectB C, mua xoropuix B C C C A?

14. MuOoxecTBO U copmepxuT 2n 31eMeHETOB. B HEM BHIJEI€HO
k moaMHOXECTB, IpUIEM HM OJHO M3 HUX HE SBIAETCA IOJMHO-
xecTBOM Apyroro. KakoBo MoxeT GHITH MAKCHMAJIBLHOE 3HAUYECHUE
uncna k? (Ykazamme. MakcumyM QOCTHraeTcs, KOUZa BCE MOJ-
MHOXECTBA MMEIOT IO 7TL DIE€MEHTOB. B camoM pene, mpencTaBuM
cebe, YTO MBI HAYMHAEM C IIyCTOI'O MHOXECTBa M NO06aBIAEM IIO
OJHOMY 3JIEMEHTY, IOKa He moaydrTcsa MEHoxecTBo U. B xozxe Ta-
KOI'0 IPOIIECCa MOXET MOABATHLCA HE Goslee OJHOT'O BEIJEJIEHHOIO
MHOXECTBA; C APYTO¥ CTOPOHBI, MOXHO MOJCIATATH MATEMATH-
YeCKOe 0XUIaHWE YUCIa BHIEIEHHEIX MHOXECTB II0 JIXHEUMHOCTH;
BEPOATHOCTH MPOUTH 4Yepe3 JaHHOe MHOXeCTBO Z C U MuHE-
MaJbHA, KOTJa Z COAEPXUT 7L JIEMEHTOB, IOCKOJILKY BCE MHOXE-
CTBa JAHHOI'O Pa3Mepa PABHOBEPOATHHL )

1.2. Yucno anemeHTOB

Yucao 51€MEHTOB B KOHEIHOM MHOXeCTBe A Ha3BIBAIOT
TaKXke e€ro MowHocmvio I o6o3HadaoT |A| (a Takxke #A).
(Bckope MEI GymeM TOBOPHTH O MOIIHOCTAX W i 6ecko-
HegHBIX MHOXeCTB.) Crefyiomas dbopMyaa MO3BOAAET HAU-
TH MOIMHOCTDH 06beIMHEHAA HECKOILKAX MHOXECTB, €CIIH U3~
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BECTHEI MOITHOCTH KaXJO0r0 M3 HEX, & TAKXe€ MOIIHOCTH
BCEX MEePECEIECHNN.
Teopema 1 (Popmyna BKAKOUYEHNI U NCKAIOHEHUN).

|[AUB|=|A|+|B|-|]ANB
|[AUBUC| = |A|+ |B|+|C| —

—|ANB|—|ANnC|—|BNC|+

+|ANnBNC

bl

bl

BooGme |A; U...U A,| paBHO

S IA =D AN A+ D JAin AN Akl — ...

i i<j i<j<k

<l OTO yTBEpX[EHWE HECIOXHO [OKA3aTh WHIYKIMER
0 N, HO MBI IPHUBEAEM APYTroe noKasaTeascTBo. Pukcmpyem
MPOM3BOIHHOE MHOXECTBO U, MOJIMHOXECTBAMEH KOTOPOTO
ABAAIOTCA MHOXeCTBA Aj, ..., A,.

Xapaxmepucmuueckot gynxyueti maoxecrsa X C U Ha-
3BIBAIOT (YHKIOHIO Xx, KOTOpasa paBHa 1 Ha smemenTax X
u 0 Ha ocrampHEIX snementax U. Omepamum Ha[ mOAMHO-
XKecTBaM# MHOXeCTBa U COOTBETCTBYIOT OMEPAIAAM C WX
XapaKTEePACTHIECKAME (QYHKOUAMHA. B 9acTHOCTH, mepece-
YeHWI0 MHOXECTB COOTBETCTBY€ET IPOU3BEICHAE XapaKTePH-
cruaeckux Gysxmma: X ang(u) = Xa(u)Xp(u). Jomomraennio
(mo U) coorsercTByeT dymkmua 1 — X, ecim X — xapaxTe-
prcTEYIeCKaA GYHKIUA UCXOJHOT'O MHOXECTBA.

Ywmcao 3€MEHTOB MHOXECTBA MOXHO 3aIACATH KaK CyM-
My 3HAQYEHHUH €0 XapaKTEPUCTUIECKON (PyHKITWN:

1X| = xx(u).

O6wequaerne A; U...U Ay MOXHO 3ammMcaTsh KaK JOMOJHE-
HEE K IIEPECEUICHUIO JOIMOJHEHAT MHOXECTB A;; B TepMmHAX
XapaKTEePUCTUIECKAX DYHKIAN TMEEM

XA,U...UA, = 1-— (1 —XAI)...(l _XAn)-
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PackpriB ckOGKHZ B IPABOX 9ACTH, MEI IOy IUM

ZXA" — ZXAiXAj + Z XA,-XAJ-XA,, — ...
i i<j i<j<k

¥ TIPOCYMMUPOBAB JEBYIO U MPABYI0 9acTh MO BCEM DJEMeH-

tam U (06e omm ects dymxmuu ma U), moayamMm dbopmy.ry

BKJIIOYEHUY ¥ MCKIOYEHAN. [>
15. Mokaxwmre, aTo |[A; A ... A A,| pasrO

D1Ad—2) AN Al +4 ) AN AN Al — ...

i i<j i<j<k
(k0> PUnEEHTH — MOCIEAOBATENLHEIE CTENEHA JBOMKH).
Ioac9€T KOIAIECTB HIEMEHTOB B KOHEIHBIX MHOXECTBAX

OTHOCAT K Komobunamopuke. HekoToprie Ha9aIbHEIE CBEJE-
HUA U3 KOMOMHATOPUKYA IPUBEJEHEI JANBIIE B KAYECTBE 3a-
nag. Cergac HAC B IEPBYIO 09E€PENb HHTEPECYET CJIE YOI
IPUHIAT:

eC/Ia MeX Iy ABYMA MHOXECTBAMHA MOXHO yCTAHOBUTE B3a-

MMHO OJHO3HA9HOE COOTBETCTBHUE, TO B HUX OJUHAKOBOE

9UCI0 HIEMEHTOB.

(Bsamvmas 0fHO3HAIHOCTH TPeGyeT, 9TOOH KaXAOMy dJe-
MEHTY IIEPBOI'0 MHOXECTBA COOTBETCTBOBAJ POBHO OJMH dJI€-
MEHT BTOpOr'0 ¥ Hao60poT.)

BoT HeCkONIBKO MPUMEPOB MCIOAB30BAHUA 3TOrO IIPUH-
muna.

16. Ha oxpyxuocTu BrI6parsr 1000 6eabIX TOUEK M OJHA UED-
Haga. Yero 607bIe — TPEYTOJBHUKOB C BEPIIMHAME B GETBIX TOY-
KaX WIZ 4eTHPEXYrOIbHUKOB, Y KOTOPHIX OJHA BEPIIXHA YEPHAL,
a ocranbabie Tpu Genbie? (Pemerune: mx NOPOBHY, NOCKOIBKY Ka-
KJOMY 4YETHIPEXYrOJBHUKY COOTBETCTBYET TPEYrOJbHEK, 06Gpa-
30BaHHBI TPEMA €r0 GEJEIMHA BEPIIXHAMY. )

17. Kaknx nmogmuOoXecTB 6oabine y 100-271eMEHTHOTO MHOXE-
cTBa: MomuEOCTH 57 wm moumocTz 437 (Ykasamue: 57+43 = 100.)

18. [loxaxwuTe, YTO MOCIEJOBATEILHOCTEN NJIAHBL 7U, COCTA-
BJIEHHBIX U3 HYJEW ¥ €UHUAI, CTOJBKO XK€, CKOIBKO IIOJMHOXECTB
y muoxectBa {1,2,...,n}. (Ykasanume: Kax0My IIOJMHOXECTBY
X c {1,2,...,n} cooTBeTCTByET «XapAKTEPACTHIECKAA HOCIIE-
[OBATEIHHOCTHY, Ha -M MECTe€ KOTOPOM CTOHT €AWHWIA, €CIA X
TONBKO ecim i € X .)
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19. [loxaxwTe, 9TO MOCTENOBATEILHOCTEN HYJIEH W €IAHUIL
[IAHEI T, B KOTOPHIX YMCJIO €UHUI] PABHO k, paBHO 4mcry k-ae-
MEHTHEIX IMOJMHOXECTB N-3JeMEHTHOTO MHOXECTBA.

OTO 9YMCI0 HA3BIBAETCA YUCAOM couemanut u3 n no k
u o603HagaeTCA C,’i B PYCCKHX KHWXKAaX; B MHOCTPAHHBIX
O06BITHO MCHIOIBL3yeTCA 0003HAIEHTE (Z)

20. Jloxaxwure, aro CF = Cn~Fk,

21. Toxaxwmre, uro CO + CL + ...+ C" = 2",

22. ITyctes U — HemycTOe KOHEYHOE MHOXECTBO. [[okaxmTe,
YTO MOJMHOXECTB MHOXeCTBa U, MMEIOImMX YETHYI0 MOLIHOCTb,
CTOJIBKO XK€, CKOIBKO UMEOLINX HEYETHYIO MOLHOCTE. (Yka3aHue:
duxcupyem saemeHET 4 € U 1 06befuHAM B IapHl IO MHOXECTBA,
OTJIAIAIONAECA TONBKO B TOIKE U.)

23. Moxaxure, aro Co — Cp 4+ C2 —... 4+ (—1)"C% = 0. (Yxa-
3aHEE: KaK 3TO CBA3AHO C NPEABIAYINEN 3aaden?)

24. [Toxaxwure dpopmyry 6urnoma Hetomona:

(a+b)"=Cl" +Cra™ "0+ ...+ Cka™ %" + ... + Cob".

25. [JoxaxmuTe, 9TO CIOCOGOB PACCTAHOBKE CKOOOK (yKashl-
BaOIUX HOPAJOK [IEACTBHN) B HEACCOIMATUBHOM IIPOM3BEICHUA
3 71 DIEMEHTOB CTOJBKO Xe, CKOIBKO CIOCOO0B Pa3bUTh BHIIYK-
aed (n + 1)-yroasHEK Ha TPEYTONBLHUKM HENEPEeCEKAIOLUMMUCH
muaronaaavu. ([us npom3BefeHwMs TPEX MHOXHTENEH €CTH IBA
BapmarTa (ab)c m a(bc); ¢ APyrol CTOPOHEI, €CTH ABa CHOCO-
6a paspe3aTb YETHIPEXYT'OJLHAK HA [BAa TPEYTOJbLHUKA, IPOBE-
A AWaroHaib. JliA IPOU3BE[EHUA YETHIPEX COMHOXUTENEN U I
OATHYTONBHAKA UMEETCA II0 5 BAPUAHTOB.)

1.3. PaBHOMOLLHbIE MHOXECTBA

[lBa MHOXECTBA HA3EIBAIOT PAGHOMOUHBLMIU, €CIV MEX Y
HAMEJ MOXHO YCTAHOBHTH B3aWMHO OJHO3HAYHOE COOTBET-
CTBHE, TP KOTOPOM KaXOMY 3JE€MEHTY OJHOT'0 MHOXECTBA
COOTBETCTBYET POBHO OJIMH JJIEMEHT JPYTOro.

Jlnf KOHEIHBIX MHOXECTB 3TO 03HAYAET, UTO B HUX OJU-
HAKOBOE 9WCJO JJEMEHTOB, HO ONpEJeNeHAe WMEET CMEICT
7 a1a 6eckoHeIHEIX MHOXeCTB. Hampmmep, orpeskm [0,1]
z [0, 2] paBHOMOIIHEL, HOCKOIBLKY OTO6paxerwe T — 22 0Cy-
MIECTBJIAET MCKOMOE COOTBETCTBHE.
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26. [loxaxwmre, 9T0 m0GEIE aBa mATEpBata (a,b) m (¢,d) ma
OPAMOY PABHOMOIIHEI.

27. [JoxaxwuTe, 4TO JIOOHIE ABE OKPYXHOCTH HA ILIOCKOCTH
paBHOMOITHHL. [[oxaxwuTe, 9TO JOOEIE OBA KPYyra HA ILIOCKOCTH
PaBHOMOIIIHEI.

28. [loxaxwure, aTo noxymaTepsai [0,1) paBEHOMOMEH mOTYy-
uarepsary (0,1].

Heckonbko Gomee cnoxHa Takas 3aada: [OKAa3aTh, 9TO
maTepsan (0,1) u ay= (0, +00) paBEOMOMEEL. DTO AeaaeTCA
Tak. 3aMeTHM, 9TO oTo6paxenue z — 1/z aBrseTca B3auM-
HO OJHO3Ha4IHBIM cooTBeTcTBUeM Mexnay (0,1) m (1,+o0),
az +— (z— 1) — B3aUMHO OJHO3HAYHLIM COOTBETCTBUEM
Mexay (1,+00) u (0,+00), IOSTOMY WX KOMIO3WUIUA T —
— (1/z) — 1 aBnAeTCA HCKOMEIM B3aWMHO OJHO3HAIHEIM CO-
orsercremem mMexay (0,1) m (0, 400).

Boob6ure, kak TOBOPAT, OTHOIIEHNE PABHOMOIIHOCTH €CTH
OMHOWEHUE IKEUEAAEHMHOCTIY. ITO 03HATAET, ITO OHO pe-
Paercueno (Kax0e MHOXECTBO PABHOMOIIHO caMoMy ceGe),
cummempuuno (ecmu A pasroMmomso B, To u B pasHOMOII-
Ho A) u mpansumueno (ectn A pasHoMomHo B u B paBHO-
momao C, To A pasrOoMommEO (). CBOUCTEOM TPaH3WTHBHO-
CTH MBI TOTHKO 9TO BOCHOJIB3OBATACH, B3AB ayd (1,400) B
KadeCTBE MPOMEXYTOIHOI'O MHOXKECTBA.

Emé HeCcKOMBKO PUMEDPOB:

e MuoxecTBO GECKOHEYHBIX MOCIEAOBATEIHHOCTEN HY-
JIeV ¥ €[IMHWI] PABHOMOIIHO MHOXECTBY BCEX IIOMHO-
XKEeCTB HATypanbHOro paga. (B camom gene, comocta-
BUM C KaX/JOU TOCTE0BATEIHHOCTHI0O MHOXECTBO HO-
MEPOB MECT, Ha KOTOPHIX CTOAT €IWHWNEI: HAIIPUMeED,
TIOCNEeJOBATENEHOCTh W3 OJHUX HYJIEX COOTBETCTRYET
IIyCTOMY MHOXECTBY, X3 OJHUX €JIUHUIl — HATYPaTIhb-
HOMY pAfny, a mociaegoBarensrocTh 10101010... —
MHOXECTBY 96THBIX 9IHCE. )

e MHOXeCTBO 6€CKOHEIHRIX MOCEI0BATENLHOCTEN AP
0, 1, 2, 3 paBHOMOIITHO MHOXE€CTBY 6€CKOHEYHEIX ITO-
caefosarersrocTer mudp 0 m 1. (B camom gene, Mox-
HO 3akoampoBaTs mudpsl 0, 1, 2, 3 rpynmama 00, 01,
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10, 11. O6paTHoe mpeoGpasoBanue pasbusaeT moCie-
IOBATEIHLHOCTE HYyJIEH W €IWHWI] Ha IapHI, IOCJAE 9ero
KaxJasd mapa 3aMeHseTca Ha mudpy ot 0 o 3.)

MHOX€eCTBO 6€CKOHEIHBIX M0 CIeJ0BATEILHOCTER AP
0, 1, 2 paBHOMOIITHO MHOX€ECTBY 6€CKOHEIHBIX II0CIE[0-
BarensHOCcTeM udp 0 1. (MoXHO 65110 6B IEITATHCA
PacCyXJaTh TaK: 3TO MHOXECTBO 3aKJIIOYUEHO MEXIY
IBYMA MHOXECTBAMU OJJHO! U TOHX XK€ MOITHOCTH, ! TI0-
TOMY PAaBHOMOIITHO KaX/JOMY U3 HAX. DTOT X0 MBICJIEN
IpaBWIEH, KaK MOKa3kBaeT Teopema Kanropa—Bepn-
mrenHa u3 pasgeaa 1.5. Ho 3gecs moxuO o60ouTHCE T
6e3 5TOU TeopeMEl, ecam 3aKoAupoBaTs nudps 0, 1 u 2
nocaegoBaTersHOCTAMY 0, 10 m 11: merko coo6pa3uTs,
YTO BCAKAA MOCIEN0BATENHLHOCTD HYJEU W €JUHUIL Of-
HO3HAYHO pa36uBaeTCa Ha Takue GIOKY CIeBa HAIPaBO.
Taxo# crtoco6 KOAUPOBAHUA HA3BIBAIOT «IIPEPUKCHEIM
KOZOM.)

IIpumep ¢ mOCIENOBATENLHOCTAMHA HYJEW U €JUHWIL
MOXHO 0006IIMTH: MHOXECTBO IIOJMHOXECTB JI0O-
ro muoxectsa U (omO 06pramo o6osmagaerca P(U)
¥ TO-aHTVIMACKA HA3HIBAETCA POWer set) PaBHOMOIIHO
MHOXECTBY BC€X (DYHKIMMA, KOTOPEIE CTABAT B COOT-
BeTCTBHE KaxjaoMy daeMeHTY x € U ogHo m3 wucen 0
ul (MHO)Kec'r:Bo TakuXx GYHKIUEA OGLITHO 0603HAYA-
ot 2%). (B camom feme, kax oMy MuOXecTRY X C U
COOTBETCTBYET €r0 XapAKTEPACTHIECKAA (PYHKIHA.)

Mzt IIPOJOJJXKUM 3TOT COIUCOK, HO CHaY9aJa IIOJE3HO TOKa-

3aTh HECKOJBKO IIPOCTBIX q)aKTOB 0 CYETHEIX MHOXECTBaX
(pa,BHOMO]'II;HBIX MHOXECTBY HATYPaAJBbHBIX ‘TII/ICGJI).

1.4. CyéTHble MHOXeCTBa

MHoXecTBO Ha3LIBAETCA CUEMMHbBIM, €CIX OHO PABHOMOIII-

HO MHOXecTBy N HaTypalbHBIX 9UHCEd, TO €CTh €CIH €ro
MOXHO TPEJACTaBUTHL B BUAE {Zg,Z1,Z2,...} (34€CH T; —
S/IEMEHT, COOTBETCTBYIONIAHA IMCIY i; COOTBETCTBUE B3aWM-
HO OJ[HO3HAYHO, TAK YTO BCE T; PA3JIAYHEI).
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Hanpumep, MHOX€ECTBO IeabIX 9ucea Z CIETHO, TaK KaK
LeJble 9UCIa MOXHO PACIOJOXWTH B IOCJIEJOBATEILHOCTH
0,1,-1,2,-2,3,-3,...

Teopema 2. (a) IlogMHOXECTBO CIETHOI'O MHOXECTBA KO-
HEYHO WIN CIETHO.

(6) Bcaxoe 6ecKOHEUHOE MHOXECTBO COJEPKUT CIETHOE
10 IMHOXECTRO.

(8) O6BearEEERE KORETHOrO WK CIETHOT'O IUCIA KOHET-
HBIX WIN CIETHHIX MHOXECTB KOHEYHO WX CIETHO.

< (a) ycts B — moAMHOXKECTBO CIETHOT'O MHOXKECTBA
A = {ag,a1,as,...}. Bubpocum m3 mocmenoBaTemsHOCTH
ag, a1, - - - T€ WIEHHI, KOTOPLIE He IpUHaAIeXaT B (coxpanas
mopsAfoK ocTapmuxca). Torga ocTasImecs WieHs 06pasyoT
60 KOHEYHYIO TIOCIEI0BATENbHOCTS (7 Torga B xonedno),
m6o 6eckoHeuHyo (Z Torga B cuéTHO).

(6) Mycts A 6eckomegrno. Torga OHO HEMYCTO W COAEP-
XKUT HEKOTOPHIA diaeMeHT by. Byaydm GeckoHedHBEIM, MHO-
XKeCTBO A He UCUEPIBIBAETCA 2IEMEHTOM by — BO3bMEM Ka-
Kou-HUOY AL Apyrou snemeHT by, um T. . Iloxyaurca mocne-
MOBATEILHOCTS bg, b1, . . .; IOCTPOEHUE HE IPEPBETCA HA HA
KakoM mmrare, mockorbky A 6Geckomeuno. Temeps MHOXECT-
B0 B = {bg,b1,...} u GyaeT UCKOMEIM CIETHBIM IIOMHOXE-
cTBoM. (3ameTuM, 9T0 B BOBCE He 06A3aHO COBIAAATH ¢ A,
naxe ecna A caéTHO.)

() IIycTs mmeeTcs CI6THOE 9UCIO CIETHEIX MHOXKECTB
Ay, Ay, ... PacmonoxuB 3aeMEHTHI KaXJOr0 3 HEX CIEBA
Hampago B mocaegoBaTersHoCcTh (A; = {as0,a41,-..}) 7 mo-
MECTHUB 3TU MOCJIEJOBATEILHOCTH APYT TOJ APYTOM, MOMIY-
9uM TabauIy

Goo @Go1 @o2 a3 ---
aip @ai11 ai2 @Gi3 ---
a0 G211 a22 G23 ...
azp as1 asz2 asz ...

Tenmeps 5Ty Tabaumy MOXHO Pa3BEPHYTH B IOCJENOBATEThH-
HOCTb, HAIPUMeED, IPOXO0/d IO OYePeN UarOHAJIMA:

Ggo, Qo1,a10, A02,A11,a20, A03,212,021,a30,- -
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Ecan maOXecTBa A; HEe mEpeceKANNCh, TO MBI IOJIYIAIA UC-
KOMOE€ IIPeCTaBIeHne 1 nx 06beaunennsa. Ecau nepeceka-
JIUCH, TO U3 TIOCTPOEHHOT TOCJIE[0BATEILHOCTH HAI0 BHIGDO-
CHATH NOBTOPEHUA.

Ecam MHOXeCTB KOHETHOE YHMCIO WIM KaKWe-TO M3 MHO-
XECTB KOHEYHBI, TO B 3TOU KOHCTPYKIIMU JACTU LIECHOB HE
6yJeT — M oCTaHeTCA JU60 KOHEYIHOe, IM60 CIETHOE MHO-
XKeCTBO. >

29. OnucaEHEIZ TPOXO/ IO AUWATOHAIAM 3aJaéT B3aUMHO OJI-
HO3HAYHOE€ COOTBETCTBHE MEXAYy MHOXECTBOM BCE€X Iap HAaTYy-
pansabIX dEcen (koTopoe o6osradaerca NX N) u N. Jlro6onsiTaO,
YTO 3TO COOTBETCTBUE 33aéTCA IPOCTOR HOPMyIoK (MHOIOWLIE-
HOM BTOPOM CTENEHN C PAIMOHAILHEIMEA K03 durmenTamu). Yka-
XHATE 3TOT MHOI'OYWIEH.

3ameuanue. B nokasarenncrse yTBepxkaeHus (6) Teope-
MEI 2 €CTh TOHKAA MOMEHT: HA KaX/JOM IMare MBI JOJX-
HEI BEIGPATH OJJUH U3 OCTABIIMXCA 3JEMEHTOB MHOXECTBA A;
TaKWe JEMEHTH €CTh, HO Y HAC HET HUKAKOI'0 IIPaBUIa, HO-
3BOJIAIONIETO TAKOU BHIGOP ommcaTts. Ilpm Gonee ¢opmains-
HOM ITIOCTPOEHHWHN TEOPUY MHOXECTB TYT HYXHO COCIATHCA
Ha CHENVAIBHYI0 aKCHOMY, Ha3BIBAEMYIO AKCUOMOT 6b160Da.
3aKOHHOCTH 3TOU aKCHOMEI BEI3EIBAJIA GOMBINME CIIOPH B Ha-
vane 20-T0 BeKa, HO MOCTENEHHO K HEW TPUBHIKIUA, U ITHU
CTIOPHI CeMYac MOYTHU HE BOCIIPUHUMAIOTCA. B cepeanue Beka
seaukui jJoruk Kypt I'énens mokasan, 9To akcmomy BEIGOpa
HeJIb3A ONPOBEPIHYTH, MONB3YACH OCTAILHBIMA AKCAOMAaMU
TEOpUM MHOXECTB, a B 1960-€ oIkl aMEpUKAHCKUN MATEMA-
Tuk [loan /Ix.Kosn mokasan, 9T0 €€ Heab3sa W BHIBECTH U3
ocranbHEx akcuoM. (KoHeYHO, MOHAMAaHME STUX yTBEPXK /e~
HUE TpeGyeT Mo ApOo6GHOTO U3N0KEHNA TEOPUMA MHOXECTB KaK
aKCHOMATHIECKOM TEOpHH.)

30. Taxoil e TOHKMZ MOMEHT (XOTS H MeHee OYeBU[HEI)
€CTb ¥ B JOKa3aTenbCTBe yrBepxaenus (B). MoxeTe i B gora-
natecd, rae oH! (OTsBeT: MBI 3HaeM, 9T0 MHOXecTBa A; CIéTHEI,
TO €CTh YTO CYyINEeCTBYET B3aHMMHO OJHO3HAYHOE COOTBETCTBHUE
mexay N m A;. Ho myxH0o BHIGpaTh ¥ PUKCHPOBATH 3TH COOT-
BETCTBHA, IIPEX /€ €M yAaCTCA NIOCTPOUTH COOTBETCTBUE MEXAY
o6wenuuenmeM Beex A; u N.)

Emé HeckonbKO MpUMEPOB CIETHEIX MHOXECTB:



[m. 4]

Cuémmuble mHodiceECEA 17

e MuoxecTso Q panmoHansHEIX ducen ca€THO. B camom

[ejie, PaINOHAJBbHEIE YHCIA IIPEACTABIAIOTCA HECOKPa-
TUMBIMEA JPOGAME C MENBIM YUCIATENEM W 3HAMEHA-
TeneM. MHOXeCTBO Apo6el ¢ JaHHEIM 3HaMeHATeIeM
cuérHo, mosToMy (Q mpemcraBumo B BHAE 06BeqUHE-
HUA CIETHOr'O YMCIa CIETHRIX MHOXECTB. 3aberasa Bie-
pén (cm. pazgen 1.6), ormeTnM, 9T0 MHOXeCTBO R BCex
NEACTBATEILHLIX YMCE]T HECIETHO.

Mzoxecteo N*, sremeHTaMM KOTOPOro ABIAIOTCA Ha-
60ophl w3 k HATYpPaNbHBIX YMCEN, CIETHO. IDTO JETKO
nokaszaTh mHAyKmuen mo k. Ilpm k& = 2 mMHOXECTBO
N? = N x N map HaTypaleHEIX dmcen pa3bmBaeTcs
Ha caéTHOe umcao cuérHex MHOXecTB {0} X N, {1} x
x N,... (smemenTamm i-ro MHOXecTBa GyAyT HapHI,
IIePBHIA WIEH KOTOPHIX paseH 1). [loaTomy N2 cuérHo.
Agmanorwamsiv o6pasom MEOXecTBo N° Tpoex HaTy-
PaJIbHBEIX 4Ymcesl pa3buBaeTCa HAa CIETHOE HUHMCJIO MHO-
xecTs {1} Xx Nx N. Kaxg0e u3 HEX COCTOHT U3 TPOEK,
TEPBHIA WIEH KOTOPHIX (UKCAPOBAH U IIOTOMY PAaBHO-
MommHo MHOXecTBy N2, koropoe caérmo. Toumo Tax
Xe MOXHO TEPEeHTH OT CYSTHOCTM MHOXecTBa NF x
cuéTHOCTH MHOXecTBa NFH1,

MHOX€eCTBO BCEX KOHETHRIX TIOCTE[OBATEILHOCTEN Ha-
TYpaJIbHEIX 4HUCeN CIETHO. B camMoMm jene, MHOXeCT-
BO BCEX TMOCIEN0BATEILHOCTENA JAHHOU [JIMHEI CIETHO
(xak MBI TOIBKO 9TO BU/ENH), TAK ITO WHTEPECYIOMIEE
HAC MHOXECTBO pa36WBaeTCA Ha CIETHOE TIUCIO CIET-
HBIX MHOXECTB.

B mpeasiaymem npuMmepe He 0643aTENLHO TOBOPUTE O
HaTYPATLHLIX YMCIAX — MOXHO B3ATH JH060€ CIETHOE
(wmn xomewnoe) muoxecTBo. Hampmmep, MHOXeCTBO
BCEX TEKCTOB, UCIOJL3YIOMAX PyccKuir andasaT (Ta-
KOU TEKCT MOXHO CIMTAThH KOHEUYHOU TIOCJe]0BaTE k-
HOCTEIO GyKB, IP0GEIOB, 3HAKOB TPENWHAHAA X T.1I.),
CI€THO; TO XK€ CaMO€ MOXHO CKA3aTb O MHOXECTBE
(BCEX MBICTMMBIX) KOMIBIOTEPHEIX IPOIPAMM H T. 1.
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o Yucio Ha3EIBAIOT a42e6pPaUUECKUM, €CTU OHO ABIAETCA
KODHEM HEHYJEBOI'O MHOT'OWICHA C HEJbIMH KO03(ddu-
mueHETaMu. MHOXeECTBO anrebpamdecKWX THMCEN CIET-
HO, TaK KaK MHOT'OWIEHOB CIETHOE YUCIO (MHOTOWIEH
3aaéTCA KOHEYHOU IOCJIEJOBATEILHOCTEIO IEIEIX Ud-
cenl — ero Koad@UIMEHTOB), a KaX/HU MHOTOWIEH
“MeeT KOHEYHOE IMCIO KopHed (He Gojee n AIA MHO-
TOWIEHOB CTEMEHA N).

e MuoxecTBO epuoamdeckux apobeu caéruo. B camom
nenie, Takag Apo6b MOXeT OBITH 3almMcaHa KaK KOHEed-
Haf MOCJIEeJOBATEILHOCTH CUMBOJIOB U3 KOHEIHOI'O MHO-
xecTBa (3amATas, mudpH, Ck06KH); HAanpUMeED, APO6H
0,16666. .. moxnO 3ammcars xak 0,1(6). A Takmx mo-
CJIe[IOBATEIBHOCTEN CIETHOE MHOXECTBO.

31. lokaxmTe, 9TO T060€ CEMENCTBO HEMEPECEKAIOIMXCA WH-
TEepBAJIOB HA NPAMOM KOHEYHO WX CIETHO. (YKasaHue: B Kaxk/JOM
ZHTepBaJe HAaUJETCA PAlMOHANBHAS TOYKA. )

32. (a) Joxaxure, 9TO 1:060€ MHOXECTBO HeIEPeCEKaIOMX-
Cs BOCBMEDOK Ha ILIOCKOCTH KOHeYHO miu c4éTHO. (BoceMmép-
Ka — 00BEIWHEHUE JBYX KACAIOIIMXCA OKPYXHOCTEU JIOOKIX pas3-
mepoB.) (6) ChopmymmpyiiTe I JOKaXATE AaHAJIOTHIHOE yTBEDP-
xpgeHue A GykB « [».

33. lokaxwmTe, 9TO MHOXECTBO TOYEK CTPOrOro JOKAJIBHO-
o MakCIMyMa 10601 GYHKIIA JeNCTBATEIHLHOTO apryMeHTa KO-
HEYHO WIN CUYETHO.

34. loxaxwuTe, 9YTO MHOXECTBO TOYEK PA3PHIBA HEYOBIBAIO-
mer QYHKIAA JEeNCTBATEILHOTO apPIyMEHTa KOHEYHO WX CUET-
HO.

Teopema 3. Ecim maOXecTBO A G€CKOHEYHO, 8 MHOXECT-
Bo B komeuno mau cué€THO, TO 06meauuenune A U B pasHo-
mormrHO A.

<1 MoxHo cunTaTh, 9T0 B He mepecekaerca ¢ A (mepe-
CedYeHre MOXHO BEHIOPOCUTE W3 B, 0CTaHETCA MO-TIpeXHEMY
KOHEYHOE WA CIETHOE MHOXECTBO).

Brigenum B A cuérHoe moaMuOXECTBO P; ocTaTok 060-
3HaumM depe3 (. Torga mam Ha;O AoKasaTs, aTo B + P +
+ Q pasromomno P+ Q (3m2K + cuMBOMM3EpPYyeT 06HefUHE-
HEE HemepeceKkaroumxca MEOXeCTB). Ilockonsky B+ P u P
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06a CIYETHEI, MEX/y HAMHA CyIIECTBYET B3aMMHO OJHO3HAY-
HOE COOTBETCTBHE. Er0 JIerKo PO JOMXUTD 1O COOTBETCTBUA
Mexay B+ P+ Q u P+ Q (kax/I5I 51eMeHT MHOXeCTBa
COOTBETCTBYeT caM cebe). >

35. IIpumennTe 5Ty KOHCTPYKIIUIO U ABHO YKaXXKUTE COOTBET-
crBue Mexny orpeskom [0,1] m moxyunTepranom [0,1).

36. Teopema 3 moxa3weiBaeT, 9TO A0OaBIEHWE CUYETHOI'O MHO-
XKEeCTBa K OECKOHEYHOMY He MEHAET ero MOIHocTH. MoxXHOo Jmu
cka3aTh TO xke camoe npo yxareaue? /Jokaxwure, aro ecim A Gec-
KOHEYHO W HE SABIAETCA CIETHHIM, a B xoHeuno mam cuérHO, TO
A\ B pasromomso B.

37. Hemenxuu marematux P.JlefeKWH] OPENJIOXAT TAKOE
onpepeneEne GECKOHEYHOI0 MHOXECTBA: MHOXECTBO 6€CKOHETHO,
€CIM 0OHO DPABHOMOILTHO HEKOTODPOMY CBOEMY IOJMHOXECTBY, HE
COBIIaJAaXOLIEMy CO BCEM MHOXECTBOM. HOKaIKHTe, 4TO YKa3aHHO€
JleneKWHIOM CBOMCTBO JEACTBHTEILHO ONpPEAEIseT 6ECKOHEYHEIE
MHOX€CTBa.

Jlo6aBnAs KOHEIHBIE WK CIETHEIE MHOXECTBA, JET'KO IO~
HATb, 9TO IpAMasg, BCe MPOMEXYTKHU Ha NpPAMOU (OTpE3KH,
MHTEPBAIE, TOTyAHTEPBAIELI), Iy9d, AX KOHETHEIE WA CIET-
HBEIE 00BEIMHEHNA U T. . PABHOMOIIHEL APYT APYLY.

38. YkxaxmTe B3amMMHO OJHO3HAYHOE COOTBETCTBUE MEXIY
muoxecTBoM [0,1]U[2,3]U [4,5] U... u oTrpeskom [0,1].

39. JokaxwTe, 9TO MHOXECTBO BCEX NPAMEIX Ha ILIOCKOCTH
PaBHOMOIITHO MHOXECTBY BCE€X TOYEK Ha ILIOCKOCTH. (meaHHe:
¥ TOYKW, ¥ NPAMEIE 33aJaI0TCA HapaMy 4YrCeJ — 33 HeOOoabIImMA
MCKIIOYEHUAMN. )

40. [loxaxwuTe, 9TO MOJIYILIOCKOCTH (TOYKH ILIOCKOCTH, Je-
Xalme 0 OAHYy CTOPOHy OT HEKOTODPOM IPAMOM) PaBHOMOIIHA
wiockocTa. (DTO BEPHO HE3ABACHEMO OT TOr'0, BKIIOYAEM MEI I'Da-
HAYHYO OPAMYIO B HOXYILIOCKOCTD WIA HET.)

Teopema 4. OTpesoxk [0, 1] paBHOMOIIEH MHOX€ECTBY BCEX
6eCKOHEIHBIX IOCAEJOBATENLHOCTEN HyJICH U €NHMII.

< B camoMm gene, xaxgoe gqucio z € [0,1] zammcriBa-
eTca B BUJe GECKOHEYHOU ABOMYHOU Apo6u. IlepBrr 3HAK
sTol Apobu pasex 0 wm 1 B 3aBECEMOCTH OT TOrO, IOMa-
JlaeT J¥ 9UCIAO0 I B JIEBYIO WM IIPaBYIO IOJOBHHY OTpPE3Ka.
Y065l OnpenennTs CAeIyIOMMARA 3HaK, HaJ0 BEIOPAHHYIO II0-
JIOBMHY TOJEJIUTH CHOBA MOMOJAM M IOCMOTPETH, KyAa IO-
najéT T, m T. 1.
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ITO Xe COOTBETCTBUE MOXKHO OIUCATH B JAPYTYIO CTOPO-
HY: IOCJIEeJOBATEIBLHOCTHA Z(ZL1Z3 ... COOTBETCTBYET HHCJIO,
ABIAOIIEECA CYMMOUR PAJA

LA
2 4 8

(B 3TOM mOCTpPOEHEM MBI HCTIONB3YEM HEKOTODHIE hAKTHL U3
MaTEMAaTHIECKOr'0 AHAIN3A, ITO He yIUBUTEILHO — HAC WH-
TepPECYIOT CBOMCTBA JAE€UCTBATEILHBIX IHUCEN. )

OmnmcanHOE COOTBETCTBHME NOKA ITO HE COBCEM B3aWM-
HO OJHO3HAYHO: JBOMIHO-DANMOHATLHEIE 9ucIa (Apobu BH-
na m/2™) mmeroT gBa TpencTaBiaeHmA. Hampmmep, €mcmo
3/8 moxmo 3anmcaTs kak B Buge 0,011000..., Tak u B BEAE
0,010111... CooTBeTCTBHE CTAHET B3AWMHO OJHO3HAYHBIM,
ecau O0TO6pOCHTE Apobu ¢ eguHUIEd B mepmojae. Ho Taxmx
apobelt CA€THOE YMCI0, TOXTOMY HAa MONIHOCTH 3TO HE IO-
BIAAET. >

41. Kakas gBom4nas apo6b cooTBeTcTByeT amcry 1/37

B sToM gokazaTenncTBe MOXHO OBLIO OBI MCIOIBL30BATH
6osilee TPUBLIYHBLIE AE€CATUIHBEIE APO6M BMECTO JBOWYIHEIX.
Toxyamnocs 6u1, 9T0 0Tpe30k [0, 1] paBHOMOIIIEH MHOXECTBY
BCeX GECKOHEYHRIX mochefoBaTensHocTen muadpp 0,1,...,9.
YTOo6H TEepeuTH OTCI[a K TOCIEJOBATETLHOCTAM HYyJIeH
¥ eJWHUI, MOXHO BOCIOJb30BATLCA IMPUEMOM, OIMUCAHHBIM
Ha c. 14.

Tenepr BCE MOTOBO A JOKA3aTEILCTBA TAKOI'O yAUBH-
TeJbHOro dakTa:

Teopema 5. KBagpar (co BHyTPEHHOCTHI0) PABHOMOIIEH
OTDPE3KY.

< Ksagpar pasmomomen mmoxectsy [0,1] x [0,1] map
JMEUCTBATENBLHEIX YUCEN, KaX/0€ U3 KOTOPHIX JEXUT HA OT-
peske [0, 1] (MeTox xoopauraT). ME yXe 3HaEM, 9TO BMECTO
qmces Ha OTPe3Ke MOXHO I'OBOPUTE O MOCJIEI0BATENLHOCTAX
mynen 1 equrui. OCTaroCh 3aMEeTATH, UTO Mape MOCIeI0Ba-
TENLHOCTEN HyTeH W eRUHUL (LoZ1Z2--- ,YoY1Y2 ---) MOXK-
HO IDOCTAaBUTH B COOTBETCTBHE IOCIEJOBATEIHLHOCTH-CMECH
ZoYoT1Y1L2Y2 ... H 9TO ITO COOTBETCTBEE OyAeT B3aXMHO
OJHO3HAYHBIM. [>
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SroT pesyabraT GbUI moxydeH B 1877 rogy HeMenkuMm maTe-
matukoMm I'eoprom KamTopom m yauemn ero camoro, mockoasky
IPOTUBOPEYWI NHTYATHBHOMY OLIYINEHHIO «Pa3sMePHOCTH» (KBa-
APaT ABYMEPEH, MO3TOMY BpOJe OBl JOJXKEH COAepXaThb OOJbIIe
TOY€EK, YeM OJHOMEPHHIZ 0TPe30K). Bor uro Kanrop nucan Jexe-
xueay (20 utonsa 1877 roga), 06Cy X gas BOIPOC O PABHOMOLIHOCTHA
TPOCTPAHCTB Pa3HOrO 4mcia mamepenun: «Kak MHe xaxeTcs, Ha
3TOT BOIPOC CJIEAYET OTBETHATH YTBEPAUTEIBHO, XOTA Ha MPOTA-
XKEHUU PAJA JET s NPUAEPKABAICA IPOTHBOMIOJOKHOIO MHEHU).

B omgsoM m3 orBeTHBEIX mmcem [legexmHa oTmMedaeT, 4TO pe-
syasraT KanTopa He JumaeT CMEICIA HOHATHE PA3MEPHOCTH, HO-
CKOJIbKY MOXHO PaCcCMaTPHABATH JHUIIH HEIIPEPHIBHEIE B 06€ CTOPO-
HEI COOTBETCTBHSA, ¥ TOTJa NPOCTPAHCTBA PAa3HOM Pa3MEPHOCTH
MOXHO GyeT pasiIdyYuTh. JTa TUIIOTE3a 0KA3aJI0Ch BEPHOU, XOTA
HE TaKOHW MPOCTOM; MEPBLIE MONLITKA €€ JOKa3aTb, B TOM YHCIE
onna m3 crarex Kanropa, cofepxany Omu6KYM, X TOIBKO CILyCTSH
TPUALATH JET MOUTaHACKuYA MaTeMaTuk JI. Bpaysp gan npasmis-
HOE [JOKa3aTeabCTBO. BopodeM, OTCyTCTBHE HEIPEPHIBHOIO B 06€
CTOPOHEI COOTBETCTBHA MEX Yy OTPE3KOM X KBaJPaTOM A0Ka3aTh
HECJIOXHO; TPYAHOCTZ HAYMHAIOTCA B GOIBIIMX Pa3MEPHOCTSAX.
(3ameTmM Takxe, 9TO CymECTByeT HENPEPHIBHOE OTOGpaxXeHme
OTpe3Ka B KBaAPAT, KOTOPOE IPOXOAUT depe3 a00yI0 TOYKY KBa-
apata. OHo HasmBaeTca «kpueou Ileano».)

W3 TeopeMsl § JETKO MIONYyIUTH MHOT'O APYTUX YTREPXK I€-
HUY PO PABHOMOIIHOCTEH M'€OMETPUIECKUX 0GBEKTOB: KPYT
PaBHOMOIIEH OKPYXHOCTH, IPAMAA PABHOMOIIHA ILIOCKOCTHA
¥ T.IL

MoXHO TakXke 3aMeTATh, ITO TPOCTPAHCTBO (TOUKH
KOTOPOT'O 33/]al0TCA TPeMA KOOPAWHATAMY (I, Y, Z)) PABHO-
MOIIHO ILIOCKOCTH (HAJA0 3aKOAMPOBATH mapy (Z,y) oaHIM
9mcIoM), ®, CJIeJOBATeIbHO, IpAMoi. To xe camMoe MOXHO
npojenaTsh U I TPOCTPAHCTE GOMbINEeR Pa3MEPHOCTH.

42. [JoxaXmTe, YTO MHOXECTBO BCEX KOHEYHEIX IOCIEJOBa-
TENBHOCTEN JEUCTBATENLHBIX YUCE]T PABHOMOINHO R (MHOXeCTBY
BCEX AEMCTBUTENLHEIX YUCE).

43. [loxaxwuTe, YTO MHOXECTBO BCeX GECKOHEYHEIX IOCIENO-
BaTEIBHOCTER JAEACTBATEILHEIX YMCE] PABHOMOIIHO R.

OTMeTHnM, 9TO MBI IOKA HE YMEEM [OKA3BIBATE, ITO MHO-
KECTBO IE€UCTBUTENHHEIX 9uCen (WIX MHOXECTBO 6€CKOHEd-
HEIX TIOCJEJOBATENLHOCTEH HyJIeH U €XHAT) HECIETHO. JTO
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6ymer caenano B pasgene 1.6.

MOoOImHOCTS, MHOXECTBA JAEUCTBUTEIbLHEIX JHUCE] HA3hIBa-
0T MOWHOCTIbIO Kowmunyyma (0T JATHHCKOI'O CIOBA, O3HA-
Yalolero «HEeNpepPLIBHLINY; UMEETCA B BUAY, 9TO TOYKA Ha
OTPE3KE MOXET HEMPEPHIBHO JBUTATHCA OT OJHOT'O KOHIIA K

Apyromy).

1.5. Teopema KaHTopa— BepHwTeitHa

Omnpepenerue paBHOMOITHOCTHA YTOYHAET HHTYATHUBHYIO
U0 0 MHOXECTBaX «OJMHAKOBOI'O pasmepa». A kak ¢op-
MaJIbHO OIIPEJENINTh, KOT'a OJHO MHOXECTBO «DOJbIIey ApPY-
roro?

TosopaT, uro MHOXECTBO A nNo Mowmnocmu ne 6oavuie
MHOXeCTBa B, eciit 0HO paBHOMOIITHO HEKOTOPOMY IIOJAMHO-
XeCcTBy MHOXeCTBa B (Boamoxmo, camomy B).

44, HexTo mpemIoXmiI TaKOE OIPe/ieIeHre: MEOXECTBO A mme-
€T CTPOr0 MEHBIITYIO MOIHOCTE, Y€M MHOX€ECTBO B, eciz oHO pas-
HOMOIITHO HEKOTOPOHM HYacTH MHOXecTBa B, He coBmajgaromes co
Bcem B. Ilouemy sT0 onpepenenue meyaauno? (Ykazamue. Ilomy-
JIAPHEIE PACCKA3EI 0 TEOPUHM MHOXECTB 9aCTO HAUMHAIOTCA C TAKO-
r'o mapajgokca, Bocxoaamero kK [ammnero. Kakux ymucen 6onbire —
BCEX HATYDPAIbHBIX YHCE] WIN TOYHEX KBaapaTos? C ogHOR CTO-
POHEI, TOYHEIE KBAAPATH COCTABIAIOT JWINL HEGONBIIYIO YacTh
HATYDAIbHBIX 9YACET; ¢ APYTO¥ CTOPOHHI WX MOXHO TIOCTaBATH
BO B3aMMHO OJHO3HAYHO€ COOTBETCTBHUE CO BCEMHU HATypPaJbHBI-
ME 9ACIAME.)

OTHomerne «xMeTh He GOJBIIYI0 MOMIHOCTE» O6aagaeT
MHOTMMH €CTE€CTBEHHLIMA CBOMCTBAMA:

e Ecim A u B paBHOMOmEHEL, T0O A mMeeT He GOMIBIIYIO
MomEOCTS, 9eM B. (Ouesmaso.)

e Ecom A wmeeT He GONBIIYI0O MOIIHOCTH, 9eM B, a
B umeeT He 6OMBIIYI0 MOITHOCTH, deM C, To A mme-
er He Goaburyio MomEOCTh, 9eM C. (Toxe HecmoxHO.
Ilycte A HaxoaWTCA BO B3aMMHO OJHO3HAYHOM CO-
oreercTeuu ¢ B' C B, a B HaxoAWTCA BO B3aMMHO
oxuosragaoM coorsercTeuum ¢ C' C C. Torga mpm
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BTOPOM COOTBeTCTBHE B’ COOTBETCTByeT HEKOTOPO-
my mroxectBy C" C C' C C, xak nokasano Ha puc. 1,
z noromy A pasaomomzo C".)

Puc. 1. TpaH3UTUBHOCTH CPABHEHUA MOIIHOCTER

e Ecom A wmeeT He GOMBIIYI0O MOIIHOCTH, 9eM B, a
B umeeT He GOMBIIYI0 MOIIHOCTE, 9eM A, To oHHU pas-
HOMOIHEL. (DTO BOBCE HE OYEBUHOE YTBEPXK/IEHUE
cocrapiageT cogepxanme Teopemsl Kamropa-—Beps-
IITeRHA, KOTOPYI0 MBI CEMIaC JOKAXKEM. )

e Jlna mobrrx aByx mEOXecTB A m B BepHO (x0T 6HI)
04HO U3 AByX: 60 A mMeeT He GOMBIIYI0 MOITHOCTD,
gem B, mu60 B mmeeT He GOJBIIYI0 MOITHOCTE, 9eM A.
(ToxasaTemscTBO 3TOTO dakTa TPeGyeT TAK HAILIBAE-
MOM («TPAHCPUHUTHOUN WHIYKIAM»; CM. pasger 2.6, Te-
opeMma 25.)

Teopema 6 (KanTopa—BepHwTeitna). Eciu maOoXecTBO A
PaBHOMOIITHO HEKOTOPOMY TIOMHOXECTBY MHOXeCTBa B, a
B paBHOMOIITHO HEKOTOPOMY TIOMHOXECTBY MHOXECTBa A,
To MHOXeCcTBa A m B paBHOMONIHEI.

< Ilycrs A paBHOMOIIHO TOAMHOXECTBY B; MHOXe-
crBa B, a B pasHOMONIHO HOAMHOXECTBY A; MHOXecTBa A
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Puc. 2.

(cm. pumc. 2). Ilpm B3aEMHO OJHO3HAYHOM COOTBETCTBEH
mexay B u A; mogmuOXecTBO B1 C B mepexoiuT B HEKOTO-
poe mogmuoxecTBo Ay C A;. Ilpm aToM Bce Tpu MHOXECTBA
A, By u A paBHOMOIIHEI, — ¥ HYXHO J0KA3aTh, 9TO OHH
PaBHOMOIIHEI MHOXECTBY B, miu, 9To TO xe camoe, A;.

Temeps MBI MOXeM 3a6HEITH IPO MHOXECTBO B m ero moj-
MHOXECTBA U JOKA3LIBATH TAKO! (haKT:

([Tnsa equEOO6pasma Mu1 roBopum Ag BMecTo A.)

IlycTs f — dbyHKOHA, OCYIIECTBRIAIMAA B3AXMHO OJHO-
3Ha4HOE cooTBeTCcTBUHE A9 — Ay (3meMenT = € A cooTBET-
cTByer anemenTy f(z) € Aj). Korga Ag nmepexonur B A,
MeHbBIIee MHOXECTBO A; MEpeXogAT B KaKOe-TO MHOXECT-
Bo A; C Ay (cm. pme. 3). Aramormarsmv o6pazom camo A
ImepexofuT B HeKoTopoe MuOoxkecTBo Ay C A,. Ilpm stom
Ay C A3, Tak Kak A; C As.

IIpogonxkas 3Ty KOHCTPYKIWIO, MBI IIOJy9IaeM yGBIBarO-
IIYI0 TOCIeN0BATEIHHOCTE MHOXECTB

ecma Ay C Ay C Ag m As pasrOMOmmEO Ay, TO BCce TpH
MHOXECTBa PaBHOMOIIHEL

A03A13A23A33A4D...

¥ B3aMMHO OJHO3Ha4YHOE cooTBeTcTBHE f: A9 — Aa, mpm
xoTopom A; coorBeTcTByeT A; 9 (MHOTA 3TO 3aMACHIBAIOT
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Puc. 3.

rak: f(4;) = Aiy2). PopmansHOo MOXHO ommcaTs Ag, Kak
MHOXECTBO TeX 3JEMEHTOB, KOTOPHIE TONIYyIal0TCA U3 KaKo-
ro-TO 3JIeMEeHTa MHOXeCTBa Ag mocle n-KpaTHOrO IIpUMe-
Henua ¢ysknuu f. AmamormunsiM o6pasoMm As, 1 cocToMT
W3 T€X W TOJBKO TEX DJIEMEHTOB, KOTOPHIE IIOJy9al0TCA M3
KaKOr'o-TO 3JEMEHTa MHOXeCTBa A; mocie n-KpaTHOrO IIpH-
MeHenus ¢ysknun f.

3aMeTHM, 9TO IepecedeHre BCeX MHOXeCTB A; BmoaHe
MOXET OHITH HEMTYCTO: OHO COCTOUT M3 TEX BJIEMEHTOB, ¥ KO-
TOPBIX MOXHO CKOJBKO yr'OAHO pa3 Gpars f-mpoo6pas. Te-
meph MOXHO CKa3aTh TaK: MHOXeCTBO Ag MBI pa36mim Ha
menepecekarommeca cior C; = A; \ A;11 u Ha cepaneBmHy

C = ni A,;.
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Cmom Cy, Cy, Cy, ... pasHOMOmEH (byEkmma f ocy-
IECTBIAET B3AUMHO OJHO3Ha4IHOE cooTBeTcTBHE Mexay (o
z Co, Mmexay Co u Cy m T. 11.):

c Lo Lo L.

To xe camoe MOXHO CKa3aTh PO CJIOM C HEYETHHEIMEA HOMeE-
pamu:

o, Lo Lo L.

Mox=uo emgé oTmeTwTh (9TO, BIpPOIEM, HE MOHAAOOWTCA),
aro ¢yukmua f wa muHOXecTBe (' OCYIIECTBIAET €ro Ie-
pecTanoBKy (B3aMMHO OJHO3HAIHOE COOTBETCTBUE C CAMUM
co6on).

Temeps Jerko MOHATH, KaK MOCTPOUTE B3aUMHO OJHO-
3HAYHOE COOTBETCTBEE g Mexay Ag m A;. Ilycts x € A,.
Tora COOTBETCTBYIONUMAA €My 3J€MEHT g(Z) CTPOUTCA TaK:
g(z) = f(z) mpr = € Co, m g(z) = z mpu = € Copy1 WM
z € C (cm. pumc. 4). >

Ay = Cyp + C; + C + C3 + C4 + --- + C
A = Ci + Cy + Cs + Cy + --- + C
Puc. 4.

HWcropmsa sTox Teopemnr (HaseiBaeMon Taxxe Teopemon ITIpé-
nepa— Beprmreiina) Takosa. KanTop ¢opmynupyer eé Ge3 xo-
kxa3aTenbcTBa B 1883 roxy, ob6emasn: «K sTomy A emé BepHyCH B
oaHOZ Gosee o3 AHe paboTe ¥ TOrIa BHIABII CBOE0OPa3HEIY HH-
Tepec 3Tox 06mmex TeopeMin». OIHAKO 3TOT0 OGELAHUA OH HE BEI-
TIOMHWI, ¥ TIEPBHIE JOKa3aTelbcTea 6uutn gauul IlIpéaepom (1896)
u Beprmrrenrom (1897). Kak Buano m3 pa6or m macem KanmTopa,
OH IPEAIOIaral AOKa3BIBATH 3Ty TEOPEMY OZHOBPEMEHHO C BO3-
MOXHOCTBIO CPaBHATH JOGBIE ABa MHOXecCTBa (CcM. pasgen 2.6,
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Teopema 25), HO KaK MMeHHO — ocraérca HemoHaTHEM. (Pa6o-
71 KanTOpa mo Teopuu MHOXECTB 7 €r0 NHCbMa IEPEBEAEHE Ha
Pycckui A3mIK [4]; Bce MTATH JAOTCA IO STOMY H3JAHMUIO. )

Teopema KanTopa—BeprinTerna 3Ha9uTEeIbHO YIIPOIIA-
€T J0Ka3aTeJbCTBA PABHOMOIITHOCTH: HAIPUMED, €CIM MBI
XOTHM J0Ka3aTh, 9TO OyOJMK ¥ map B IPOCTPAHCTBE PaBHO-
MOIIIHEI, TO JOCTATOYHO 3aMETUTH, ITO M3 Oy6amKa MOXKHO
BHIPE3aTh MaJeHbKHUI MIap (FOMOTETHIHEIA GONBIIOMY ), a U3
mapa — MaJieHbKHuH Oy6uK.

45. IlocmoTpuTe HA IPUBEJEHHBIE BHIIIE 334341, I'le TpeGoBa-
JIOCh AOKa3aTh PAaBHOMOIIHOCTD, X yGC,Z[HTeCB, 9YTO BO MHOI'MX HU3
HEX IpEMeHeHne Teopemil KarTopa — Beprmrenna cuipaO yopo-
@eT Aeo.

46. [lokaxuTe, 94TO BCe T€OMETPHAYECKAE (PUIYDPHI, COAEPXKA-
1@e XO0TA GBI KyCO4YeK IPAMOY WM KPUBOM, PABHOMOIIHEI.

47. [lokaxwuTe, 9TO €CIM KBAAPAT Pa30UT HA JBA MHOXECTBA,
TO X0Ts 6K OJHO U3 HAX DABHOMOIIHO KBaApary. (Ykasanume. Ec-
JIA O[JHA U3 YaCTEN COAEPKUT OTPE3OK, TO MOXHO BOCIIOIB30BATH-
ca Teopemon KarTopa— Bepamrensa. Ecim xe, ckaxeM, nepsas
<JacTh HE COJAEPXUT OTPE3KOB, TO B KaX/JOM I'OPH30HTAILHOM
CE€YeHWM KBaJpaTa €CTh TOYKAa BTOPOM YaCTH, X CHOBA MOXHO
cocaarsca Ha Teopemy Kamropa — Beprmrenna.)

48. [JoxaxmuTe, 9TO €CIM OTPE3OK Pa3bUT HA [ABE YACTH, TO
X0TA GBI OJfHA W3 HAX PABHOMOIIHA OTPE3KY.

To xe camoe MOKa3aTeILCTBO MOXHO M3JIOXWUTEL Gosee
abCcTpakTHO (M M36aBATHCA OT YHOMEHAHWUA HATYDAIbHBIX
amcen). HamomamMm, ato f: A — Aj ecTb B3amMHO OfHO-
3HAYHOE COOTBETCTBHE MEXJAy MHOXECTBOM A m ero mom-
MHOX€eCTBOM As, a Ay — HEKOTOpPOE IPOMEXYTOIHOE MHO-
xecTBo. Hazoém muoxecTBo X C A «xopommm», ecam OHO
comepxut A\ A; ¥ 3aMKHYTO OTHOCHTEIBHO f, T.e€.

X D (A\4) + f(X)

(MBI mCITOMB3y€EM 3HAK + 1A 06'beJUHEHNSA, TOCKOILKY 065~
eIMHAEMEIE MHOXECTBa 3aBeJIOMO He IlepecekarTca). Jlerko
IPOBEPUTH, 9TO TEPECedeHre M060r0 CEMEUCTBA XOPOIIAX
MHOXECTB XOPOIIIEe, TIOITOMY €CJIU MBI IEPECEIEM BCE XOPO-
IIIMe MHOXECTBA, TO MOJYy9INM MAHUMAIBHOE II0 BKIIOYEHUIO
xopomee maOXecTBO. Hazoém ero M. Jlerko mposepuTs,
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aro muOXecTBO (A \ A4;) + f(M) 6yzer xopommm, moaTo-
My B CWIy MEHAMAJIGHOCTA M BKIIO9EHWE B ONIpEJETCHAN
XOPOIIIEro MHOXECTBA IPEBPAIlaeTCA B PABEHCTBO:

M = (A\ 4) + f(M).

Teneps BCEé roToBo s mocTpoenus Gmekmuu g: A — Aj.
Ora 6uekmua comagaer ¢ f BHyTpum M ® TOX[JeCTBEHHA
BHe M.

49. IIpoBeguTe >TO paccyXjgeHne moapo6HO.

IT0 paccyXeHue yqoOHO IPU NOCTPOEHUAU AKCAOMATH-
YeCKOU TEOPUM MHOXECTB, TaK KaK B HEM HE HYXHELI HATY-
panbHBIe uMcIa (KOTOPHE CTPOATCA Jajeko He cpasy). Ho
[0 CYIIECTBY 3TO TO XK€ CAMO€ PaCCyXAeHHue, TOCKOIbKY M
ecte CoUCU...

Teneps, umes B Buxy Teopemy Kanmropa—Bepmmrrenna,
BEPHEMCA K BOMPOCY O CPABHEHUHU MoImHOCTeH. /A maHHnIx
MHOXECTBE A m B TeOpeTH9eCK:A UMEIOTCA IETHIPE BO3MOXK-
HOCTH:

e A paBHOMOIEHO HEKOTOpPOHX JacTu B, a B paBHOMOIITHO
mexoropou gactu A. (B sTom crygae, kak ME 3HaEM,
MHOXECTBa PABHOMOIIHEL. )

e A pasmoMoOmHO HekoTOpou dacTu B, HO B He pasBHO-
MomHo HuKakon sactu A. B sTom ciywae rosopsar, aro
A umeem menvwyo mowHocmo, uem B.

e B pasrOMOmEHO HekoTOpOu YacTu A, HO A He paBHO-
MomHO HUKakou 9actu B. B aTom cxygae rosopsar, aro
A umeem Goavwyro mownocms, wem B.

e Hu A me paBHOMOmEHO HuKakou dactu B, am B He
paBHOMOIIHO HUKakou 9actu A. DTOT ciaygam HA Ca-
MOM [ieJié HEBO3MOXEH, HO MBI 3TOrO TIOKA HE 3HAEM
(cM. pasgen 2.6).

50. [JoxaxwurTe, 9TO CYETHOE MHOXECTBO HMMEET MEHBIIYIO
MOIHOCTD, 9€M JI060€e HECIETHOE.

51. IlposepsTe akkypaTHo, uTo ecim A WMeeT MeEHBIIYIO
MOIIHOCTSL, 9eM B, a B mMeeT MeHbUIyI0 MOUHOCTD, 4eM C, TO
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A mmeeT MeHBIIYIO MOIHOCTS, 9eM C' (TPaH3UTEBHOCTH CPaBHE-
HUs MOLIHOCTEM).

3aMeTuM, 9TO MEI yX€ [OJAC'0 TOBOPEM O CPaBHEHUHA
MOIIHOCTEX, HO BO3JE€PXUBAEMCA OT YIIOMWHAHUA (MOIIHO-
CTH MHOXECTBa» KaK CaMOCTOATEILHOI'O 0GBEKTA, 8 TOIBKO
CPaBHMBAEM MOITHOCTA Pas3HHEIX MHOXECTB. B mpuHIUIIE
MOXHO OBITO GBI OIpEeNUTh MOIIHOCTL MHOXecTBa A Kak
KJIaCC BCEX MHOXECTB, paBHOMOImHEIX A. Takme knaccel i1a
MHOXEeCTB A m B COBOAJAIOT B TOM H TOJBLKO TOM CIydae,
xorja A u B paBHOMOIIHEI, TAK 9TO CJAOBA (AMEIOT PABHYIO
MOIIHOCTE» Ipuobpenu 6bl GyKBambHBIA CMBICA. IIpo6iaema
TYT B TOM, UTO TAaKAX MHOXECTB (paBHOMOIIHEIX MHOXeE-
cTBy A) CcIMmKOM MHOrO, IOCKOJIBKY BCE Ha CBETE MOXET
OBITH UX daeMeHTaMu. X HaCKOIBLKO MHOT'0, 9T0 00pa30BaTh
W3 HUX MHOXECTBO 3aTPYJHATEIHHO, 3TO MOXET IPUBECTHA
k mapajokcam (cM. pasgexn 1.6, c. 34).

W3 sToM cuTyanmmm €CTh HECKOALKO BhIX0H0B. Cambrx
IPOCTOX — TO-IPEXHEMY T'OBOPHATH TOJBKO O CPABHEHUH
MOIIHOCTEX, HO HE O CAMHUX MOIIMHOCTAX. MOXHO TakXe BBe-
CTM TIOHATHUE (KJIAcCa» — TaKOU GONBIION COBOKYITHOCTH
00BEKTOB, 9TO €€ yXe Helb3d CIUNTATDH DJEMEHTOM APYIUX
COBOKYITHOCTeN («eCIM BHI IOHAMAETE, O UEM A TYT TOI-
Kyio» — pnobasuna 651 CoBa u3 xHuXku o Bunnn-Ilyxe), u
CYATATh MOIIHOCTHIO MHOXeCTBa A Kiacc BCeX MHOXECTB,
pasaOMoOTHEIX A. Emé oque BRIXOL — Aaa Kaxgoro A Bwl-
6paTh HEKOTOPOE «CTAHAAPTHOE» MHOXKECTBO, PABHOMOII-
HOe A, m Ha3BaTL ero MOIMHOCTHI0 MHOXecTBa A. O6BaHO
B KQ9eCTBE CTAHAaPTHO'O MHOXECTBA 6€PyT MUHMMAJIbHBIA
Op/IUHAT, PABHOMOIIHEIM A, — HO 3TO TIOCTPOEHUE yXKe Tpe-
GyeT 6omee HopMaILHOrO (aKCHOMATHIECKOT'0) TOCTPOEHUA
TEOPUU MHOXECTB.

KanrTop roeopmi o momuocTax Tax (1895): « Mownocmoio wmm
KaPOUHAALHBIM WUCAOM MHOXeCTBa M MEI HaseiBaeM TO obmee
[OHATHE, KOTOPOE MOIy9IaeTCA HPHU TOMOIM HAIIENd AKTABHOU
MEICIATENLHOR crioco6HOCTE M3 M, Korja MEI aGCTparupyeMmcs
OT Ka9eCTBa €r0 PAa3IUYHEIX DIEMEHTOB M W OT TMOPAJKA WX 3a-
paEmaA. (...) Tak xak m3 Kax/J0ro OTHEILHOIO DJIEMEHTA M, KO-
rjja MBI OTBJIEKAEMCA OT Ka4eCTBA, IOJLyJaeTCsa HeKasd e quHuna’,
TO CaMO KapAWHAJILHOE YMCJIO OKA3LIBAETCA MHOXECTBOM, 06pa-
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30BaHHBEIM MCKJIIOYUTENIBHO U3 €IWHAL, KOTOPOE CYLIECTBYET KaK
WHTEIEKTYaIbHEM 06pa3 Wik KaK IPOEKIAA 3aJaHHOT0 MHOXE-
crBa M B Ham pasym».

Tax wiz mHEAYE, MBI Gy1eM yIOTpe6aaTs o6o3nadenue |A
[ MOITHOCTH MHOXeCTBa A X0TA 6H KaK BOTLHOCTH PEYH:
|A| = |B| osmagaer, aro MEOXecTBa A W B paBHOMOIIHEL;
|A| < |B| ozmagaeT, 970 A PAaBHOMOITHO HEKOTOPOMY TOJ-
MHOXeCTBY MHOXecTBa B, a |A| < | B| o3ragaer, aro A nme-
€T MEHBIIYI0 MOILIHOCTD, 9eM B (cM. c. 28).

1.6. Teopema KaHTopa

Knaccwaeckmit mpuMep HEPABHOMOIMHBIX 6€CKOHETHEIX
MHOXECTB ([0 CAX OP TAKOro mpmMepa y Hac He 6nuio!)
MaéT «amaroHaJbHAA KOHCTPyKima KanTopan.

Teopema 7 (KanTopa). MuOXeCTBO 6€CKOHETHEIX TOCIE-
JOBATETHHOCTEN HyJIEH U €WHUIl HECIETHO.

< IlpenmomoxmMm, 9To OHO cu€THO. Torga Bce IoOcCiae-
[OBATETLHOCTH HyJEW W €IWHWI[ MOXHO ME€PEHYMEPOBATb:
g, 1,... CocTaBuM 6eCKOHEIHYI0 BHU3 TabiMIy, CTPOKa-
ME KOTOPO# 6yIyT HAIIM MOCIET0BATEILHOCTH]:

Qg = Qoo Gp1 Qg2 ...
a1 = Q10 Q11 @12 ...
(5] = Q90 «21 Q922 “en

(uepes a;; MBI 0603HAIAEM j-H WIEH i-H IIOCIELOBATEIHLHO-
ctm). Temeps paccMOTPUM IOCIEAOBATENBHOCTD, 06PA30BaH-
HYIO CTOAIIMMY Ha JUATOHAJIA WIEHAMU (g0, (11, (22, + . . ; €€
i-U WIEH €CTh (j; U COBHAJAET C -M WIEHOM i-U MOCJIe0Ba-
TEIBLHOCTHU. 3aMEHUB BCE WIEHEI Ha IPOTHUBOMIOJIOXHEIE, MBI
IOy 9IUM TIOCJIE[OBATENLHOCTE (3, ¥ KOTOPOU

Bi =1 — ay,

TaK 9TO0 MOCIELOBATEILHOCTE [ OTIXIaeTCA OT JI060HX U3 HO-
CIIeIOBATEIHHOCTEN ¢; (B IO3UNAM i) B IOTOMY OTCYTCTBYET
B Tabaumne. A MBI OPeANONOXNUIN, ITO TA6IMUIA BKIIOYAET B
cebs BCE MOCIEI0BATEILHOCTH — IPOTHBOPEYHE. >
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W3 sTou TeopeMHl CaeAyeT, 9TO MHOXECTBO R nercTBH-
TETLHEIX 9ucel (KOTOpOe, KAK MBI BHIEIA, PABHOMOIIHO
MHOX€CTBY IIOCIE0BATENLHOCTEN HyJIEN U €IUHUI]) HECIET-
HO. B WacTHOCTH, OHO HEe MOXET COBMAJATL CO CIETHHIM
MHOX€ECTBOM ajJrebpamdecKuX 9uCe] W IOTOMY CYIIECTBYET
JNEUCTBUTENLHOE YUCIO, HE ARJIAIOMIEECA anrebpamdecKuMm
(e ABAsAIOIIEECA KODHEM HUKAKOI'O HEHYJIEBOT'O MHOT'OWIECHA
C IEJIOYNCIECHHBIMI Koaq)Q)nnneHTaMn). Takne duciaa HaA3LI-
BAIOT MPAHCYUEHOEHTHIMY.

K momenTy cozganus KarTopom Teopum MHOXECTB yxe GBI-
JI0O M3BECTHO, YTO TaKWe HUWCJIA CyIeCTBYIOT. IlepBHIM mpmMep
Takoro ymcaa moctpoma B 1844 rogy dbpaHIy3CKuml MaTeMaTHK
2K. JInypwuie. OH mokasai, 9TO 9UCIO0, XOPOLIO HpubImxaemMoe
PanZOHAILHEIME, HE MOXET GHTHL anre6pamdeckum (TaKoBO, Ha-
npumep, wmcro Y(1/10™)). Moxasarerscrso Teopems: Jlmysmi-
JI He O4YeHb CJIOXHO, HO BCE-Tak®W TpeOyeT HEKOTOPHIX OIEHOK
Or'PEIHOCTH IpUbIuXeHus; Ha ero ¢oHe aokasaTenscTso Kan-
Topa, ony6mmkoBaEHOEe WM B 1874 roay, BHIVIAZAT YWCTOX BO-
ael oxycom. dTa mybmwkanua OvLTa mMEPBOX PaGOTOX MO TeEOo-
PHU¥ MHOXECTB; B €€ IEPBOM maparpade JOKa3EBAE€TCA CIETHOCTD
MHOX€CTBa are6pam4ecKnx 9ucel, a BO BTOPOM — HECYETHOCTD
MHOX€eCTBa geucTBETENbHEIX dmcen. (O6mee ompegenerme pas-
HOMOUHOCTH OBLIO faHO KaHTOpOM Juines 4epes Tpu rojga, oj-
HOBPEMEHHO C JOKAa3aTelbCTBOM PABHOMOIIHOCTH IPOCTPAHCTE
PA3HOI0 YUCIA M3MEPEHHM, 0 KOTOPOM MEI Y€ NOBOPILIH. )

OTMernM KcTaTH, 9TO B TOM Xe 1874 roxy dpanmysckun Ma-
TemaTuk III. OpMuT gOKa3zan, 9TO OCHOBAaHUE HATYPAJbHEIX JOI'a-
PZDMOB € TPAHCIEHJEHTHO, a Y€pPe3 BOCEMb JET HEMEIKWHA Ma-
TemaTuk D.JlmEgeMaH HOKa3an TPAHCHEHAEHTHOCTH YUCIA T 7
TEM CaMBIM HEBO3MOXHOCTH KBaAPATyDPH KPYyTa.)

B HecKoOmBKEX CIeIyIOIMMX 3aJadaX MBI MIPEAIOIaraeM
HM3BECTHBIMHA HEKOTOPEIE HAYAJIBHBEIE CBEJCHUA U3 Kypca Ma-
TEMATAIECKOT'O aHAIM3A.

52. IToxaxwuTe, 9TO AJIA BCAKOI'O HECIETHOrO MHOXecTBa A C
C R moxHO yka3aTh TOUKY @, m106as OKPECTHOCTH KOTOPOU IIe-
pecekaerca ¢ A no EecaéTHOMY MHOXECTBY. (YTBEpXA€HEE OCTa-
€TCA BEPHBIM, €CIX CJIOBA (HECIYETHOE MHOXECTBO» 3aMEHHTH HA
(MHOXECTBO MOIIHOCTA KOHTHHYYMAay.)

53. IlokaxwuTe, 9TO MF060€E HEMYCTOE 3aMKHYTOE MHOXECTBO
A C R 6e3 #301MpPOBAaHHEIX TOYEK UMEET MOLTHOCTH KOHTHHYYMA.
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54. IloxaxwuTe, 9To mM1060€ 3amkHEyTOE MHOXECTBO A C R a1~
60 KOHEYHO, Ju60 CIETHO, AUO0 MMEET MOIIHOCTL KOHTHHYYMA.
(Yxasamme. Paccmorpum muOXecTBO B C A, cocrosamee m3 Tex
TOYEK MHOXECTBa A, B 10607 OKPECTHOCTA KOTOPHIX HECUETHO
MHOro Apyrux todek m3 A. Ecim B mycro, To A KoHeYHO mwim
cuérro. Eciz B HemycTO, TO OHO 3aMKHYTO M HE IMEET U30JUPO-
BaHHEIX TOYEK.)

OTa 3a1a9a NOKA3LIBAET, UYTO JJA 3AMKHYTHIX IIOJMHO-
KECTBO MPAMON BEPHA TUIIOTE33 KOHTUHYYMA, YTBEPXKJA0-
s, 9T0 J60e IOAMHOXECTBO IMPAMOH JUG0 KOHETHO, 1u60
caétro, 60 paEoMomuo R. (KamTop, mokasasmmii 3TOT
dakT, pacCMaTpUBaJl €ro KaK MEPBBLIA IMar K JoKa3aTelb-
CTBY THNOTE3HI KOHTUHYYMa 4 O0IIero ciydas, HO U3 DTO-
ro HEYEro He BHIILIO. )

55. I3 mnockocTH BEHIGPOCHIM IPOM3BOJBHOE CYETHOE MHO-
XKECTBO TOYECK. ﬂOKaIKETe, YTO OCTABIIAACA 9aCTh INIOCKOCTH JIN-
HENMHO CBA3HA W, GoJee TOro, MO0he ABe HEBHIOPOIIEHHEIE TOYKHA
MOXHO COEJZHUTH ABYX3BEHHOW JIOMAHOW, HE 3a€BalOIEeyl BEHI-
OpOIIEHHBIX TOYEK.

BepuéMmca k auaroHanbHOM KOHCTPyKnumu. Mul 3HaeM,
YTO MHOXECTRO TOCJAEJ0BATENLHOCTER HyJIEW U eJUHUI] PaB-
HOMOIIIHO MHOXECTBY IIOJMHOXECTB HATYPAJIbHOTO pAIa
(xax oMy HOJMHOXECTBY COOTBETCTBYET €0 «XapaKTEpHU-
cTUYecKasd TOCJaeJ0BATENLHOCTEY, ¥ KOTOPO! €JUHUIIEI CTO-
AT HA MECTaX W3 DTOr0 HMOAMHOXecTBAa). IlosTOoMy MOXHO
nepedopMyIMpPOBaTh 3Ty TEOPEMY TaK:

‘ MmuoxecTBo N He paBHOMOIIIHO MHOXECTBY CBOHMX II0MHO-

KECTB.

JlokasaTeasCTBO TaKXke MOXHO IIAr 34 IIAaroM IIEPEBECTH Ha
TAKOU A3BIK: MyCTb OHA PABHOMOIIHEI; TOT'/[a €CTH B3AWMHO
O/[HO3HAYHOE COOTBETCTBHE i > A; MeXy HATYPAILHBIMEA
9uCAaMy W IOAMHOXECTBAMM HATypaabHOro psaga. [luaro-
HaJbHaA NOCJIEJOBATEIHHOCTE B 9TUX TEPMUHAX IIPEACTABIIA-
eT co601 MHOXECTBO TeX i, INIA KOTOPHIX ¢ € A;, a mocaeno-
BaTEILHOCTE 3, OTCYTCTBOBABIIAA B MEPEIUCIECHUN, TEIEPH
Gyget ero gomonnermeM (B = {i|i ¢ A;}).

IIpm sToM OKa3BIBaETCA HECYIECTBEHHBIM, 9YTO MBI KMe-
€M [eJI0 C HATYPaJbHEIM PAJOM, M MBI OIPUXOJAM K TAKOMY
YTBEPK A€HUIO:
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Teopema 8 (o6was cdopmynupoeka Teopembl KaHTopa).
Hukakoe muoxecTBo X HE PABHOMOIIHO MHOXECTBY BCEX
CBOHUX ITOJMHOXECTB.

< Ilycts ¢ — B3amMHO OJHO3HAYHOE COOTBETCTBUE
Mexay X m muoxecTBoM P(X) Bcex HOAMHOXECTB MHO-
xectBa X. PaccmorpuMm Te simemeHTHI £ € X, KOTOpHIE
He TPWHAIIEXAT COOTBETCTBYIOIIEMY WM IIOJMHOXECTBY.
Ilycts Z — o6pa3zoBaHHOE MU MHOXECTBO:

Z={zcX|z¢ep()}

JlokaxeM, 9ITO ITOMHOXECTBO Z HE COOTBETCTBYET HUKAKO-
My aneMeHTY MHOoXecTBa X . IlycTs 5T0 He Tak # Z = ¢(z)
11 HekoToporo aaemernTa 2z € X. Torga

2€Z7z2¢0(2)2¢ 2

(mepBoe — MO TOCTPOEHWIO MHOXECTBa Z, BTOPOE — IIO
npeanonoxennio ¢(z) = Z). llomyderHoe npoTUBOpEdRE MO~
Ka3hIBaeT, 9TO Z NEeUCTBUTEILHO HAYEMY HE COOTBETCTBYET,
TaK 49TO (¢ HE B3aMMHO OJQHO3HAYHO. [>

C napyrom, cToponsbl, m060€e MHOXECTBO X PaBHOMOII-
HO HekoTOpou dactu mMuOXxecTBa P(X). B camom gene, ka-
XA0oMy 21eMeHTy ¢ € X MOXHO HOCTAaBATH B COOTBETCTBHE
OJHO2IEMeHTHOe mogMHOXecTBO {z}. IlosToMy, BcmoMuHasn
OIpefie/ieHAe CPABHEHUA MHOXECTB Io MommHocTZ (c. 28),
MOXHO CKa3aTh, YTO MOITHOCTEL MHOXeCTBA X BCEr/a MEHb-
e MomEocTu MHOXecTBa P(X)

56. [Joxaxwre, aTo n < 2" Ana BCeX HATYDPAIBHHEIX N =
=0,1,2,...

B o6men ¢opmysmpoBKe Teopema 8 MOABIAETCA B paboTe
KarTopa 1890/91 roga. Bmecto mogmuoxects KarTop rosopmur
o0 dyHKOUAX, TpEHEMAarONmX 3HadeHus 0 u 1.

Ha camoMm jnene MBI yXe MpUOIU3WINCH K OMACHOM T'pa-
HUIE, KOT'/Ia HATVIAHEE IIPECTABIEHAA O MHOXECTBAX IIPH-
BOJAT K MPOTUBOpeuUMio. B camoMm jene, pacCMOTPUM MHO-
XECTBO BCEX MHOXECTB U, bIeMeHTaMu KOTOPOT'O ABJAIOT-
cA BCe MHOXeCTBa. Torja, B 9aCTHOCTH, BCE TIOAMHOXECTBA
vuoxecTBa U GynyT ero saememtamw, u P(U) C U, aro
HEBO3MOXHO 10 Teopeme KanTopa.
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ITO PacCyX/JeHNEe MOXHO PA3BEPHYTb, BCIOMHUB [OKA-
3aTeabCcTBO Teopemsl KanTopa — mOLyInTCsa Tak Ha3bIBae-
MEu mapagokc Paccena. BoT xak ero o6bIYHO M3MaraioT.

Tunwaable MHOXECTBa HE ABIAIOTCA CBOMMU 3JeMeHTa-
vu. CkaxeM, MHOXECTBO HATYyPAJILHEIX dmceal N caMo He
ABIAETCA HATYPATHHBIM YHUCIOM UM MOTOMY He OyZeT CBOMM
snemerToM. OHAKO B NPUHOUIE MOXHO ce0€ IPEICTaBUTH
¥ MHOXECTBO, KOTOPO€ ABIAETCA CBOMM BJIEMEHTOM (HAIDH-
Mep, MHOXECTBO BCeX MHOXecTB). Hazosém Takme MHOXKeE-
cTBa «HeOOBIHEIMMY. PaccMoTpuM Temepr MHOXECTBO BCEX
OOBEIYHEIX MHOXECTB. BygeT i oHO 06wmraaEM? Ecim oHO
OOEIYHOE, TO OHO ABIAETCA CBOMM DJIEMEHTOM W IIOTOMY He-
o6rranoe, m Hao6opoT. Kak xe Tak?

Mo ndrnmpoBaHHas BepCHA 3TOro IapaJoKca TaKOBa:
OyZieM Ha3BIBATH NPWIATATEIHHOE CAMOIPUMEHUMEIM, €CJIN
OHO 06IAJaeT ONMMCHIBAEMEIM CBOUCTBOM. Hampumep, npuia-
raTeabHOE «PYCCKUW» CAMOIPUMEHUMO, a TPUIATATEILHOE
«CIMHAHBINY HeT. [Ipyrod mpumep: mpUiaraTelbHOE «TPEX-
CIOXHBIM» CAMOIPHMEHMMO, a «IBYCIOXHBLIM» HeT. Temeps
BOmpoC: OyfeT JM TPUIAraTelbHOE «HEeCAMOMPUMEHUMBIN»
camonpumeruMEM? (JI:060H OTBET O0YEBHIHO IPUBOJUT K
IIPOTHBOPETIMIO. )

OTcrola HeaneKo [0 MPUPOKO W3BECTHOT'O «IapaoKCa
JIXEIay, TOBOPAINETO «i Jry», WIA [0 UCTOPAA O COJNJATE,
KOTOPHIZ JOJXEH OBLI 6PUTH BCEX COMAAT ONHOM C HAM da-
cTH, KTO He 6peeTca caM # T.II.

Bosepamasnces k Teopuu MHOXECTB, MBI 0053aHEI 4aTh Ce-
6e OTYET B TOM, UTO ILUIOXOT'0 OBLIO B PACCYXIEHUAX, IIPU-
BeqmIUX K mapajgokcy Paccera. Bompoc sToT ganexo He mpo-
CTOU, U ero 06CyX JeHue aKTUBHO IILIO BCIO MEPBYIO TIOJOBHU-
Hy 20-ro Beka. UTorm sToro o6cyxaeHns IpUOIM3UTEILHO
MOXHO C(PpOPMYJIAPOBATH TaK:

e IlormaTme MHOXECTBa He ABIACTCA HEMOCPEACTBEHHO
O9YeBUAHBEIM; Da3HBIE JIOAA (M HAYIHBIE TPA/IAITAHN)
MOT'yT IIOHUMATE €r0 II0-Pa3HOMY.

e MHuoXecTBa — C/IMIIKOM a0GCTPAKTHBIE OOBEKTHI A
TOro, 9TOGHEI BOIPOC «@ 9TO HA CAMOM Jeje?» MMe
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cveica. Hanpuwmep, B pabore Kantopa 1878 roxa 6wr-
Ja ChHOPMYIMPOBAHA KOHMUKYYM-2UNOME3A: BCAKOE
MOAMHOXECTBO OTPe3Ka Ju60 KOHEIHO, Ju60 CIETHO,
1160 PaBHOMOIIHO BCeMY OTpe3Ky. ([pyrumum croBa-
MM, MEX/y CIETHEIMA MHOXECTBAMM X MHOXECTBAMHU
MOIIHOCTZ KOHTHHYYM HET IPOMEXYTOYHHIX MOITHO-
crern). KanTop Hammcan, 9TO 5TO MOXET GHITH [0-
Ka3aHO «C IMOMOINBI0 HEKOTOPOI'0 METO/a WHIYKITAN,
B WM3JI0XKE€HWE KOTOPOro MEI He OyJeM BXOAUATH 34€Ch
nogpo6HEe», HO HA CaMOM JeJje JOKA3aTh 5TO €My He
yaanocs. Bomee Toro, mocTemeHHO CTaNO JACHO, 9TO
YTBepX/eHNe KOHTUHYYM-THUIOTE3B MOXHO CYATATH
MCTHHHEIM WIX JOXHBIM, — IPH 3TOM MIOJIYd9al0TCA
pa3HbIe TEOPUU MHOXECTB, HO B 00IIEeM-TO HA OfHA U3
STHUX TEOPUU HE JydIie APYTOu.

TyT ecTb HEKOTOPAA AHAJIOTUA C HEEBKJINJOBOU 'eOMe-
Tpuer. MBI MOXeM CIATATh «IATHH HocTyaaT Eskmm-
Ja» (Jepes MaHHYIO TOYKY IPOXOAUT He Gojee OJHOU
IPAMOM, MapaLIelbHON JaHHOM) UCTUHHEIM. Toraa mo-
IY9IUTCA T€OMETPUA, HA3hbIBaeMasA eBKIUJOBON. A MOX-
HO NPUHATH B KAYECTBE AKCAOMEI IPOTUBOMIOIOXHOE
YTBEPXEHWE: I€Pe3 HEKOTOPYIO TOIKY MOXHO IPOBE-
CTH [BE DPa3IW9HEIE MPAMBIE, MAPAIEILHBIE HEKOTO-
pou mpamou. Torga mOMyYHATCA HEEBKIMAOBA T'eOMe-
Tpusa. [OTmeTnM, KCTATH, PACOPOCTPAHEHHOE 3a6iIy-
X IeHUe: TI0IEMY-TO IMIMPOKUE MACCHI TUCATENeR O Hay-
Ke U Jaxe OTJeNbHEIE MATEMATAKN B MUHYTHL 3aTMe-
HuZ (cM. craThio B BectHuke Axanemuu Hayk, mocsa-
meérnyio obureo Jlo6adeBcKoro) cIMTAOT, 9YTO B HE-
€BKJIMJOBOY M'€OMETPUM MapaUIeIbHEIE MPAMEIE TEpPe-
CEKaTCA. JTO HE TAK — MAPALIEIbHBIE IPAMEIE U B
€BKJIMJOBOA, U B HEEBKJIUJOBOU I'€OMETPHUHA OMPENELA-
FOTCA KAaK IPAMEIE, KOTOPHIE HE MEPECEKAIOTCA. |

Bompoc o ToM, eBKIMIOBa WIM HEEBKIMWJOBA IeOMe-
TPpHA MIPABWIHHA «HA CAMOM [eJIey, €CIM BOOOIIe nMeeT
CMEICHI, He ABIAETCA MAaTeMAaTWIECKHM — cKopee 06
3TOM clefyeT cnpammBaTh ¢pusmkoB. K Teopmm mHO-
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XECTB 3TO OTHOCHATCA B €IIE GOMBIIEN CTEMEHN, X PA3Be
aro Teomorua (KamTop meomgmokpaTHO 06CyXaam BO-
IIPOCHI TEOPWHM MHOXECTB € IPOodeCCHOHATaMU-TE0 0~
raMu) Morvia 6bl B IPWHIMIE IPETEH/J0BATh Ha OKOH-
YaTeIbLHBIA OTBET.

o Ecuam MBI X0THM paccyX)AaTh O MHOXECTBAX, HE BIaAasA
B IPOTHUBOPEYNA, HYXKHO IPOABIATH OCTOPOXHOCTH U
u36eraTh OMpENENEHHEIX BUOB pacCyXjaeHuin. Beso-
nmacHele (0 KpallHe! Mepe II0Ka He IPUBEIINE K IIPO-
THBOpEYNIO) IpaBUWIa OGDAINEHAA CO MHOXECTBAMH
chOPMYIUPOBAHEI B AKCHOMATUIECKOX TEOPUA MHO-
xecTs (dpopmansras Teopusa ZF, HazpaHHAA B 9€CThb
Ilepmeno m Ppenxens). [J06aBHB K DTOM TEOPWA AK-
czoMy BHIGOpPA, MOIYYaeM Teopuio, HasuiBaemyio ZFC
(choice mo-arrymucku — BEI60p). EcTs m ApyTme, Me-
Hee MOMYIADPHEIE TEOPUU.

Oprako hOpMaIbEHOE TOCTPOEHRE T€OPUY MHOXECTB BEI-
XOa®T 3a pamku Hamero o6cyxaerna. [losTomy Me1 orpamm-
amMCcA HeOPMATBHEIM OMACAHAEM OTDAHWIEHWH, HAKJIALEI-
BaEMBIX BO m36€XaHWe IPOTHBOPETHM: HEIb3A IPOCTO TaK
pPacCMOTPETH MHOXECTBO BCEX MHOXECTB WA MHOXECTBO
BCEX MHOXECTB, He ABIAIONIAXCA CBOAMH DJIEMEHTAMW, IIO-
CKOJBKY KJIACC NOTEHIAAILHEX IPETEH/IEHETOB CIANIKOM (He-
0603puM». MHOXECTBA MOXHO CTPOMTH JIMIIH IOCTENEHHO.
Hampmvep, MOXHO 06pa3oBaTh MHOXECTBO BCEX MOJMHO-
KECTB JaHHOTO MHOXeCTBa (awcuoma cmenenu). MoxuO
pPaccMOTpETH MOAMHOXKECTBO JAHHOTO MHOXECTBA, 06pa3o-
BaHHOE DIEMEHTAMH C KAKAM-TO CBOMCTBOM (axcuoma évide-
aenus). MOXHO PacCMOTPETH MHOXECTBO BCEX 3JIEMEHTOB,
BXOJAIMMX XOTA OB B OJWH W3 HJIEMEHTOB JAHHOIO MHOXKE-
ctBa (akcuoma cymmur). EcTs m apyrue akcmoMsl.

W3naras CBeleHWA B3 TEOPWH MHOXECTB, MH 6yIeM CTa-
paThCA [ePKATHCA MOJANBINE OT ONACHOM I€PTHI, I YKa3HI-
BaTh HA ONACHOCTH B T€X MECTaX, KOT/la BO3HAKHET WCKY-
IIeHWE K 3TOK depTe npubmmsuThea. Iloka aTo Takoe mecTo
6BLIO0 OHO: IOMBITKA OIPEEIATH MOIHOCTH MHOXECTBA KaK
kiIacc (MHOXECTBO) BCEX PABHOMOIIHEIX €My MHOXECTB.
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1.7. dyHkyuu

[lo cux mOp MBI CTAPATUCH OTPAHUYUBATHCA MEAHAMYMOM
dopmansHOCTER M TOBOPWIA O QYHKIMAX, UX APTyMEHTAX,
3HAYEHUAX, KOMIO3UIMYA U T.T. 6€3 MONBITOK JATH OMpeEe-
neHus 3tux noHaTun. Cerndac Mul JaguM GOPMATLHEIE OIpe-
[eJeHAA.

IIycts A u B — aBa MHOXecTBa. PaccMOTpuM MHOXECT-
BO BCEX yHmOPAAOIeHHEIX map (a,b), rnea € Amb € B. o
MHOX€ECTBO HA3EIBAETCA JeKapPMOsbiM NPouU36edenuem MHO-
xecTts A u B m o603magaerca A x B. (K sompocy o Tom, 910
Takoe ynopAAOvIeHHAA Tapa, MEI €IIé BepHEMCA Ha C. 42.)

JIro60e moamHOXECTBO R MHOXecTBa A X B Ha3mIBaeT-
ca omuowenuem Mexay muoxectsamu A m B. Ecm A =
= B, roBopAT 0 6uHaApHOM OMHOUWLEHUU HA MHOXeCTBE A.
Hanpumep, Ha MHOXECTBE HATYPAILHBIX IUCET MOXHO Pac-
CMOTpETH OMHAPHOE OTHOIIEHUE «OBITH JEIUTENEM», OOBLITHO
o6o3HaIaeMoe cuMmBoioM |. Torga MoXxHO B mpmHNUIE OBLIO
6r1 HammmcaTs (2,6) € | u (2,7) ¢ |. O6sramo, ofHAKO, 3HAK
OTHOINEHNA THIIYT MeXAy 06bekTamMu (Hampumep, 2/6).

57. Boupoc ni1s CaMOKOHTPOJA: OTHOWIEHU:A «OBITH AeIHATE-
JEM» U «OCJIHATHCA Ha» — 3TO OQHO M TO XK€ OTHOIICHME WINA Pa3-
useie? (OTBeT: KOHEYHO, Pa3HEIE — B yIOPALOYEHHOM IApPE MOPA-
[OK CyILECTBEH.)

Ecmm aprymeETaMu GyHKINE ABIAIOTCA 3JAEMEHTH MHO-
xecTBa A, a 3HAYEHWAMHA — 3IEMEHTH MHOXECTBa B, To
MOXHO PaccMOTpeTh oTHomernue mexay A m B, cocrosmee
u3 map suaa (z, f(z)). llo aranormm ¢ rpadwkavmu GyHKIHNA
HA IUIOCKOCTHZ TAKO0E€ MHOXECTBO MOXHO HAa3BATH IPAdUKOM
dyuaxnuu f. C GopMarbHOM TOUKM 3PEHUSA, OJHAKO, ya06Hee
HE BBOJWTH OT/[EIHHOI'0 HEOMPENEIAEMOr0 MOHATUA (PYyHK-
oM, 3 BMECTO 3TOr'0 OTOXJECTBUTEH (PYHKIWIO C €€ rpadu-
KOM.

Orromenue F' C A X B nasmBaerca gynxyuet uz A 6 B,
€CJIX OHO HE COJIEPXUT Map C OJUHAKOBLIM IIEPBEIM WIEHOM U
pasHBIMHA BTOPHIMEA. [[pyruMu cioBaMu, 3TO O3HAYAET, ITO
oA Kaxjaoro a € A cymecTtsyer He 6onee omHoro b € B,
mpu KoTopoM (a,b) € F.

Te snemenTrl a € A, 11a KOTOPBIX Takoe b CymecTByerT,
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o6pasyior obaacms onpedeaenus dyuakumm F. Ona 0603ma-
gaerca Dom F (ot amrmauckoro cmosa domain). Jua Jmo-
6oro saemenTa a € Dom F' MOXHO OHpENENNTEH 3HAUEHUE
¢yeknum F' Ha aprymenTe a («B TOUKe a», KaK MHOT/a T'OBO-
PAT) KaK TOT €IWHCTBEHHBIZ dJ1eMeHT b € B, n1a KoToporo
(a,b) € F. Orot smeMmenT 3ammceBaioT Kak F'(a). Bce Takume
smeMeHTH b 06pasyioT muodcecmeo 3nauenuti yakuum F,
xoTOpoe o6o3uagaerca Val F.

Ecmz a ¢ Dom F, To roBopaT, aro GyHKIUA He onpede-
4€Ha Ha @. 3aMeTUM, 9TO IO HaIleMy OMpeIeTeHui0 (YHK-
mus u3 A B B He 0643aHa GLITHL OmpefeleHa Ha BCEX Hie-
MeHTax MHOXeCTBAa A — €€ 061acTh OmpefesIeHus MOXET
6BITH MI06BIM TOAMHOXECTBOM MHOXecTBa A. CuMmeTpuy-
HBEIM 06pa3oM MHOXECTBO €€ 3HAYEHAN MOXET HE COBIAJaTh
¢ MmHOXecTBOM B.

Ecm o6nacTs ompenenenus ¢yuxknuu f us A 8 B cosma-
naer ¢ A, To mmmyTt f: A — B.

Tlpumep: moacdecmeennas dyuknma idy: A — A mepe-
BOAUT MHOXeCTBO A B cebs, mpwaéM id(a) = a ana mo6oro
a € A. Ona npecTaBageT co6oi MEHOXECTBO 1Iap BHAA {(a, a)
nas Beex a € A. (Munexc A B id4 mHOrga omyckaroT, ecimz
SICHO, O KAKOM MHOXECTBE HIET Peds.)

Komnosuyuet nsyx pyskman f: A - Bug: B — C
HasnBaoT ¢yuknuo h: A — C, ompenenéHnyo COOTHOIIE-
mueM h(z) = g(f(z)). Apyrumum croBamu, h mpeicTaBiIeT
€060 MHOXECTBO Tap

{{a,¢) | {a,b) € f = (b,c) € g ana mexoroporo b € B}.

Komnosunusa ¢ysknui o6o3HadaeTca g o f (MHI, Kak u B
60JIBITMHCTBE KHAT, MAIIEM CIPaBa (GYHKINO, KOTOPad IPH-
MEHAETCA TEPBOH ).

O<ueBnaHO, KOMIO3HNHA (KaK OMepanua HaJl GyHKIAAME)
accommaTmBHA, TO ecTb ho (f o g) = (ho f) o g, mosTOoMy B
KOMIIO3UIAYM HECKOIBKUX TOAPAL AAYIMX (DYHKIAN MOXKHO
OIIyCKaTh CKOOKM.

Ilycts f: A — B. IIpoo6pasom mogmuoxectsa B' C B
HA3BIBAETCA MHOXECTBO BCEX DJIEMEHTOB T € A, mia KOTO-
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prix f(z) € B'. Ono o6ozmauaerca f 1(B'):
f7(B)={zcA|f(x) € B'}.

O6pasom mEOXecTBa A’ C A HazkIBaeTCa MHOXECTBO BCEX
3HadeHWA GYHKOAM f Ha BCEX 3JIeMeHTax MHoxecTBa A'.
Ogro o6o3magaerca f(A'):

f(A)={f(a) [ac A} =
={b€ B | {(a,b) € f nna mexoroporo a € A'}.

Crporo rosopsa, o6ozaaqerume f(A') moxer mpusecTn x my-
Tarune (OJHA W Te XK€ KPYIUEIE CKOGKWM ymoTpebiasooTcsa
¥ 1A 3HaYeHUA QYHKOUHA, X A1A o6pasa MHOXKECTBA), HO
OOBIYHO ACHO, 9TO MMEETCA B BUIY.

58. Kakme u3 cireiyrommx paBeHCTB BEPHEI?

FA' N A") = f(A") N F(A");
f(A'uA") = fA) U F(A");
FA'\A") = F(A)\ £(A");
FTUB'nB") = (BN (B
FTUB'UB") =B UFT(B");
FUBN\B") = 1B\ (B
FHFA) C A
FTHFA)) D A
F(£71(B") C B';
F(f71(B") > B';
(90 f)(A) = 9(£(4));
(9o N)7HC) =g (C));
(Bpecs f: A—> B,g: B—~C,A'A" CA,B',B"CB,C'cC.)
WNuorga BMecTOo GYHKOWEA TOBOPAT 06 0OTO6GpaXeHUAX
(pesepBupys TepMuH «bYHKIOUA» 1A OTOGPaXEHUH C 4Ud-
CJIOBBLIMU apryMeHTAMH ¥ 3Ha9eHUAMH). MuI HE GygeM CTpo-

ro OPUAEPXKUBATHCA TAKAX PA3IWuui, yHOTPe6IAs CJIOBA
«oTobpaxeHue» U «OYHKIUA» KAK CHHOHUMEL.
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Dyukmua f: A — B HasmBaeTCA UHDBEKMUBHOU, WIA
UHBbERYUEL, WIA 640MHCEHUEM, €CIA OHA IIEPEBOJUAT PA3HBIE
BJIEMEHTH B pasHEIe, TO ecTh ecnu f(a1) # f(az) mpm pas-
JWYHBIX Q1 A d2.

Dyuxrmua f: A — B Ha3BIBaeTCA CIOPDHEKRMUEHOT, NIA
cropvexyuell, Wil HaL0HCEHUEM, €CIX MHOXECTBO €€ 3Hade-
Hmi ecTh BCEé B. (MHOrga Taxme dbyHKOWE HA3HIBAIOT OMO-
6pascenuamu na B.)

OTHu ABa ompejeneHusa Golee CAMMETPUIHEI, Y€M MOXET
T0Ka3aThCA Ha TEPBHIN B3TVIA, KaK MOKA3hIBAIOT TaKUe 3a-
Ja~m:

59. [Toxaxwure, 9uro dynknma f: A — B ABIAETCA BIOXEHU-
€M TOrja ¥ TOJIBKO TOTAA, KOI[a OHA MMEET 4e6Yi0 06pammyio
dyexnmio g: B — A, To ecTs dyHKI®IO g, AuA KOTOpOU g o f =
= id4. [JokaxuTe, uTo dyHKmus f: A — B ABIAeTCA HAJIOXEHU-
€M TOT/[]a X TOJBKO TOI/|a, KOrJa OHA UMEET Npasyto 06pamuyio
dyskmuio g: B — A, nna xoropou f o g =idg.

60. JoxaxuTe, uTo yEkuusa f: A — B ABIAETCA BIOXKEHEEM
TOrJa ¥ TOJBKO TOTJA, KOT/Aa Ha Heé MOXHO COKPAIATH CJIEBA:
u3 paBeHCTBa f 0 g1 = f 0 g2 ClregyeT paBeHCTBO g1 = ¢a2 (muas
MI06HIX QYHKIWA g1, g2, O6IACTA 3HAYEHTA KOTOPHIX CONEPXKATCA
B A). Nlokaxwure, uro bynkmmsa f: A — B ABIA€TCA HATOXKEHAEM
TOrjJa ¥ TOIBKO TOrAA, KOTa Ha HE€ MOXHO COKPAIaTh CIPaBa:
¥3 PaBEHCTBA g1 © f = g2 o f cleayeT paBeHCTBO g1 = g2 (A
IH06BIX GYHKIWHE g1, g2, 00JaCTh ONpEeNeHIs KOTOPHIX eCTh B).

Oro6paxenne (pyaknua) f: A — B, koTopoe 0JHOBDE-
MEHHO ABJIAETCA WHDBEKIWEN U CIOPHEKNHER (BIOXKEHWEM W
HAOXEHNEM ), HA3ZHIBAETCA Ouexyuetl, WIM B3AWMHO OJHO-
3HAYHEIM COOTBETCTBHEM.

Ecmu f — Guekmmsa, To cymecTByeT 06pamnai GyHKIUA
f7, mna xoropoi f(y) =z & f(z) =y.

61. MoryT jm /A HEKOTOPOU GyHKIIAH J€BaA U IPaBas 06paT-
HEIE CYLIECTBOBATH, HO OBITH PA3IMYHEL?

HamommmM, aTo MHOXecTBa A m B pPaBHOMOIIHEI, €CIX
cymecTByeT 6ueknusa f: A — B. B xakoM ciaygae CymecTsy-
er wabeknua (Broxenue) f: A — B? Jlerko moHATBH, 9TO
BJIOXEHWE ABIAETCA B3aMMHO OJHO3HAYHBIM COOTBETCTBHEM
MeXTy A m HEKOTOPHIM IIOAMHOXECTBOM MHOXecCTBa B, mo-
3TOMY TaKO€ BJIOXEHME CYIIECTBYET TOrJa M TOALKO TOIa,
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xorja B B ecTb moaMHOXECTBO, paBHOMOIIHOE A, T.e. KO-
raa MomHOCT: A He mpeBocxogmT MomEOCTA B (B cMBICHE
OIpefesieHAs, AaHHOTO B pasfiene 1.5).

YyTsr MeHee OYEBUIEH APYTrOM PE3YIbTAT: HANOXKEHUE
A ma B cymecTByeT Torja M TOJBKO TOT/a, KOTJa MOII-
HOCTEL B He mpeBocxoauT MomaocTH A.

B camom gene, mycTs Hanoxerue f: A — B cymecTsy-
er. [lna xaxaoro snemenTa b € B mamgérca xoTa Gul OJUH
anementT a € A, paa xoroporo f(a) = b. Bribpas mo ogaoMy
TaKOMy 3JIEMEHTY, MEI moryanM nogmuoxectso A' C A, xo-
TOpPO€ HAXOJAUTCA BO B3AUMHO OJHO3HAYHOM COOTBETCTBUM C
MuoxecTBoM B. (31ech cHOBa HCHONB3yeTCA aKCHOMa BHIGO-
pa, 0 KOTOPO! MEI I'oBOpWIA Ha c. 16.)

B o6paTHYyI0 CTOPOHY: ecim Kakoe-To mogMHoXecTBo A’
mHOXeCcTBa A paBHOMONIHO MHOXECTBY B um mmeerca 6uek-
mas g: A’ — B, To Hanoxenwe A ma B MOXHO mOIyIHTE, 10-
OmpeenuB 3Ty 6meKmuio Ha 3aeMeHTax BHe A’ KakmM yromamao
o6pazom.

62. Hazamre onmbKy B 3TOM PACCyX J€HUW, HE YATAA JAJIbIIE.

Ha camoMm gene Takoe IPOJOIKEHUE BO3MOXKHO, TOIBKO
ecmm B memycTo, Tak 9TO NpPaBUIBHOE YTBEPXKEHUE 3BY-
quT Tak: Hamoxenme A Ha B CymecTByeT TONBKO M TOTHKO
TOrjaa, Korga B HemycTo M paBHOMOIIHO HEKOTOPOMY MOJ-
MHOXeCTBY A, mwim kxorjia 06a MHOXECTBA MyCTHI.

B mamewm mamoxeHum ocTaéTCA €€ OJUH HE BIIOJHE II0-
HATHBLIA MOMEHT: 9TO TaKOe «yHnopanodenHaa napa»? Hedop-
MaJbHO I'OBOPA, 3TO CIIOC06 M3 IBYX 06BEKTOB = M Y ob6pa-
30BaTH OJWH O6HEKT (Z,y), IPIIEM 3TOT cocob obaagaeT
TaKWM CBOMCTBOM:

(#1,91) = (x2,92) © T1 =22 WY1 = ¥o.

B mpunnumne, MOXHO Tak ¥ CIYATATEH TMOHATHUE YIODPANLOIEH-
HOHI Taphl HEOMPEAEIAEMEIM, 8 3TO CBOMCTBO — AKCHOMOM.
Opuako mpu GOpMaTbHOM MOCTPOEHUU TEOPUM MHOXECTB
yI06HO WCIOMB30BaTh TPIOK, TPHAIYMAHHEIA MOJI5CKAM MATe-
matukoMm KypaTosckum, 1 m36exaTs MOABICHAA OTAEIHHOIO
moHATHA ymopagodennon mapwl. (Hamommmm, ato {z} o060-
3HAYAET MHOXECTBO, €JMHCTBEHHLIM 3JI€MEHTOM KOTOPOIrO
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aBngerca z, a {z,y} 0603HAIAET MHOKECTBO, KOTOPOE CO-
NEPXUT T W Y W He COAEPXKAT APYTHWX DIEMEHTOB. TeMm ca-
meM {z,y} = {z} = {y}, ecm z = y.)

Teopema 9 (YnopsigoueHHas napa no Kypatoeckomy). Omn-
pexemum {z,y) xak {{z}, {z,y}}. Torga srinonueno ykasan-
HO€ BEIIIE CBOMCTBO:

(#1,91) = (x2,92) © T1 =22 WY1 = ¥o.

< Hycers (z1,y1) = (z2,y2). o onpeaenermo 5To 03Ha-
TaeT, 9TO

Haz1} {21,011} = {22}, {22, 30} }-

Teneps HyXHO aKKyPaTHO pa3o6paTs crydan (He mMyTas Ipa
aroM z ¢ {z}). ITo yA06HO AeNaTEH B CIAEAYIOIEM HODAIKE.
IlycTs cmagana z; # y1. Torga MuoxecTBo {Z1,y1} cocTo-
UT U3 JBYX 3JeMeHTOB. Pa3 OHO IpWHA/IEXWUT J€BOM JaCTH
PaBEHCTBa, TO MPUWHAJIEXKAT W MPaBOM. 3HAYAT, OHO PaB-
HO 1m60 {z3}, 160 {z2,y2}. leproe HEBOZMOXKHO, TAK KaK
IBYX3JI€EMEHTHOE MHOXECTBO HE MOXET OHITH PABHO OJHO-
anemeHTHOMY. 3Had9AT, {Z1,y1} = {Z2,y2}. C mpyrom cro-
POHEI, OHO3IEMEHTHOE MHOXECTBO {]} NPHHAIEKUT Je-
BOHM 9aCTHX PABEHCTBA, I03TOMY OHO IPHHAJIEXUT U IIPABOH,
Z moroMy paBHO {z2} (HOCKONBKY He MOXeT GHITH DPaBHO
nByxanemerTHOMY). OTCIOfa T1 = T2 ¥ Y1 = Y2, ITO U TpE-
60BaIOCH.

Amanoruano MOXHO pa3zo6paTh CUMMETPUYIHLIA CIydan,
KOTJIa Tg 7 Ya.

OcTanocs pacCMOTPETE CATYAIWIO, KOTa £1 = Y1 U Lo =
= yo. B arom caygae {z1,y:} = {1} u moTomy nesas gacTs
MaHHOTO HAM PaBeHCTBA ecTh {{z;}}. AranormamriM 06pa-
30M, IIpaBas ero 9acThb ecThb {{z2}}, m moToMmy z1 = z2, Tax
9TO BCE IETHIPE DIEMEHTA 1, L2, Y1, Y2 COBOATAIOT. [>

3aMeTHM, 9TO BO3MOXHLI M JIPYTHME ONpEJeIeHHS YIO-
PAJOYEHHON HaphI, JJIA KOTOPHIX AHAIOTHMYHOE YTBEpXK/Ie-
HOE BEPHO, TaK 9TO HUKAKOTO «(PHI0CO(GCKOr0 CMEICAA» B
3TOM ONpENeTeHHr HET — 3TO IMPOCTO YAOGHEIM TEeXHMIe-
CKHU IPHEM.
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63. Joxaxwure yTBEepXK/A€HNE TEOPEMBL 9 MIA YNOPAJOUEHHOU
napei no Bunepy: (z,y) = {{2,{=z}},{{y}}}-

1.8. Onepauuu Haj MOLHOCTSAMM

MOITHOCTY KOHEIHEIX MHOXECTE — HATypalbHbIE YUCIA,
¥ UX MOXHO CKJIaJEBATh, YMHOXATh, BO3BOUTEL B CTEIEHb.
ITH onepanuy MOXHO 0606IIUTE ¥ HAa MOITHOCTHA 6€CKOHEY-
HEIX MHOXECTB, U [€JA€TCA 3TO TaK.

Hycres A w B — aBa MHOXeCTBa. UTOGHI CIOXUTH WX
MOIIHOCTH, HaJ0 B3ATH MOIIHOCTEL MHOXecTBa A U B, ecmu
A u B e nepecekaiorca. Ecim oum mepecekaroTcs, TO UX Ha-
10 3aMEHUTH Ha HEMEPECEKAIOIUECA PABHOMOIIHEIE M MHO-
xectBa A' w B'. MommuocTs 06beiuEeHrA X GyAeT CyMMOT
MoImHOCTeN MHOXeCTB A um B.

3ameuanus. 1. YTo6u1 m3bexaTh YIOMUHAHUA MOIIHO-
CTEN KaK CAMOCTOATEILHHEIX OGHEKTOB, CIEIyeT CUUTAThH
BRIpAXEHUE (MOIITHOCTL MHOXeCTBa C €CTh CyMMa MOIIIHO-
creit MHOXecTB A m B» mpuomMaTwaeckuM BEIpaxXeHEEM (a
CKa3aHHOE BLIIe — ero ompefgenermeM). Ho M1 aaa yao6-
cTBa GyAeM 9acTO mpeHe6peraTh TAKUMM IIPEI0CTOPOXKHO-
CTAMM.

2. B mpuHnUTE CneAoBano GbI MPOBEPUTEH KOPPEKTHOCTH
3TOTO OMpEJIeNeHNs U [OKa3aTh, YTO MOIIHOCTEH MHOXECTBA
A'UB' me 3aBuCHT OT TOr0, KaKue MMEHHO HETIEPECEKATOITIe-
ca maoxectBa A' u B' (pasromommrie A m B) Me1 BEIGEpEM.
(Yo, BpoIeM, 0I€BHIHO. )

3. /1A KOHEYHBIX MHOXECTB HMOJYJIa€TCA OOBIYHOE CIIO-
XeHUEe HATYPATbHEIX 9UCE.

4. Hakomen, ¢opMaJbHO CIEJOBAJO OBI €II€ JOKA3aTh,
uro Takue A’ m B' MoxHO BHIGpPaTh. DTO MOXHO CAeIaTh,
HampuMep, Tak: monoxum A' = A x {0} u B' = B x {1}.

Tlocneauen npo6aeMel He 6yAeT IPH OMPENEICHAR NPOU3-
6edenua MOIIHOCTER KAaK MOITHOCTH JE€KAPTOBAa IIPOM3BE[e-
mma A X B. (Ho ocranbebIe 3aMe9aHus OCTAIOTCA B CHUIE. )

Tenepr ompegemum 6o3eéedenue 6 cmenensb. [laa sToro
paccmoTpum (aaa nasaRx A m B) MEOXECTBO BCex DyHKTIHM
suaa f: B — A (mamommmM: 3TO 03HAYAET, 9TO WX 061aCTH
ompeeneHus ecTs B, a 061acTs 3HaYeHMN conepxuTca B A).
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AT10 MHOXECTBO o603mauaeTca A, u ero momuocTs u 6y geT
PEe3yJbTATOM ONEPANNA BO3BEJECHUA B CTEIEHE.

Ecmz maoxecTBa A 1 B KOHEYHEI T cofepXaT a u b aie-
MEHTOB cOOTBeTCTBeHHO, To AB comepxmr xax pas ab sme-
MeHTORB. B camom fene, onpefenas gyuakmuio f: B — A, mur
[MOJXHEI OIPENENATE €€ 3HAaYeHne Ha KaXJIoM u3 b sieMeH-
TOB. DTO MOXHO CJeJaTh @ CIOCO6aMM, TAK 9TO MOLYyIaeM
BCero a’ BapmaHTOB.

64. Yemy pasuo 0° coruaceo mamemy ompegenenmio? (OTser:
eA7mHATE. )

Mpumep. O6Go3znauum gepes 2 kakoe-HUOYIH MHOXECT-
BO U3 JBYX 371eMeHTOB, Hampumep, {0,1}. YUro Takoe 2N?
ITo ompepenermMio 5To MHOXecTBO ymkmua f: N — {0,1}.

Takwe GyHKIUU — 5TO WO CYIIECTBY IIOCIENOBATEIBHO-
CTHM HYJEU U eJUHUI], TOILKO BMECTO fofifo... MBI mumem
f(0), f(1), £(2),... (PopmamsEO HOCKEAOBATEILHOCTH BJI€-

MEHTOB HEKOTOPOT0 MHOXeCTBA X TakK W ONpEeJeIAeTCa —
xak dyskmua tama N — X.)

3amermm, uro 2% pasromommo P(X) (8 wacTHOM Ciy-
gae X = N MBI 5T0 A0oKa3BIBaIM; A OOIIErO CIydasd JOKa-
3aTeNbCTBO TAKOe XKe).

OG6EBIY9HEIE CBOMCTBA CIOXKEHUA M YMHOXEHUA (KOMMYyTa-
TUBHOCTE, aCCOIUATUBHOCTL M JUCTPUGYTUBHOCTD) COXpa-
HAIOT CALY U [1JA apAu(pMETHKA MOIIHOCTEN:

a+b=b+a
a+(b+e)=(a+b)+c¢
axb=>bxa
ax (bxe)=(axb)xc;
(a+b) xc=(axc)+ (bxe).

®dopManbHO X ClAefyeT TUATAThH, W30erasd CIOBA «MOII-
HOCTB» KaK CAMOCTOATEILHOI0 06'bEKTa: HApUAMED, a X b =
= b X a o3Hagaer, uTo0 A X B 1 B X A paBHOMOIIHE (X 3TO
JIETKO TIPOBEPUTE: (T,y) — (y, z) 6yAeT B3aMMHO OJHO3HAY-
HEIM COOTBETCTBEEM Mexay HumMu). OcCTambHbIE CBOMCTBA
JIOKA3BIBAIOTCA CTOJb XK€ IPOoCTO. UyTh CI0XHEE CBOWCTBA,
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BKJIIOYA0INNE BO3BENEHUE B CTEIIEHD:

abtc = a® x a5

(ab)® = a® x b°;

(ab)c — abxc'

IporepuM meproe u3 Hux. W3 gero cocromr ABTC? (By-
neM cuuTaThb, 9o B m C He nepecekatorca.) Ero anementa-
MU ABAAIOTCA GYHKIUN CO 3HAYEHUAMU B A, ompenenéHHEIE
ma B + C. Takaa GyHKIUA COCTOUT U3 JBYX JaCTEMU: CBOETO
cyxenus Ha B (3Hadernus Ha aprymenTax us B ocratorca Te-
MW XK€, OCTATLHEE 0TGPACHBAIOTCA) U CBOero cyxerus Ha C.
TeMm caMbIM 1A Kaxjgoro saementa muoxecTsa ABTC Mur
noxyaaem mapy saemerTos m3 AP m AC. Do u 6yger mcxo-
MO€ B3aMMHO OJHO3HATHOE COOTBETCTBHE.

C cooTsercTeuem Mex 1y MEOXecTBamu (A x B)C m A€ x
x B® MpI Toxe wacTo cTankmBaemca. Hampmmep, siremenT
vmoxecTBa (R X R)® ects oTobpaxenme Tuma R — R x R,
TO ecTh kpmBasa t — z(t) = (z(t), y(t)) ma mwiockoctm. Takas
KpuBas 3aJaéTca mapou pyHkmmn z,y: R — R.

Cootsercreme mexay (AF)C u AB*C) perpeqaercs me-
ckonpko pexe. Jaement f € ABXC) gpupgerca oTobpaxe-
auem B x C — A, To ecTh, B OGRIYHOUM TEPMWHOJIOIUH,
dyHKIUER NBYX apryMeHTOB (nepBri u3 B, sropon us C).
Ecmm 3adukcupoBaTh B HE BTOPOU apryMEHT, TO MOJIY-
aurca ¢yukmua f.: B — A, ompenenémmas COOTHOIIEHU-
eMm f.(b) = f(b,c) (Toumee, f((b,c))). Orobpaxenme ¢ —
+ f., mpuranexamee (AB)C, u coorBeTcTByeT BiEMEHTY
f € ABXC) (Oruactm cxofHAs KOHCTDYKIWA BCTPEYAETCA
B anre6pe, KOr/jJa MHOT'OWIEH OT JBYX IMEPEMEHHBIX PACCMa-
TPHUBAIOT KaK MHOI'OWIEH OT OJHOM IEPEMEHHOHR C K0d(pdu-
[MEHTAM¥ B KOJIbIIE MHOT'OWIEHOB OT BTOPOU II€PEMEHHOI. )

MOoIHOCTE CIETHOIO MHOXECTBA CAMBOIMYIECKNA 0003HA-
gaeTca Ng, MOIIHOCTH KOHTMHYyMa (OTpe3Ka WIA MHOXe-
cTBa GECKOHEYHEIX IIOCJEJOBATEILHOCTER HYJEH ¥ €/WHHUIT)
o6o3mauaerca ¢. Ilo onpegerenmio, ¢ = 280,

(EcTecTBerns BOnpoc: Kakos cMeica maAekca 0 B No?
4qT0 Takoe, ckaxeM, N;? O6brano N; 0603HaUAET HAMMEHB-
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MIy10 HECIETHYIO MOIMHOCTH (KAK MEI YBHWM, TAKaA CyIIe-
cteyer). [umoTesa KOHTHHYyyMAa, 0 KOTOPOK MBI YIOMAHATIA
Ha c. 35, yTBepX)jaeT, 9T0 ¢ = Nj.)

W3BeCcTHBIE HAM CROUCTRA CIETHRIX MHOXECTB MOXHO 3a-
OMCaTh TaK:

e Rg+n = Ry 11a xkoHegHOrO N (06BEAAHEHNE CIETHOTO
¥ KOHEYHOT'O MHOXECTB CIETHO);

o Ny + Vg = Ry (06BeguHEHME IBYX CIETHEIX MHOXKECTB
CIETHO);

e Ng X g = Ny (06BeawHEEME CIETHOTO IWMCIA CIETHBIX
MHOXECTB CIETHO).

Orcroa MOXHO (GOPMAILHO MOAYIATH MHOIHUE (PAKTHI
MaHUNYJIAMAAME ¢ MommHOocTAMu. Hampmmep, memodka pa-
BEHCTB

¢ x ¢ =280 x 280 = gRotRo — gfo — ¢

MIOKA3BIBAET, 9TO NPAMad X ILIOCKOCTH PABHOMOIIHEI.
Anamormassiv o6pasom,

CNO — (2N0)No — 2N0XN0 — 2N0 =

65. O6bacauTe TOAPOGHO BHIKIAAKY:
c+e=1xc+1xc=2xc=2" x2% =gM%o — %o _
66. IIposeprsTe, uTO Vo X ¢ = C.

TlpuBenéHHABIE HAMU CBOMCTBA MOITHOCTEN TIOME3HO COYe-
TaTh ¢ Teopemon Kanropa— Beprmrenna. Hampumep, 3ame-
TEM, 9TO

c=2% RN < Moo=,

TIO3TOMY R = ¢ (cmoBaMm: MHOXECTBO BCeX GeCKOHEY-
HEIX TTOCJIE/IOBATENLHOCTEN HATYPATHLHEIX IUCET UMEET MOIII-
HOCTb KOHTHHYYMa).

67. Ilocreguee paccyxjgeHWME HEABHO MCIOJb3yeT MOHOTOH-
HOCTH ONEDPAIWy BO3BEJEHWA B CTENEHb A MommocTen (ec-
ma; < az, Toal < a’z’). IIpoBseprsTe 3T0 ¥ aHAJIOIMYHEIE CBOMCTBA,
A APYTEX oneparmil (BOPOYEM, HOYTHA OYEBHHEIE).
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68. YcranoBuTE ABHOE COOTBETCTBHE MEXAY IIOCIEIOBATENb-
HOCTAME HATyDAJILHEIX YHCEJ] M MPPAIMOHAJILHEIMA YACIAMA HA
orpeske (0,1), mcmone3ys memawre apobm, TO eCcThb Apo6m BEAA
1/(n0 + 1/(1’),1 + 1/(1’),2 =+ ...))).

69. IIpoeepsTe, uro N§ = 2°. (HamommmM, 9TO mo Teopeme
KanTopa 5Ta MOIIHOCTE GOJBIIE MOIHOCTE KOHTHHYYMA. )

70. KakxoBa MOIIIHOCTE MHOX€ECTBa BCEX HENPEPHIBHHIX (GMYHK-
@A C AEACTBUTEILHHIMA aprymMeHTaMu u 3Hadermavu?! Cyme-
CTBEHHA JI¥ 3€Ch HEIPEPHIBHOCTD !

71. KakoBa MOIIHOCTE MHOXECTBA BCEX MOHOTOHHEIX (DYHK-
IFX C JEACTBUTEILHBIMA APTYMEHTAMY U 3HAYECHUAME !

72. MoxeT 11 CeMEACTBO MOAMHOXECTB HATYPaJbLHOTO PAAa
OBITH HECUYETHEIM, €CJH JIOOBIE ABa €ro DJEMEHTa MMEIT KOHEY-
HOe mepecedeHre? KOHEYHYIO CEUMMETPHAYECKYIO PA3HOCTh !

BnocaeacTsua MBI yBEAWM, 9TO 1A GE€CKOHETHBIX MOII-
HocTel axXb = a+b = max(a, b), Ho mOKa 5>TOro MH J0Ka3aTh
He MoxeM. IlosTomy B 3agmagax 47, 48 HaM mpwmwIock BOC-
TONB30BATHCA 0OXOJHEIM MAHEBPOM, YTOGH! 10KA3aTh, ITO
m3 a+ b= ccaeayer a = ¢ mmm b = ¢. Caenyromee yTBep-
XjeHre 0606IaeT 3TOT IPUEM:

Teopema 10. Eciz MmaOXecTBO A1 X Ag X -+ X A, pazbuto
Ha Hemepecekamomwmecsa 9acta By, ..., B,, To maugérca Ta-
KO€ %, IPX KOTOPOM MOIDHOCTH B; HE MeHbIe MOIIHOCTH A;.

< B camoM gene, pacCMOTPEM MPOEKIWI0 MHOXECTBA
B; C Ay x...x A, ma A;. Ecz xoTa 661 IpH OJHOM 1%
OHa TOKPBIBaET A; MOMHOCTHIO, TO BCE MoKaszaHo. Kciu Her,
BRIOEpPEM A KaXJOr'0 | HEMOKPHITYI0O TOYKYy z;. Habop
(z1,...,Tn) He BXOAWT HA B OJHO M3 MHOXeCTB B;, 4ro
IOIPOTHUBOPEYUAT IPENIOJOXKECHHUIO. >

3ameTnM, 9TO B HOPMYIAPOBKE HTOTO yTBEPXKAEHHAA (KO-
TOpOE WHOTJ]a HA3HBAIOT TeopeMmou Kémmra) rosopmrca o
IEKapTOBOM MPOM3BEJEHAN KOHETHOT'O IHCIa MHOXECTB, KO-
TOpOE MOXHO OIpEJeNATh MHAYKTHBHO (ckaxeM, A X B X
x C 6yfeT COCTOATH U3 TPOEK (a, b, c), KOTOPEIE CYThH maph
({a, b, c)). [lexkapTOBO MpOM3BEE€HNE CIETHOI'O UMCIa MHO-
XECTB yXe TakK He onpeeauins. Berxon Taxon: Agx Ay X Ag X
X ... (cIéTHOE 9MCIO COMHOXHTENEN) MOXHO OMPEIEIATH
KaK MHOXECTBO BCEX MOCJIEJOBATEILHOCTER G0, A1, 02, -+ - ¥
KOTOPHIX a; € A;, TO €CTb KAaK MHOXECTBO BCeX QYHKIHAX a,
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onpenenéHHbX Ha N o 3HaYeHHAME B 00beAMHEHAN BCeX A;,
mpwaém a(i) € A; npm Bcex i. [locae Takoro ompeaenenus Te-
opeMa 10 serko IepeHOCUTCA U Ha CYETHHIE (2 TakXe U Ha
J06EIE) TIPOU3BE/IEHUA.

Ilepexona x orpunanuamM, Teopemy Kénura Moxuo chop-
MyJHpPOBAThH TakK: ecam mpa Bcex ¢ = 0,1,2... naa MorrHO-
cTel a; u b; BEITOMHEHO HEPABEHCTBO b; < a;, TO

bo+bi+by+...<agxXap Xas X...

YawmTrBag, 9T0 ¢ X ¢ X ... (CI€THOE IpOM3BEEHWE) PAB-
HO %, TO eCTH ¢, MOXHO CHOPMYIIPOBATE TAKOE CIECTBHE
Teopembl Kéaura: ecam KOHTHHYyM pa36uT Ha CIETHOE UH-
CJI0 TIOJMHOXECTB, TO OJHO U3 HAX MMeeT MOITHOCTEH KOHTH-

HyyMa.
73. JoxaxwuTe mOAPOGHO 3TO yTBEPXK JEHUE.
74. IIycTs ao,a1,a2,... — MOIIHOCTH, IIpUYEM a; > 2 IIA

Bcex 1. [lokaxmure, 9To
a0+a1—|—a2+...<ag><a1><a2><...

75. Ilycts mo < m1 < ma < ... — BO3PacTaOIIaA MOCIET0-
BATEIHHOCTb MOIIHOCTEH. [[0KaXuTe, 9TO CyMMa, Mo +m1 +ma +
<+ ... He IpeJICTaBUMa B BHJE a®® mm [V KaKOM MOIIHOCTH d.



2. Ynopsao4eHHble MHOXECTBA

2.1. OTHOLWEHUSI SKBUBANEHTHOCTU U NMOPsiKa

HanomuuMm, 9T0 GUHAPHEIM OTHOIIEHWEM HA MHOXECT-
Be X masmBaerca mogmHoxecTBo R C X X X; BmecTo
(z1,%2) € R 9acTo mumyT z1 Rz,.

Bunaproe orHOmenuwe R ma mHOXecTBe X HA3BIBaeTCA
OMHOWEHUEM IKBUBAAEHMHOCTU, €CIIA BEIIOTHEHEI CIEAYIO-
IIMe CBOUCTRA:

e (pednexcmBHOCTE) TRz nia Bcex z € X;
¢ (cmvmerpwanocts) Ry = yRz mna Bcex z,y € X;

e (TpamsurusHOCTS) 2Ry m yRz = xRz Ana moGHIX d7e-
MEHTOB Z,Y,2 € X.

Nmeet MecTo cremyromee O9€BUAHOE, HO 9ACTO UCIOIL3Ye-
MoO€e yTBEePXIeHUE:

Teopema 11. (a) Ecix MEOXecTBO X pas6uTo B 06be1A-
HEHUE HENEPECEKAIOMMXCA O IMHOXECTB, TO OTHOIIEHUE WIe-
XaTh B OJTHOM TIOJMHOXECTBE» ABIAECTCA OTHOMIEHUEM 3KBU-
BaJIEHTHOCTH.

(6) Bcakoe OTHOmEHWE 3KBHBAJEHTHOCTH MOXYyIAETCA
ONMCAaHHBIM CIIOCO60M U3 HEKOTOPOr'0 pa3bueHus.

< IlepBoe yTBEpX A€HUE COBCEM OYEBUIHO; MEI IPABEAEM
JI0Ka3aTeIbCTBO BTOPOr'0, YTO6GHI O6BLIO BUAHO, I'I€ MCIOIb-
3YIOTCA BCE IMYHKTHI ONPEJEIeHNA SKBUBAIeHTHOCTH. ATaK,
mycth R — oTHOmEHMe skBuBaseHTHOCTH. [[714 Kax 1010 HI1€-
MeHTa £ € X PacCMOTPUM €r0 KAaCC IK6UBALEHMHOCTIU —
MHOX€eCTBO BCexX Yy € X, IIA KOTOPHIX BepHO ZRy.

MokaxeM, 9TO IJIa ABYX PA3IAIHBIX Z1, L3 TAaKWE MHO-
XKeCTBa 60 He epeceKarTci, 160 coBnafaoT. IlycTs orn
MIEPECEKAIOTCA, TO €CTh MMET obmmuu smemeHT 2. Torza
z1Rz m 23Rz, otkyna zRzy (cmvmmerpwanocts) m 21 Rzo
(TpamawTUBHOCTE), a Takxe za Rz (cuMmmeTprarocTs). Ilo-
aTomy mna moboro z u3 z1Rz caegyer zaRz (TpamsmTus-
HOCTB) Z Ha060pOT.

OcTamock 3aMeTUTH, 9TO B cwiy pPedIEKCUBHOCTHA Ka-
KB BIEMEHT I IPWHAJIEXUT 33aBAEMOMY UM KJIACCY, TO
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€CThb JeUCTBUTEILHO BCE MHOXeCTBO X pa3buTo Ha Hemepe-
cekaromnizeca KIacChHL. >

76. Ilokaxwre, uT0o TpeGOBaHUA CHMMETPUYHOCTH K TPaH-
3ATHEBHOCTHE MOXHO 3aMeHUTH ofHEM: TRz m yRz = xRy (upm
COXpaHEeHUH TPeGOBaHUA PEDIEKCABHOCTH).

77. CKOIBKO Pa3snIXIHBIX OTHOEHAN SKBABAJEHTHOCTH CyIIIE-
crByer Ha MHOXecTee {1,2,3,4,5}7

78. Ha maoxecTBe M 3a7aHO ABa OTHOIIEHAS SKBUBAJICHTHO-
cTH, 0603HAYAEMBIE ~1 H ~v2, IMEIOLIUE 111 U N2 KIACCOB DKBUBA-
JIEHTHOCTH COOTBETCTBEHHO. ByneT nu ux mepecedenue = ~ y <
& [(z ~1 y) m (¢ ~2 y)] orHOIEEMeM >kBUBaneETHOCTH? CKOIB-
KO y HEro MoxeT GHITH Ki1accoB? UTo MOXHO cka3aTs mpo 06b-
eVHEHWE OTHOIIEHTN?

79. (Teopema Pamces) MHOXeCTBO BCeX k-3I€MEeHTHBIX IOJ-
MHOXeCTB 6eckoHedHOr0 MHOXeCTBa A pasburo Ha l xnaccos (k,
| — maTypansamle uncna). [JokaxuTe, 9T0 HAUAETCA GECKOHEIHOE
muHOX)eCTBO B C A, Bce k-dIeMeHTHEIE OAMHOXECTBA KOTOPOI'O
OPUHAAJIEXAT OJHOMY KJIACCY.

(IIpm k = 1 3T0 04eBUAHO: €CIU GECKOHEYHOE MHOXECTBO Pa3-
6MTO Ha KOHEYHOE YUCJIO KIACCOB, TO OJWH M3 KIacCOB 6ECKOHe-
4geH. IIpm k = 2 m | = 2 yTBepx/jeHre MOXHO ChHOPMY.JIAPOBATH
Tak: m3 6€CKOHEYHOT0 MHOXECTBA JIIOJEM MOXHO BHIOpaThL Jm60
6eCKOHEYHO MHOT'O IOMAapHO 3HAKOMEHIX, JU60 GECKOHEYHO MHO-
0 NOIapHO He3HAKOMEIX. KOHEYHHI BADMAHT 5TOr0 YyTBEDXKJIe-
HEAA — O TOM, 9TO CPEeI’ JIOGHIX IIECTH JIOJeX €CTh Jub0 TPH
NOIapHO 3HAKOMEIX, 1160 TPX MOIAPHO HE3HAKOMBIX, — H3BECT-
HafA 3a/a9a A OIKOJILHAKOB. )

MHOX€ECTBO KIaCCOB 3KBUBAIEHTHOCTH HA3BIBAIOT Hak-
MoP-MHOHCECME0M MHOXKECTBA X IO OTHOIIEHWIO SKBUBA-
aearEocTE R. (Ecmm ormOmenwe cornacosamo ¢ gomosnHw-
TEeJLHBIMZ CTPYKTypaMu Ha X, HOAYIa0TcA GaKTop-TPyI-
eI, PaKTOP-KOABIA | T. [1.)

OTHOIIEHNA SKBUBATIEHTHOCTY HAM HE Pa3 €II€ BCTPETAT-
CA, HO CelJac Hallla OCHOBHAsA Te€Ma — OTHOIIEHUA TOPAIKA.

Bunapraoe ormomenme < Ha MHOXeCTBEe X HA3LIBAETCA
OMHOWEHUEM YACTNUYHO20 TLOPAJKA, €CIU BHITIQTHEHE! TAKUE
CBOMCTBA:

o (pedaexcmerOCTS) T < T A1a BCex = € X;

e (aHTHCUMMETDPUYHOCTE) ¢ < YUY < T = T = y AIA
BCex z,Y € X;
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e (TpamsWTHBHOCTE) z < YUY < 2z = T < Z A BCEX
z,y,z € X.

(Cnexys Tpagummm, MBI HCIIOIB3yeM CEMBOI < (a He GYKBY)
KaK 3HAK OTHOIIEHUA OPAAKa.) MHOXeCTRO ¢ 33 JaHHEIM Ha
HEM OTHOINEHWEM JaCTWIHOT'O MOPAJKA HA3BIBAIOT 4ACMUYU-
HO YNOPACOUEHHBIM.

ToBopaT, aTo aBa BIEMEHTA I,y JACTUIHO yHOPALOIEH-
HOT'O0 MHOXECTBAa CPAGHUMbL, €CIA T < Yy Wl Yy < . 3a-
METHUM, 9TO OIPEJeIeHNEe JACTUIHOIO MOPAAKA He TpebyerT,
9T06HI JIO6BIE Ba DJAEMEHTA MHOXECTBA OBLIM CPABHUMEL.
Jo6aBuB 3TO TpebGOBaHME, MEI IIOIYIAM ONPENETIeHUE AUHE-
1020 nopaoxa (aunetino YnopadoueHHO20 MHONHCECTNEA).

IIpuBe 1éM HeCKOMBLKO IPAMEPOB JACTUIHEIX IIOPAJKOB:

e YnucioBrle MHOXKECTBA C OOLIYHEIM OTHOIIEHHEM IIO-
pAnka (31ech IOPANOK Gy[eT JUHEHHBIM).

e Ha mmoxectBe R X R BCcex map [JeACTBUTEIBHBLIX IH-
CeJl MOXHO BBECTH JAaCTHIHBIA HOPAJOK, CIMTadA, ITO
(z1,22) < (Y1,72), ecma 3 < T2 w Y1 < y2. ITOT TO-
pAnoK yxe He Gynet murevwaEM: mapst (0,1) r (1,0) me
CPaBHEMEL

e Ha mHOXEcCTBe QYHKIIME C AEUCTBUTEILHBIMH apry-
MEHTaMU ¥ 3HAYEHUAMYU MOXHO BBECTU JACTUIHRIN T10-
PAJOK, camTad, aTo f < g, ecmm f(z) < g(z) upm Bcex
z € R. 9ToT mopAnoK He 6yAeT TUHEUHBIM.

¢ Ha MHOXECTBE HENBIX MOJOXUTETHHBIX IHCE] MOXKHO
OTIpe/IeTATEL TOPAJOK, CIATAA, 9TO T < Y, €CIHA T Je-
JAT Y. DTOT MOPAJOK TOXE HE GyIeT JMHEAHBIM.

e OTHomenue «WIr060¥ IPOCTOM AEIATENs IUCAA T ABIA-
eTCA TakXe W JeIuTeNleM JIucia y» He OyJeT OTHOIIe-
HUEM TOPAJKA HA MHOXECTBE IEJBIX TTON0XATETHHBIX
gmucen (0HO PedIEKCUBHO W TPAH3WTHBHO, HO HE AHTH-
CEMMETDHYHO).

e ITycte U — npomsBonsHOE MHOXECTBO. Tora Ha MHO-
xectse P(U) Bcex moAMHOXeCTB MHOXecTBa U OTHO-
mreHre BKIOYeHUA C OyJeT 9acTHIHBEIM IOPATKOM.
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e Ha 6yxBax pycckoro amdasmTa Tpajumma ompeeaseT
HEKOTOPHIA mopafok (a < 6 < B < ... < 4). AToT
TOPANOK JWHEEH — IIPO JIOOBIE 1Be OYKBEI MOXHO CKa-
3aTh, KAKaA W3 HUX PaHbine (Ipm HEOOXOJAMOCTH 3a-
IVIAHYB B CIOBaph).

e Ha cmoBax pycckoro andasuTa OUpeNeseH 1eKcuKo2pa-
Puueckui nopanox (xax B cnosape). PopmanbHO ompe-
[EJIATH €r0 MOXHO TaK: €CJH CIOBO I ABJAETCA HAIA-
JoM cloBa Y, To ¢ < Yy (HampmMmep, KaHT < KaHTOP).
Eciz 57 01HO #3 CJOB HE ABIAETCA HATAJIOM APYTOrO,
TIOCMOTPHM HA MEPBYIO IO MOPAIKY 6yKBY, B KOTODPOM
CIIOBa OTIMYAIOTCA: TO CJIOBO, Te 3Ta 6yKBa MeHBIIE
B aIaBUTHOM TOPAJKE, X OyJeT MEHBIIe. JTOT MOPA-
[OK TaKXe JUHEeeH (MHAYE 9TO GBI €A COCTABUTENR
croBapen?).

e Ornomenue pasenctsa ((z < y) & (z = y)) Takxe
ABIAETCA OTHOMIEHWEM IACTAIHOTO IOPAAKA, LA KO-
TOPOr0 HEKAKWe JBa PA3IWIHBIX dJI€MEHTa He CDABHU-
MEL.

e Ilpuseném Teneps 6urToBOM mpUMep. IIyCcTh €CTh MHO-
xecTBo X KapTOHHBLIX KOpOo6OoK. BBenéM Ha HEM mOpA-
IOK, CIATAdA, ITO T < Y, €CIM KOPOOKa I MEIMKOM ITO-
MEIIAeTCA BHYTPh KOPOOKY y (WIN el £ U y — O/HA
7 Ta xe Kopobka). B zaBucumocTn oT Hab0pa KOpo6OK
STOT MOPAJOK MOXET GLITH WM HE GHITEH JAHEUHEBIM.

IIycTs 2, y — dmeMeHTHI 9aCTHYIHO YyIOPALOUEHHOT'0 MHO-
xectBa X. [oBopar, aro z < y,ecm z < yuw z # y. Jua
5TOr'0 OTHOIIEHWS BEHIIOJHEHEl TAKWe CBOUCTBA!

z £
z<y)mly<z) = z<z

(IlepBoe 04eBHAHO, MPOBEPUM BTOPOE: €CIA T < Y B Yy <
<z,Toectb T L Y, T £ Y, Y< 2,y # 2, T0x < 210
TPaAH3UTUBHOCTH; €CIU GBI 0KA3aN0Ch, 9TO £ = 2, TO MEI GBI
uvmenn £ < Yy < T 4 TOTOMY T — ¥ TI0 aHTUCUMMETPUIHOCTH,
9TO MPOTWBOPETAT HPEIOI0KEHHIO. )
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TepMmuHOMIOrIIeCKOE 3aMeTaHUe: MBI YUTAEM 3HAK < KaK
«(MeHBITIE WIN PAaBHO», & 3HAaK < — KaK «MEHBINE», HEABHO
mpeamosaras, ITo £ < Y TOrJa X TOJIBKO TOrAa, Korja - < y
wm = y. K cgacTbio, 3T0 JeMCTBUTENRHO TakK. Emé oxHO
3aMedaHWe: BHIpaxeHue ¢ > y («z Gosblme y») O3HAJAET,
aro y < Z, a BEIpaxeHue T > Y («z 60IbIIe WIX PABHO Y»)
03HAJaeT, 9T0 Y < Z.

80. O6bsacHATE, IOYEMY HE CTOHT YATATH T < Y KaK «Z HE
6Goubine yY».

B HEKOTOPHIX KHMXKKAX OTHOMIEHUE JACTUIHOI'O MOPALKA
ompeenseTca KaK OTHOIIEHWE <, YAOBJIETBOPAIOIIEE NBYM
YKa3aHHBIM CBOUCTBaM. B 3ToM ciydae oTHOmeHHME T < Y &
& [(z < y) mm (z = y)] ABAgETCA OTHOIIEHTEM JaCTHIHOI'O
NOpAIKa B CMBICJIE HAIMET'O OIPEeNICHU.

81. IIposeprTe 5T0.

Bo m36exanwe myTaHWNEI OTHOmIEHWE < HHOI'AA HA3EH-
BalOT OTHOIIEHUEM CMPO2020 NOPAJKA, 8 OTHOIICHUE < —
OTHOIIIEHUEM HeCmP02020 nopadka. OHO U TO XKe JaCTUIHO
YOOPAAOYEeHHOE MHOXECTBO MOXHO 33JaBaTh IIO-PAa3HOMY:
MOXHO CHaJaJa ONPEIEJIUTEH OTHOIIEHNE HECTPOT'OT'0 TOPA/I-
ka < (pedreKCHBHOE, AHTHCHAMMETPHIHOE U TPAH3UTHUBHOE)
¥ 3aT€M U3 HET'O MOJMYIUTH OTHOIIEHNE CTPOTOr'0 MOpAIKa <,
a MOXHO [IeCTBOBATb U Ha060POT.

82. Onyckas TpeGoBaHZE AHTUCHMMETPUYHOCTH B OIpeAele-
HUM 9aCTUYHOI'O IOPAAKA, IOLYy9IaeM ONPEJEIeHNE NPednopaoKa.
lokaxwure, 9T0 N1060¥ TPEANOPALOK YCTPOEH TaK: MHOXECTBO
[IeIWTCA HA HENEPECEKAIIAECA KIACCH, IPA 3TOM T < Y JJLA JII0-
6EIX ABYX DJIEMEHTOB £, Y E3 OFHOI'O KIacca, a Ha HaxTOp-MHO-
XeCTBE 3aJaH YaCTHYHHIA NOPALOK, KOTOPHIA U ONpEAENAeT pe-
3yJAbTaT CPaBHEHHUA ABYX 3JE€MEHTOB M3 Pa3HBIX KJIAaCCOB.

BoT HECKONBKO KOHCTDYKIWHA, TO3BOJAIOIIAX CTPOUTH
OJHU yIOPANOYUEHHEIE MHOXECTBA U3 IPYTHX.

e Ilycte Y — moaMHOXECTBO YaCTUYHO YIIOPAJOIEHHO-
ro mEOXecTBa (X, <). Toraa Ha MHOXecTBe Y BO3HE-
KaeT €CTECTBEHHHEIX JAaCTUYHBIN MOPAMOK, UHIYYupo-
sannvrti m3 X. PopmanbHO roBop4,

(<y) = ()N (Y xY).
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Ecau mopaaok sa X 6BLT AMHEXHBIM, TO W WHIYIMPO-
BaHHBIA TOPAJOK Ha Y, 0YEBUAHO, Oy €T TUHEUHEBIM.

IIycte X m Y — gaBa HemepeceKarommMXCA JaCTHIHO
YIOOPAJAOYEHHEIX MHOXECTBa. lorjga Ha mx o6beam-
HEHUU MOXHO OINPEJEIUTH YACTAIHBLIM MOPAJOK TaK:
BHYTPHE KaXJOT'0 MHOXECTBA DIEMEHTH CPABHUBAIOT-
CA KaK paHbIIe, a JIOGOU 3JI€MEHT MHOXeCTBa X IO
OTIPEIEJIEHUI0 MEHBIIIE J0G0ro 31eMerTa Y. TO MHO-
XKEeCTBO ecTecTBeHHO o6GozHaumTs X + Y. (Ilopsanox
6yeT JUHEUHBIM, €CAU OH ObLI TAKOBBIM HA KaXIOM
Y3 MHOXECTB.)

10 xe 0603HAYCHNE TMPUMEHAIOT U A HEPECEKaro-
muxcs (4 faxe COBIAjaomux MHOXecTB). Hampumep,
roBopA 06 ynopagodernoM MHOXecTBe N + N, MEI Ge-
PéM 1A HemepeceKarmueca KOMUA HATyPaIbHOTO PA-
na {0,1,2,...} = {0,1,2...} u paccmaTpmBaeM MHO-
xectso {0,1,2,...,0,1,2,...}, npmaém k < [ opu Bcex
k u l, a BHYTpHE KaX/OU KOIUU TIOPAJOK OORIIHBIN.

Iycts (X, <x) u (Y, <y) — ABa yHOOpA/JOIEHHEIX MHO-
xecTBa. MOXHO ONMpeNequTh MOPAAOK Ha MPOW3BEE-
muz X X Y HeckoapkmMu crocob6avm. MOXHO canTaTs,
aro (Z1,41) < (T2,Y2), ecmm 1 <x T2 X Y1 <y Y2 (mo-
KOODJWHATHOE CPABHEHHWE). DTOT TOPANOK, OJHAKO,
He 6yIeT JUHEWHEIM, JaXe €CIM WCXOHbIE TOPAIKA U
6bLIM IMHEVHBIMA: €CJIE IePBag KOOPAXHATa 60IbIIe ¥
OJHOU Taphl, & BTOPasA y APYIOM, KAK UX CPABHATH!
YTo6bI MOTYy9ATh JTXHEAHBIN HOPAJOK, JOTOBOPHAMCA,
Kakag KoopAumHaTa 6yJeT «IJIaBHOW» U 6yJeM CHAaYalIa
CPABHWBATEH 1O HEW, 4 HOTOM (B CIyIae PABEHCTBA) —
o gpyrou. Ecim rmassOM camTaTh X -KOOPAWHATY, TO
(1,91) < (22,92), ecm 21 <x T2 WK €CIH T = T2, 8
y1 <y ¥2. OOHAKO MO TEeXHWYECKUM MPUIAHAM yAO06-
HO CYATATh IVIABHOM BTOPYI0 KOOpAWHATY. l'0BOpA
0 TPOM3BEJEHUHN ABYX JWHENHO YHOPAZOYEHHEIX MHO-
KEeCTB KaK O JAHEWHO YIOPAI0I€HHOM MHOXECTBE, MEI
B JaIbLHEUIIEM ITOJPA3yMeBAE€M IMEHHO TaKOU TOPAJOK
(cmagana cpaBEEBaEM O BTOPOU KOODAMHATE).
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83. [okaxwure, 9YTO B YACTHUIHO YHOPAZOUYEHHOM MHONKE-
crBe N x N (mopajgox HOKOOpAWHATHEIM) HET GECKOHEYHOIO
OOAMHOXECTBA, JIOOEIE [Ba 3JI€MEHTa KOTOPOro Geumm GBI Hec-
paBEuMEL. BepHO 1w ananorwyHoe yTBEpXAeHUME MaA Z X 77

84. [lokaxuTe aHAIOTMYIHOE YTBEDPX/ACHUE IIA N* (mopagox
TOKOOD AWHATHEIN) .

85. IIycte U — xOHeYHOEe MHOXECTBO U3 71 DJIEMEHTOB. Pac-
cmorpum MmuOXecTBo P(U) Bcex moamuoxecTs mHOoxecrBa U,
YHOPAOYEHHOE IO BKIOUYEHWI0. KakoBa MakCHMAIBLHO BO3MOX-
Hag MomHocTe MHOXecTtBa S C P(U), ecim MHAyImpOBaHHEIA
Ha S NOPAJOK JuHEeH? €CIU HEKAKWE [Ba dJIEMEHTa S He CpaB-
mumul? (YkasaHme: cM. 3ajady 14.)

86. CxoIbKO CyImeCTBYeT Pa3IWYHBLIX JWHEMHBIX IOPAAKOB Ha
MHOXECTBE U3 7. JJIEMEHTOB?

87. [lokaxmuTe, 9TO BCAKAY IaCTAIHEIN IOPALOK HA KOHEIHOM
MHOXECTBE MOXHO NPOJONXUTH O JUHEAHOTO ((IPOJOIKATEY
03HAYAET, YTO €CIZ £ < Y B MCXOJHOM IODPAAKE, TO X B HOBOM
5TO OCTAaHETCSA TaK).

88. JlaHO 6€CKOHEYHOE YACTHYHO YHOPAZOUYEHHOE MHOXECT-
Bo X. [lokaxwmTe, 94TO B HEM BCerja HangeTca aub60 6eCKOHEYHOE
TIOJMHOX€ECTBO IIONAPHO HECPABHUMEIX JJIEMEHTOB, Ju60 Gecko-
HEYHOE HOAMHOXECTBO, Ha KOTOPOM WHIYIUPOBAHHKEIA IOPATOK
JIWHEEH.

89. (Kone4HEI BapuaHT OpeARIAyLIen 3aka4n.) [Janu meanie
HOJIOXATEILHEIE YUcaa M U N. [lokaxuTe, 9TO BO BCAKOM YaCTHAYI-
HO YHIOPSAZOYEHHOM MHOXECTBE MOIIHOCTH Mn+1 MOXHO yka3aTb
160 m+1 nonapHO HECPaBHUMEIX 3JIEMEHTOB, 160 n-+1 momapao
CPaBHUMEIX.

90. B cTpouky HammcaHEl mn + 1 pazmuyHeIx uncen. [Joka-
XKHUTE, 9TO MOXKHO 9aCTh U3 HUX BHYEPKHYTH TaK, 9YTOGHI OCTa-
Jack MO0 BO3PACTAOLIAA TOCIEJOBATENHHOCTE AIUHE m + 1, am-
60 y6rIBarOLIias MOCIENOBATENBHOCTD AauHEL 1 + 1. (Ykasamme:
MOXKHO BOCIIOIB30BATHCA NPEABIAYINEN 3aa9€H. )

91. PaccMOTpPEM CEMEHCTBO BCEX MOAMHOXECTB HATYPAILHO-
r0 pAAa, ymopaaodeHHoe no Bkiaodenunoo. CylecTByeT Ju y Hero
IMHETHO yHOPAZOYEeHHOe (B MHYyIUPOBAHHOM IODPAAKE) IOACE-
MeRCTBO MomEOCTH KoHTEHYyyM? CymecTByeT jm y Hero mojce-
MEUCTBO MOILTHOCTY KOHTHHYYM, JIOGHIE JBa IEMEHTa KOTOPOrO
HECPABHHUMEI ]

OJJEeMEHT YaCTWYHO YIOPAJOYEHHOI'O0 MHOXECTBA HA3HI-
BAlOT HAUOOAbWUM, €CIM OH GOabINe JH06OT0 APYTOro Bie-
MEHTa, U MAKCUMOAbHbIM, €CAM HE CYIIECTBYeT 6OabIIero
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sneMeHTa. Ecim MHOXECTBO HE ABIAETCA JIMHEMHO YIIOPALO-
YEeHHBIM, TO 3TO HE OJHO U TO Xe€: HAUOONBITUA BIEMEHT
aBTOMATHUYECKH ABIAETCA MAKCAMAJIbHEIM, HO HE HA060POT.
(Oamo nemo xkopobka, B KOTOPYI0 MOMEIAETCA Jbad Apy-
rag, Ipyroe — Kopobka, KOTopad HEKYyJa OoJbIle He IIOMe-
IMAETCA. )

AnanoruaariM 06pa3’soM ONPENENAIOTCA HAUMEHbUWLUE T
MUHUMAAbHBLE DTEMEHTHI.

Jlerko moHATH, 9TO HAMOOJBLIINAMA 3JEMEHT B JAHHOM dYa-
CTUYHO YHOPAJZOYEHHOM MHOXECTBE MOXET OBITH TOJBKO
OIWH, B TO BpeMsa KaK MaKCHMAaJbHBIX JJEMEHTOB MOXET
6BITH MHOT'O.

92. loxaxwuTe, 4TO JOOEIE ABa MAKCUMAJBHEIX JJEMEHTA HE
CPpaBHHMEI. I[OKaIKHTe, 9TO0 B KOHEYHOM YaCTHUYHO YIOPAAOYUECH-
HOM MHOXecTBe X [/ 106070 3IEeMEHTa T HAUJETCA MAKCUMATb-
HBI DJEMEHT Y, GOILIIAA WX PABHBIA .

2.2. Nzomopdpuamsl

[lBa 9aCTHIHO YyHOPAJOYEHHBIX MHOXECTBA HA3LIBAIOT-
CA UBOMOPPHBIMU, €CITA MEX Y HAMU CYIIECTBYET U3OMOD-
Pu3m, TO €CTH B3AMMHO OJHO3HAYHOE COOTBETCTBUE, COXPa-
matomee nopAnok. (EcrecTserro, 9T0 B 3TOM Ciydae OHE
PaBHOMOIIHEI KaK MHOXeCTBa.) MOXHO cKasaTh Tak: 6UeK-
mua f: A — B mHasmiBaeTcsa n30MOPpGU3IMOM JACTUIHO YIIO-
pAnodeHHBIX MHOXECTB A n B, ecim

a1 < az < f(a1) < f(az)

UL TEOOHIX DIEMEHTOB a1, a2 € A (creBa 3mak < 0603HaTaET
OpAJOK B MHOXecTBe A, cripaBa — B MHOXecTBe B).

Od4eBnHO, 9TO OTHOIIEHNE U30MOPGHOCTH PEPIEKCUBHO
(xax g0e MHOXECTBO M30MOPGHO camoMy cebe), ChuMMeTpId-
Ho (ecnz X mzomopdHO Y, To # Ha060POT) U TPAH3UTUBHO
(mBa MEOXECTBA, B30MOPQHEIE TPETHEMY, H30MOPGHEI MEX-
ny co6on). Takmm 06pazoM, BCe GACTHIHO YIOPANOICHHEIE
MHOX€CTBa pa36MBarOTCA Ha KIACCHI M30MOP(HEIX, KOTOPEIE
HA3HBAOT nopadkosvimy munamu. (IIpasaa, kax u ¢ MomI-
HOCTAMHM, TYT HEO6X0AUMa OCTOPOXHOCTH — M30MOPGHEIX
MHOXECTB CJIVIIIKOM MHOT'O, ¥ TOTOMY I'OBOPHUTE O HOPAJKO-
BHIX THIAX KAK MHOXECTBAX HENb3A.)
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Teopema 12. Koneunsie TMHENHO YIOPAAOIEHHBIE MHOXE-
CTRBa U3 OJUWHAKOBOT'O YUCIA BJIEMEHTOB U30MOPQHEI.

<1 Kore4noe muHEAHO yIIOPATOIEHHOE MHOXECTBO BCET[A
ZMeeT HauMEHbIIAM S1eMEHT (BO3BMEM JF060M 3IEMEHT; €CII
OH He HAVMEHLINNA, BO3LMEM MEHBLINM, €CIU ¥ OH He Hau-
MEHBIIINH, €II€ MEHBIIAA — X TaK Jajee; MOJyIuM yOBIBaro-
Iy0 TIOCJIEA0BATEIBLHOCTD £ > Y > Zz > ..., KOTOpasd PaHo
WIA TTO3[HO JOMXHA 060pBaThca). [IpucsomM HamvenbmeMy
snemernTy HoMeD 1. I3 ocraBmmxcsa cHOBA BEIGEpEM HAMMEHD-
MY DIEMEHT W TPUCBOMM €My HOMep 2 m Tak jaajee. Jlerko
NOHATH, 9TO MOPAJOK MEXJAY DJIEMEHTAMM COOTBETCTBYET
TMOPAJKY MeXJy HOMEPaAMU, TO €CTh UTO HaIlle MHOXECTBO
m3oMmopdHO MHOXecTBY {1,2,...,n}. >

93. /loxaxwuTe, YTO MHOXECTBO BCEX IEIBIX IOJOXATEIbHEIX
pemmTener wucaa 30 ¢ oTHOMmEHEnEM «OBITH JEJUTEIeM» B KA9eCTBE
OTHOIIEHAS NOPAAKA A30MOPGOHO MHOXECTBY BCEX IIOJMHOXECTB
MHOXecTBa {a,b,c}, yIOPAZOIEHHOMY 11O BKIIOYEHUIO.

94. Byagem paccmaTpumBaTh (PUHUTHEIE IIOCJIELOBATEIHLHOCTH
HATYPAJbHEIX YHCEJI, TO €CTh IOCIEJOBATEIHLHOCTH, ¥ KOTOPHIX
BC€ WIEHEI, KPOME€ KOHeYHOro umciaa, paBHe (. Ha mmoxecTse
TaKWX IMOCJAEJOBATEIHHOCTEN BBEJEM TOKOMIOHEHTHRIA TOPALOK:
(ag,a1,...) < (bo,b1,...), ecim a; < b; upm Bcex i. [Jokaxwmre,
YTO 3TO MHOXECTBO M30MOP(PHO MHOXECTBY BCEX IIOJOXATENb-
HBIX IIE€JBIX YMCEJ C OTHOIIEHUEM «OBITH JEIATEJEM» B KA4eCTBE
HOPAAKA.

Bsaumuo ofHO3HAYHOE OTOGPaXKEHWE YACTUYHO YHIOPA-
JIOYEHHOT'0 MHOXeCTBa A B cebs, ABuAOmeeca #30Mopdus-
MOM, Ha3hIBAIOT A6MOMOPPUIMOM FACTAIHO YIOPALOIEH-
soro muEOXecTBa A. ToxaecTBeHHOE O0TOOpaXeHWE BCEra
ABIAETCA ABTOMOPPU3IMOM, HO [ HEKOTOPHIX MHOXECTB
CYIIECTBYIOT U Apyrue aBTroMmopduamel. Hampumep, oTo6pa-
xeHwe npubasnenusa egumEunsr (¢ — z + 1) ABaseTca aBTO-
MOPGU3IMOM 9YaCTHAIHO YHOPAJOUEHHOI'O MHOXECTBA 7 Iie-
abrx gmcen (¢ ecTeCTBeHHBIM mOpAAkoM). [lna MHOXeCTBa
HATYPAJbHEIX 9UCE] Ta Xe (POopMyJa HE AAET aBTOMOpPQPuU3-
Ma (HeT B3aVMHOY O/HO3HAYHOCTH).

95. IloxaxwuTe, 9TO HE CyIIECTBYeT aBTOMOP(PU3Ma yIOPAZO-
YEHHOI'0O MHOXECTBa N HATYPaJABbHBIX YHCEJI, OTJIAYHOI'O OT TO-
XK NECTBEHHOI'O.
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96. Paccmorpum mHOXecTBO P(A) BCex mMOAMHOXECTB HEKO-
TOpPOro k-31€MEHTHOr0 MHOXECTBA A, 9aCTUYIHO yHIODAJOYEHHOE
o Bxmouermo. Haugure 4meno aBTOMOPGHE3IMOB 3TOr0 MHOXE-
cTBa.

97. IloxaxmuTe, YTO MHOXECTBO IIE€ILIX IOJOXUATENBHEIX UM-
ceJl, 9aCTHYHO YIOPAJOYEHHOE OTHOLICHWEM «I NEIAT Y», AMEET
KOHTUHYYM DA3IXYHEIX ABTOMODGU3IMOB.

BoT HeckonpkO mpEMEpPOB PABHOMOIIHEIX, HO HE H30-
MODGHBIX JIMHEXHO YIOPALOUEHHEIX MHOXECTB (B CHILYy T€O-
peMbl 12 oHEM JOMXKHEI GHITH 6ECKOHETHEIMA).

e Orpesoxk [0,1] (¢ 06BITHEIM OTHOIEHUEM IOPAKA) HE
m3oMopder MHOXeCTBy R, Tak Kak y IepBOTO €CTh
HambobImyu 31eMeHT, a y Broporo Her. (IIpm m3o-
Mopdu3Me HaWGONBIIMA HJIEMEHT, €CTECTBEHHO, HO0T-
XK€H COOTBETCTBOBATH HAMOOIBIIEMY. )

¢ MuoxecTBo Z (menbie 9mcaa ¢ OOBITHBIM IOPALKOM)
He m3oMopdHO MHOXecTBY Q (panmuoHaNbHEE [mCIa).
B camowm gene, mycts o : Z — Q ssaserca mzaomopdus-
MoM. Bo3sMEM BA COCEMHUX IENBIX IUCIA, CKAXEM, 2
u 3. Ilpuz m3oMopdu3Me @ UM [JOMKHEL COOTBETCTBO-
BaTh KaK@e-TO ABa panmOHAIGHEX wmcaa o2) m a(3),
mprmaém a(2) < a3), Tak xak 2 < 3. Ho Torga pamm-
OHAIBHBIM YmcaaM MexAy a(2) u a(3) JomKHEI cooT-
BETCTBOBATH IIEJbIE UMCIA MEXAY 2 B 3, KOTODHIX HET.

e Bonee crnoxunm mpumep — MHOXeCTBA Z u 7 + Z.
Bossmém B Z + Z jgBe xomwmm HyaA (W3 TOU W APYTOH
KOMTIOHEHTH! ); MEI 0603uagamm ux 0 u 0. Ilpr atom 0 <
< 0. Ilpu m3oMopdmU3Me UM JOTKHE COOTBETCTBOBATE
IBa HEJbIX 9uciaa a u b, nqaa xoropeix a < b. Torga
BceM daemenTaM Mexay 0 m 0 (#x 6eckoHEIHO MHOTO:
1,2,3, ..., -3, -2, —T) IOJXHEI COOTBETCTBOBATH
qmcaa MeXAY a U b — HO WX JIIG KOHEIHOE 9HCIO.

OTOT NpUMep OIPAHIANAAILHO OTIAIAETCA OT IPENEI-
OYIIAX TEM, 9TO 3[1€Ch PA3HAUIY MEXJTy CBOUCTBAMU
MHOXECTB Helb3A 3ammcaTh ¢opmynon. Kak roropar,
yIOPAJAO9EeHHBIE MHOXECTBA Z U 7 + 7 «31eMeHTapHO
3KBUBAJIEHTHED .
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98. [loxaxwTe, 9TO IXHEWHO YHIOPAJOYEHHBIE MHOXECTBA Z X
x N u Z x Z (¢ onucaHHBIM BHIIE Ha C. 54 IOPAAKOM) He H30-
MOPGHHL.

99. ByayT v u30MOpP)HEI IXHENHO YHOOPALOIEHHEIE MHOXE-
crBa NX Zu Z X Z?

100. ByxyT /m m30MOPGHEL JMHEVHO yIOPALOIEHHEE MHOXE-
crBa Q X Z = Q x N?

Orobpaxenme = — /2 OCyImeCTBIsET H30MOPPU3M
mexy maTepsaramu (0,1) u (0,+/2). Ho yxe me Tax mpo-
CTO TOCTPOUTH M30MOPGU3M MeXAY MHOXECTBAMU DAIMO-
HAJIBHEIX TOYEK >THX mHTEPBaoB (To ecTs Mexay QN (0,1)
7 QN (0,v2)), mockomEKy yMHOXeHWe Ha +/2 TIepeBOJAT
paIOHAJNBLHLIE YWCAA B HppPAIZOHANLHEIE. TeM He MeHee
n3oMopdu3M HOCTPOXTH MOXHO. [laa 5>TOro HagO B3ATH
BO3pPaCTAIOIINE ITOCIAEJOBATENHHOCTY PAIMOHAJBHEIX YHCeJ
0<zi <2< ... 0 < Y1 < yg < ..., cCXOAAIIHECA
COOTBETCTBEHHO K 1 7 v/2 ¥ IIOCTPOUTH KyCOIHO-TMHERHYIO
dyuxnuio f, KoTOpas MEPEBOJUT T; B Y; U JUHEWHA HA Ka-
XKIOM U3 OTPE3KOB [Z;,Z;11] (pmc. 5). Jlerko momATH, 9TO
OHa 6yJeT MCKOMBIM M30MOP(PHU3MOM.

V24

U1

0 T1 T2 71

Puc. 5. Jlomanas ocymecTBiageT m30MOpGhU3M.

101. IToxaxwuTe, YTO MHOXECTBO PAIIIOHATLHEIX YHCE]I HHTEP-
Baua (0,1) m mEoxecTBo Q m3omopdum. (Ykasarue: 3qech TOXe
MOXHO HOCTPOXTS JOMAaHY0; BIPOYEM, ¥ STOU 3aJa9H €CTh X APY-
Toe peleHre, KOTOPOe HAYMHAETCA C TOrO, YTO MYHKIUA T — 1/z
TEPEBOJAT PANMOHAILHEIE 9ACIA B PAMOHAILHEILE. )
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Bomee ciaoxmasa KOHCTpyKnma TpebyeTca B CIeAyIOIIER
3afade (BUAMMO, HAYErO IIPOIE, 9€M COCIATHCA Ha OO6ILIyIO
Teopemy 13, TyT He mpEAYMAaems).

102. [lokaxwuTe, 9T0 MHOXECTBO JABOMYHO-PAIMOHAILHEIX IH-
cen maTepBana (0, 1) msomopdro MEoxecTBy Q. (Hucno cunraet-
CA J80UUHO-DAYUOHAALHBLM, ECIIE OHO mMeeT Brg m /2™, roe m —
LleI0€ 9UCI0, & N — HATYPAIbHOE.)

[IBa >neMenTa T, Yy TUHEWHO YIOPAJOIEHHOI'O MHOXECTBA,
HA3BIBAIOT COCEOHUMU, €CIA T < Y U HE CYIECTBYET BJIEMEH-
Ta MeXJy HAMH, TO €CTh TAKOr'o 2, 9T0 T < z < y. Jlunen-
HO YIOPAMOYEHHOE MHOXECTBO HA3BIBAIOT NAOMHbIM, €CIU
B HEM HET COCEJHUX JJIEMEHTOB (TO €CTh MEX.y JIOGHIMM
IBYMs €CTb TPEeTH).

Teopema 13. Jlzo6bie 1BA CIETHRIX TLIOTHLIX JJUHENHO YIIO-
PATOYUEHHEIX MHOXECTBa 6€3 HambOJIbITEro ¥ HAaWMEHBIIET O
3JIeME€HTOB M30MOP®HEI.

< IIycts X u Y — gannnie Ham MHOXeCTBa. Tpebyemuii
n30Mophu3M Mex Ay HuME cTpomTcs no maram. [locae n ma-
T'OB y HaC €CTh [IBa N-dJIEMEHTHHIX moAMHOXecTBa X,, C X
u Y, CY, sareMeHETE KOTOPEIX MEI Oy/j€M HAa3EIBATH «OXBa-
YeHHLIMW», ¥ B3aMMHO OJHO3HAYHOE COOTBETCTBHUE MEXIY
HUMWU, COXpaHAolee nmopanok. Ha odepeamnom mare Mur Ge-
PEM KaKOHM-TO HEOXBAYEHHBIA DJEMEHT OJHOI'0 M3 MHOXECTB
(ckaxem, MHOXecTBa X ) M CDAaBHMBAEM €r'0 CO BCEMHE OXBa-
qennsiMu daemerTamu X. O MoXeT Oka3aTsCA 1U60 MEHB-
11e BceX, au60 60bIe, 1160 IOIacTb MEX Ay KAaKUMA-TO IBY-
Ma. B kax /oM U3 CIy9aeB MEI MOXEM HAUTU HEOXBAIEHHBIN
aneMeHT B Y, HAXOQAMMANCA B TOM XK€ TMOMOXeHn: (6ombime
BCEX, MEX/y IEPBLIM U BTOPHIM OXBAYEHHBIM CBEPXY, MEX Y
BTODHIM ¥ TPETHUM OXBadeHHHIM CBEpXY X T.I.). IIpu sToM
MBI IIOJB3Y€MCA T€M, 9TO B Y HET HAWMEHBIIEr'O HJEMEHTA,
HET HamOGOJBINEro W HET COCETHUX DIEMEHTOB, — B 3aBUCH-
MOCTH OT TOT'0, KAKOU M3 TPEX ciIydaes umeeT mecTo. Ilocae
3TOro Mul 106aBiIAeM BEHIOPAHHEIE DIeMEHTH K X, U Yy, , cam-
Tag UX COOTBETCTBYIOIIUME APYT APYTY.

Yro6n1 B mpejese MOIyYIATh M30MOPPU3M MEXITy MHO-
xectBaMZ X # Y, MBI JOIXHEI T03a00TUTHCA O TOM, 9ITO-
6EI BCE DJIEMEHTHI 060MX MHOXECTB OLLIM PAaHO WIX TIO3 /-
HO OXBa9Y€HBL. JTO MOXHO CJEIaTh TaK: MOCKOILKY KaXJ0€
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U3 MHOXECTB CIETHO, IPOHYMEPYEM €ro 3JIeMEHTHI U OyaeM
BRIOMPAThL HEOXBAYEHHKIA BJIEMEHT C HAMMEHBITAM HOMEDPOM
(ma mewéTEBIX marax — m3 X, Ha 9€TEHEX — @3 Y). DTO
coobpaxeHue 3aBePIIAET JOKA3ATEILCTBO. [>

103. CxoabKO CyleCTByeT HEXL30MOPPHEBIX CIETHHIX IIOTHEIX
JIMHEWHO YNOPALOIEHHEIX MHOXECTB (IPO HAWMEHBIIAA W HAX-
GOJIBIINE >IeMEeHTH HIdero He u3BecTHO). (OTBet: 4.)

104. TlpueeguTe TpWMEP ABYX ILIOTHHIX JUHETHO YIOPATO-
YE€HHBIX MHOXECTB MOITHOCTHA KOHTHUHYYM 663 HAMMEHBIIIETO H
HamGOJIBIIEr0 JIEMEHTOB, HE ABJLAIOIIEXCA H30MopdaEIME. (YkKa-
3aHme: Bo3bMuTe MHOXecTBA Q + R 1 R+ Q.)

Teopema 14. Bcakoe CUéTHOE IUHEMHO YIOPAJOIEHHOE
MHOX€ECTBO U30MOP(PHO HEKOTOPOMY HOAMHOXECTBY MHOXE-
ctBa Q.

< 3amMeTHM cpa3y Xe, 9T0 BMeCTO MHOXecTBa (Q MoxHO
OBLLTO B3ATH JI000€ ILIOTHOE CUYETHOE BCIOAY ILIOTHOE MHO-
XKeCTBO 6€3 mEPBOro ¥ MOCJAEJHErO 3JIEMEHTOB, TAK KaK OHUI
BCe M30MOPGHEI.

[loka3aTeasCTBO HTOr0 yTBEPXKAECHASA MPOUCXOAUT TAK
Xe, Kak U B TeopeMe 13 — ¢ Tou pasHUIEN, 9TO HOBHIE He-
o6paboTaHHEIE 3JEMEHTHI GEPYTCA TOIBKO C OJHOU CTOPOHBI
(=3 JaEHEOrO HAM MHOXECTBA), & TAPH K HAM TOA0MPAIOTCA
B MHOXECTBE PaIlMOHANLHEIX YHMCeN. >

2.3. dyHAMpOBaHHbIE MHOXECTBA

TIpyHIIUD MaTeMaTAIECKON UHAYKIAA B OJHOU U3 BO3-
MOXHBIX (hOPM 3BY9HAT TaK:

IIycts A(n) — HexoTOpOE€ CBOMCTBO HATYDAJLHOTO <H-
cma n. Iycrs mam yganocs goxasars A(n) B mpeamoo-
xennn, 9T0 A(m) BepHO 414 Bcex m, MeHbmmMX n. Torga
cBorcTBo A(n) BEPHO A4 BCEX HATYDAIBHBIX THCET M.

(3ameTmm, aTo mo ycnosmio goxasarenscrso A(0) Boa-
MOXHO 06€3 BCAKZX IPEAIOTOXEHUU, MOCKOIBKY MEHBIIAX
dgmcen HeT.)

Jlna Kak¥WX 9aCTHIHO YHOPAJOYIEHHBIX MHOXECTB BEPEH
ananorwans mpuamun’? OTBeT JaéTCA Caeayomenr TpoCTon
TeOopeMOHu:
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Teopema 15. Cneayromme Tpu CBOUCTBA 9aCTUYHO YHOPA-
JIO9E€HHOTO MHOXECTBa X PaBHOCWILHEL:

(a) mo60e mEyCcTOE TOAMEOXECTBO X MMEET MAHIMATE-
HEIA BJIE€MEHT;

(6) e cymecTByeT 6€CKOHETHOM CTPOr'0 yOLIBAIOIIER 11O
CJIENOBATEIbHOCTH Lo > T3 > I3 > ... JJIEMEHTOB MHOXE-
cTBa X;

() mna mEoxecTBa X BEpEH NPWHNOAN WHAYKIAW B CIe-
nytomen dopme: ecmm (mpm xaxaom z € X) @3 WCTHHHO-
ctr A(y) s Bcex y < z caefyeT mctmHHOCTH A(z), TO
ceoricteo A(z) BepHO TpH BCex z. POPMATLHO 3TO 3ATUCHI-
BaIOT TakK:

Vz (Vy ((y < z) = A(y)) = A(z)) = Vz A(z).

<1 Cmagana [OKaXeM 3KBUBAJIEHTHOCTH TIEPBHIX IBYX
ceoucts. Ecim 9 > 1 > o2 > ... — 6eckoHedHaA yOHI-
BAIOMIAA MOCIE0BATEIBHOCTE, TO, OYEBUIHO, MHOXECTBO €€
3HAYEHUN HE UMeeT MEHEMAJILHOI'O BJIeMeHTa (714 KaX J0ro
aIEeMeHTa Creayiomumi emé Menbmme). IlosTomy m3 (a) cue-
nyet (6). Hanporus, ecru B — HemycToe MHOXECTBO, HE
uMerollee MAUHMMAJILHOIO 371€MEHTa, TO 6eCKOHEYHYI0 yORI-
BAIOIILYIO MOCIEOBATEIHHOCTE MOXHO IIOCTPOUTE TaK. Bo3s-
MEM TPOM3BOJIBHEIA 37eMeHT by € B. Ilo mpeamonoxenu:o
OH HE ABIAETCA MWHWMAILHBIM, TaK 9TO MOXHO HauTHU by €
€ B, pas xoroporo by > b;. Ilo Tem xe mpuumHaM MOXHO
mauntu by € B, ana xotoporo by > by m 7. . Ilorygaerca
6eckoHe9YHAs yOBIBAIOMIAA II0CAEIOBATEILHOCTD.

Teneps BEIBEIEM MPUHIUN WHAYKIWN U3 CYIIECTBOBAHUA
MEHAMAJIBHOT'O 3JIEMEHTA B JI060M moaMHOXecTBe. IlycTh
A(z) — mpousBOJIBHOE CBOMCTBO BIEMEHTOB MHOXeCTBa X,
BEPHOE HE /A BCEX DJIEMEHTOB L. PacCMOTpEM HEmycToe
MHOX€ECTBO B Tex ameMeHTOB, i1 KOTOPHIX CBOUCTBO A He-
BepHO. IlycTh £ — MUHWMANLHEIA 3J1€MEHT MHOXeCTBa B.
Ilo ycaoBmio MeHBIIUX 5IEMEHTOB B MHOXeCTBe B mer, mo-
5TOMYy A1 Bcex y < z cBoucTBo A(y) BmmommeHo. Ho To-
r'flia 1o IPE/IION0XEHUIO JOMXKHO GHITH BhIoaHeHo 1 A(z) —
IIPOTHUBOpEYHE.
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Ocranocs 0Ka3aTh CyMECTBOBAHWE MUHAMAILHOTO DJI€-
MEHTa B JIO60M HEIyCTOM IOJAMHOXECTBE, UCXOA U3 IIPUH-
muna naAyKoua. [lycts B — mogMHOXECTBO 6€3 MAHMMAB-
HBIX 3JeMeHTOB. [[okaxem 1o mHAyKIUA, 910 B mycTo; apy-
TEMU clI0BaMH, B KadecTBe A(z) Bo3bMEM cBomcTBO T ¢ B.
B camom gene, ecimm A(y) BepHO A4 BCex y < T, TO HAKAKOU
3NIEMEHT, MEHbIMUN T, He JexuT B B. Ecmm 6u1 ¢ nexan B B,
TO OH 6BLT 6B TAM MUHVUMAJIBHEIM, & TaKUX HET. [>

MeuoxecTsa, o6ragatomue ceoucTsamu (a) — (8), HasEBa-
oTca Pyndupoeanmnvimu. Kaxue ects npumeps GyHIUDOBAH-
aerx MHOXeCTB? IIpexae BCEro, HAIl MCXOMHHIA TPUMED —
MHOX€CTBO HATYPAIbHBIX IHACEIL

Mpyrou mpumep — MuOXecTBO N X N map HaTypatsHEX
qmcen (MeHBIE Ta Mapa, ¥ KOTOPOW BTOPOU <WIEH MEHBIIE;
B CIydae DaBEHCTBA CDABHUBAEM TEPBEIE). B camom jgene,
nposepuM ycaosue (6). Ham 6yzer yao6H0 cdopMyarposaTs
€r0 TaK: BCAKAA MOCJENOBATENBLHOCTD Ug = Ul = UZ = ...
3JIEMEHTOB MHOXECTBA PAHO WIA MO3JHO CTA0WIA3UPYETCA
(Bce wieHnl, HAYMHAA C HEKOTOPOT'O, PABHEI); O9EBUIHO, ITO
5TO SKBUBAJIEHTHAA (HPOPMYIAPOBKA.

IIycTs naHa IpOM3BOILHAA MOCIEAOBATEILHOCTE Iap

(To,y0) = (T1,y1) > (T2,92) > - -

TTo onpegenenuio mopaAaka (CHaYata CPABHUBAIOTCA BTODPHIE
‘menm) Yo = Y1 = Y2 = ... W IOTOMY IOCJIETOBATEIHHOCTD
HaTYPaJbHEIX 9HCEN Y; C KaKOr'0-TO MecTa He MeHseTcA. 1lo-
clie 3TOr0 yXe Z; MOJXHBEI yOBIBATH — M TOXE CTAbmiIm3u-
pytorca. Uro u TpeboBamocs.

To xe camMoe pacCyXjeHWe IPUTOAHO U B Gosnee o6mien
caTyanuua.

Teopema 16. Ilyctes A u B — gBa GyHAUPOBAHHEIX Ya-
CTHYHO YIOPAMOYEHHEIX MHOXECTBa. Torja mx mpousBeje-
mue A X B, B KOTOpOM

<(11,b1> < <(12,b2> < [(b]_ < b2) WIA (bl = b2 ua; < (12)],

ABIAETCA DYHIAPOBAHHLIM.
<1 B mocnegosarensuocTu {ag,bo) > {(as,b1) > ... crabm-
IU3EPYIOTCA CHAadYaTa BTOPEIE, a 3aT€M U MEPBHIE WIEHEL. [>
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OTcrona BEITEKAET AaHAIOTWYHOE YyTBEPXKAeHUE Aid N X
x N x N, gaa N* wmm Boo6me /14 IpomsBejeHna KOHETHOI'O
quciaa QyHAUPOBAHHBIX MHOXECTB.

Emg npome mokasats, ato cymma A + B aByx dyuam-
poBaHHEIX MHOXeCTB A u B dyHIUpOBaHa: MOCHEJOBATENE-
HOCTB Zg < 21 < 29 < ... Ju0O IEJUKOM COAEPXUTCA B B
(= MBI ccputaeMcs Ha pyHAUpOBaHHOCTL B), MM60 coepxuT
anemenT w3 A. B mocnegnem ciyuae Bce crefyromume dueMeH-
THI TaKXe OpuHAAIeXaT A, 1 MbI ucmoassyeM GyHIUPOBAH-
HOCTE A.

YacTo B mporpaMMupoBaHuY (WIZ B OJMMIAAJHEIX 3a-
Aagax) HAM HYXHO TOKA3aTh, ITO HEKOTOPHIM MPOLECC HE
MOXET IPOJOIXKATHECA 6eckoHeIHO noaro. Hampumep, Hamm-
CaB IIUKJ, MEI JOJXHEI YO€IUTHCA, ITO PAaHO WIX IO3JHO U3
HEro BHIAAEM. JTO MOXHO C/eJaTh TaK: BBECTH KaKOU-TO
HATYpaTLHBEIA TapaMeTp U yOeIUTHCA, ITO Ha KaxkJIOM IIa-
re OUKJIa 3TOT OapaMeTp yMeHbmaeTcA. Torga, ecau cemgac
5TOT mapameTp paseH [N, TO MOXHO IrapaHTHPOBATE, 9TO HE
mo3xe 4eM 4depe3 [N IMaros UK 3aKOHIUTCA.

Oprako GHIBAIOT CATyanuu, B KOTOPHIX IUCJIO IMIATOB 3a-
paHee OLIEHUTH HEIb3f, HO TEM He MEHEE rapaHTADPOBATEH 3a-
BepIIIeHNe MUKIa MOXHO, IIOCKOJIBKY €CTh IapaMeTp, IPUHU-
MAIOIUK 3HAYEHUA B QYHAMPOBAHHOM MHOXECTBE U yOBIBa-
IOIIMY Ha KaX/OM IIare IAKIa.

BoT mpumep ommMmnuagHOR 3343499, T/€ IO CYINECTBY Ta-
KO€ PacCyX/eHre U UCIOIb3YeTCA.

Busnecmen 3axkmoamn ¢ 9€PTOM CAENKY: KAXKIBIA J€HL OH
gaér 9€pTy OJHY MOHETY, X B OOMEH IOXydaeT J60oX Ha-
60p MOHET IO CBOEMY BEIOODY, HO BCE 3TH MOHETHI MEHBIIIET'O
JZOCTOMHCTBA (BEJIOB MOHET KOHEIHOE IuCa0). MeraTs (mmm
[IOIy9aTh) AEHLI'W B APYI'OM MeCTe GU3HECMEH HE MOXET.
Korga MoHeT 607BIIEe HE OCTaHETCA, OM3HECMEH IIPOUTDEIBA-
er. [lokaxwuTe, 9TO PAHO WIK MO3HO YEPT BHIATPAET, KAKOB
6nI HU GBLT Ha9aNbLHLIM HA6Op MOHET y GU3HECMEHa.

Pemenne: nycts umeerca k sugos mouer. Uckomui ma-
paMeTp OIpeeInM TaK: IOCIUTAEM, CKOJIBKO MOHET KaX 10~
r'o BH/Ja €CTh y GU3HecMeHa (N — YMCJI0 MOHET MUHUMAh-
HOI'O JOCTOHMHCTBA, Ny — 9GHUCIO CAEIYIOIMWX, X TAK [Jajee
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[0 N ). 3aMETHM, ITO B PE3yIbTATe BCTPEIH C IEPTOM Ha-
6op (ni,...,nk) yMeHbImaETCA (B CMBICJIE BBEJEHHOIO HAMI
mopAKa, KOr/a MBI CPDABHHBAEM CHAYAJA MOCIETHAE WICHEI,
3aTeM mpeamocaefHue X T. 1.). IloCKOIBKY MHOXECTBO Nk
byHAUPOBAHO, 3TOT MPOIECC AOIKEH 060PBATHCA.

105. meeTcsas KOHEYHAA MOCIENOBATENLHOCTH HYyJEH U €IU-
HuI. 3a OJFH IIar Pa3pelaeTca CAeIATh TaKoe AeMCTBHre: HauTH
B Hert rpynmy 01 u 3amernTs Ha 100. . .00 (npu >ToM MOXHO Hamu-
CaThb CKOJIBKO yroAHO HyeH). [l0kaxuTe, 9TO TAKWE IIATH HEIb3A
BBITIOJHATH OECKOHEYHO MHOI'O Das.

106. PaccMoTpuM MHOXECTBO BCEX CJIOB DYCCKOT'O aida-
BuTa (TO4YHEE, BCEX KOHEYHBIX NOCJAEZOBATEIBHOCTEM PyCCKAX
6yKB, HE3aBACAMO OT CMEICIA) C JEKCHKOIPadUIECKIM IOPATKOM
(cM. c. 52). ByaeT i 5T0 MHOXECTBO QpyHAMPOBAHO?

107. PaccMOTpEM MHOXECTBO HEBO3PACTAIOIIMX IOCJIEOBA-
TEIHHOCTEN HATYPAJIbHEIX YUCEN, B KOTOPHIX BCE WICHEI, HAYUHAA
C HEKOTODPOI'0, PAaBHHI HYJI0. BBeféM B HEM MOPAAOK Tak: CHAYa-
JIa CPAaBHWBAEM IEPBHIE <WIEHH], IPKA DPABEHCTBE MEDPBEIX BTOPHIE
u T. 8. [JoxaxwmTe, 9TO 5TO (JMHENHO) yHOPAZOIEHHOE MHOXECT-
BO GyHIEPOBAHO.

108. PaccMOTpEM MHOXECTBO BCEX MHOT'OWIEHOB OT OJHOH IIe-
PEMEHHOU T, KODPPUIUEHTH KOTOPHIX — HATYPAIbHEIE YMCIA.
Ymopsagounm ero Tak: MEOrowieH P Gonsie MEHOrOwieHa (), eciau
P(z) > Q(z) s Bcex pocrarouno Gonsmmx z. [lokaxmre, uTo
3TO OmpejeieHue 3a0aéT JAHEWMHEA TOPALOK W YTO IIOLYy9aiole-
€Cs yHOPAZOYEHHOE MHOXECTBO QYHAUPOBAHO.

2.4. BnonHe ynopsiio4eHHble MHOXECTBA

DyEIMpPOBAHHBIE JWHEWHO YMOPAJOYEHHBIE MHOXECTBA
HAa3BIBAIOTCA 6MOAHE YNOPAOOUEHHBIMU, & COOTBETCTBYIOIINE
TMOPAJKYA — NOANbIMYU. [INA TUHETHEIX TIOPAJAKOB TOHATUA
HAMMEHBINET0 ¥ MWHEMAJIBLHOTO 3JIEMEHTa COBIAJAIOT, TaK
9TO BO BIOJHE YIOPANOIEHHOM MHOXECTBE BCAKOE HEITYCTOE
TOIMHOXECTBO MMEET HAMMEHBIITANA 3JEMEHT.

3aMeTHM, 9TO J9ACTHIHO YIOPAZOIEHHOE MHOXECTBO, B
KOTOPOM BCAKOE€ HEIYCTOE IMOAMHOXECTBO MMEET HAWMEHB-
Y 3JEMEHT, ABTOMATAYIECKY ABIAETCA JUHEXHO YIOPAILO-
JeHHBIM (B CAMOM [IeJle, BCAKOE JABYX3JIEMEHTHOE MHOXECTBO
“MeeT HaWMEHBIINY BJIEMEHT, II03TOMY JIOOLIE IBa DIEMEHTA
CPABHWIMEI).
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Ilpmmepsr BrmoHE ymopAzodeHHBIX MHOXeCTB: N, N +
+k (3mecs k 0603HaTaET KOHETHOE IMHEXHO YIIOPALOIEHHOE
MHOXeCTBO u3 k anemenTor), N+ N, N x N.

Hama nens — noHATH, KaK MOTYT GBITH YCTPOEHEI BIOJ-
HEe YIOpAJOYEHHBIE MHOXECTBA. HauHEM ¢ HECKOMLKUX TIPO-
CTHIX 3aMeYaHUN.

¢ Bromme ymopAZO9EHHOE MHOXECTBO MMEET HAUMEHB-
it snemerT. (HemocpeacTeernoe cieficTBRE ompefe-
JIeHUL. )

[na xaxaoro sjgeMeHTa T BIOJHE YIOPAJOIEHHOI'O
MHOXeCTBa (KpoMe HamGOJBINEr0) €CTh HEIMOCPENCT-
BEHHO CJAEIYIOIMA 33 HAM 3JIEMEHT Y (3TO 3HAYAT,
9TO0 Yy > &, HO HE CYMIECTBYET 2, AJId KOTOPOro y > z >
> z). B caMoM [este, ecim MHOXECTBO BCEX HIEMEHTOB,
6OJBIIHAX T, HEI[yCTO, TO B HEM €CTh MUHUMAJILHEIA dJIe-
MEHT Y, KOTOPHIZ u GyJeT MCKOMBIM. Takou sreMeHT
JormaHo 0603HadYaTH T + 1, claeAyommMiA 3a HAM —
z+2mwuT. .

HexoTophie 5I€MEHTH BIOJIHE YHOPAZOYEHHOI'0 MHO-
KEeCTBa MOI'YT HE UMETh HEMOCPEICTBEHHO IPELBILY-
mero. Hampmmep, 8 maoxectse N + N ecTs gBa aie-
MEHTa, He HMEIIIX HEIOCPEACTBEHHO MPEILIAYINErO
(FamMeHBIIIIT SIEMEHT, & TAKXK€e HAMMEHBIITAHN 3JEMEHT
BTOPOU KOIWE HATYPaJbHOrO psaja). Takme snemMeHTH
HA3BIBAIOT 7PE0EAbHbIMU.

Beaxuy 5meMeHT yHOPAAOYEHHOI'0 MHOXECTBA UMEET
BHJ 2 + N, TAe 2 — OpeAeIbHbIN, a N — HATyPaIbHOE
amcio (0603HAYEHME Zz + N IOHMMAETCA B OIMMCAHHOM
BhIIIe CMBICHE). B camoMm gene, eciw z He TpeeTHHEIN,
BO3BMEM IPEALIAYIIAA, €CIM W OH HENpPEJeIbHBIA —
TO ero MpeJLIAYIIUA U T. ., TOKa He JOUAEM 0 Tpe-
nersHOro (6eCKOHETHO MPO/JOMKATHECA DTO HE MOXKET,
TakK KaK MHOXECTBO BIOJIHE yrnopagodeno). OgesuaHo,
Takoe Ipe/ICTaBIeHNe OHO3HATHO (Y DIEMEHTa MOXET
6BITH TOIBKO OJIWH HEMOCPEJCTBEHHO MPE/BITyIINM).
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e Jlro60e orpaHWYEHHOE CBEPXY MHOXECTBO SJIEMEHTOB
BIIOJIHE YIOPAJOYEHHOI'O MHOXECTBA MMEET TOYHYIO
BepxHIO rpafk. (Kak 06sramo0, mogmuoxecTBo X da-
CTUYHO YHOPAJOYEHHOT'O MHOXeCTBa A HaswBaeTcA
02DAHUYEHHBIM CEEPTY, ECTH OHO UMEET 6EPTHION 2Pa-
HUYY, T.e. dneMeHT a € A, nna xoroporo z < a mpu
Bcex ¢ € X . Ecnm cpein Bcex BepXHUX I'PDAHUI] JAHHOT'O
TOIMHOX€ECTBA €CTh HAUMEHBITAA, TO OHA HAa3LIBAETCA
mounot eepruet 2pansio.)

B camoM jesie, MHOX€ECTBO BCEX BEPXHUX T'DAHUI] HEITY-
CTO U IOTOMY EMEET HaWMeHBIINH HJeMEHT. (3aMeTnM
B CKOGKAaX, 9TO BOIMPOC O TOYHOUW HWXKHEW I'DAHU [JIA
BIIOMHE YIOPAJOYEHHOTO MHOXECTBA TPWBUMAJEH, TaK
KaK BCAKOE MHOXECTBO IMEET HAMMEHBIIAY DJIE€MEHT. )

Ilycts A — TIPOM3BONBHOE BIOJHE YIOPAAOIEHHOE MHO-
xecTBo. Ero nanmensumu snemenT o6o3nauum gepes 0. Cae-
OYIOMMEA 3a HEM dJeMeHT 0603HadYmM depes 1, caepyrormmi
3a 1 — gepe3 2 u T. 1. Eciiz MHOXeCTBO KOHEYHO, IIPOIECC
sTor o6opeérca. Ecim 6eckomedHo, mocMoTpmM, mCIepma-
X X MBI BCE BIeMeHTH MHOXecTBa A. Ecnm mer, Bo3bMéEM
MUWHUMATLHBIA 37eMeHT u3 ocTasmmxca. O603HAIMM €ro w.
Crepyrommuit 3a HErM 3aeMeHT (€CaE OH €CTh) 0603HaIAM w +
+ 1, 3ateM w + 2 m T. 1. Ecim m Ha 5TOM MHOXECTBO HeE
WCYEPNAETCA, TO BO3bMEM HAMMEHBIIUAY DIEMEHT W3 OCTAaB-
IIXCsA, HA30BEM €ro w - 2, X TIOBTOPEM BCIO IIPOLEAYPY. 3a-
TeM 6yAyT w3, w4 m T. 1. Ecim m Ha 3TOM MHOXECTBO
HE KOHYUTCA, MUHUMAIBLHEIA U3 OCTABIIUXCA 3JEMEHTOB Ha-
30BéM w?. 3aTem momayT w2 + 1, w? +2, ..., W+ w, ...,
witw-2, .., w2, .. w3, ..., Wi ... (MBI HE MOACHAEM
cermgac OAPOGHO 0603HATEHNA).

YTo, COGCTBEHHO T'0OBOPS, AOKA3BIBAET JTO PACCyX[Ie-
mue? IlomsITaeMca BEIIEMTE HEKOTOPEIE yTREpXK Aeaus. [Ipu
3TOM TOJE3HO TAKOE ONPEJENEHUE: €CAYN JAHENHO YIOPAILO-
YeHHOE MHOXeCTBO A pa36uTo Ha [ABe (HEIEPECEKAOIMECH)
gactu B u C, npwaém mro6ou snemenT B Menbme ro6oro
snemerTa C, To B Ha3BIBalOT HAUAIbHbLIM OMPE3IKOM MHO-
xectBa A. /[I[pyrumu croBaMu, TOAMHOXECTBO B mumewnHO
YIOPAJOYEHHOT'O MHOXECTBA A ABIAETCA HAYAILHEIM OTPE3-
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KOM, eCim o601 sneMerT B Mersme mo6oro anemernTta A\ B.
Emg onna mepedopmynuporka: B C A ABnAeTca Ha9aIbHBIM
oTpeskoM, eciu u3 a,b € A, b€ Bua < bcrenyer a € B.
3aMeTuM, 9TO HAYAIBHEIA OTPE30K MOXET OBITH IIyCTHIM
WX COBMAJAThH CO BCEM MHOXECTBOM.

OTMeTnM cpasy xe HECKOIBKO MPOCTHIX CBOUCTB HAYAIb-
HEIX OTPE3KOB:

e HagannHEIM OTPE30K BIIOTHE YIOPAJOIEHHOTO MHOXE-
cTBa (KaK, BIPO9eM, I J060€ TOIMHOXECTBO) ABIAET-
CA BIIOJTHE YIOPAJOYEHHEIM MHOXECTBOM.

e Hagamsaem OTPE30K HAYAJBHOI'O OTpPE3Ka €CTh Ha-
A TbHEIN OTPE30OK UCXOMHOI'O MHOXECTBA.

e O6BenuHEHME MO60T0 CEMENCTBA HAYANBHEIX OTPE3-
KOB (B OJHOM H TOM X€ yIODPAZOIEHHOM MHOXECTBE)
€CTh HAJATBHBIA OTPE30K TOTO XK€ MHOXECTBA.

e Eciu £ — NpOM3BONBHEIA 3IEMEHT BIOJHE YIOPAAO-
geHHOro MHOXeCTBa A, To MEOXecTBa [0,z) (BCe nme-
MmeHTH MHOXeCTBa A, Menpmme z) u [0, z] (smemMeRTH
MHOXeCTBa A, MeHbIIVE WK PABHEIE T) ABIAIOTCA Ha-
9aTBHBIME OTPE3KaMH.

e Bceakuu HagambHBIM OTpe30K | BHOMHE yHOPANOYEH-
HOT'0 MHOXeCTBa A, He COBHmAJAIONMIA CO BCEM MHO-
xecTBoM, mMeeT Buj [0,z) Aaa HekoToporo z € A.
(B camom pmeme, ecm I # A, BO3BMEM HAWMEHBIIAA
saemenT ¢ B MEOXecTBe A\ I. Torja Bce MeHBIIME e~
MEHTHI npuHAIeXaT I, cam x He mpuHAqIeXuT I u Bce
66apIIMe T >AeMEeHTHI He IpUHAfIexaT I, nHage moiy-
YUI0CH GBI TPOTUBOPEYHE C ONPENENEHNEM HATATLHOTO
OTpe3Ka.)

e Jlro6rie 1Ba HAYANLHEIX OTPE3Ka BIIOIHE YIOPAJOTEH-
HOT'0O MHOXXECTBa CDABHUMEI M0 BK.TIOYEHMUIO, T. €. OJUH
ecTs moaMHOXeCTBO Apyroro. (Creayer m3 mpeaniry-
mero.)
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e Haganpmere oTpeskm BIOMHE YHOPAJOYEHHOT'O MHOXKE-
crBa A, yHopsJOYeHHEIE TIO BKJIIOYEHWIO, 06pa3yioT
BIIOJIHE YTIOPANOIEHHOE MHOXECTBO. JTO MHOXECTBO
cocTomT w3 HambOIBIIEro saemMenTa (Bcé A) m ocTams-
HOH JacTH, uzoMopduor MHOXecTBy A. (B camom ne-
Jle, HaYaJIbLHEIE OTPE3KH MHOXeCTBa A, He coBmajaio-
mue ¢ A, nveror Buj [0, z), # coorercrare [0, ) >
6yneT maoMopdu3zMoM. )

Bos3epaTrMcs k HallleMy pacCyXJeHUIO C IOCIeJOBATEIhb-
HEIM BBHIJEJECHUEM PA3JINIHBIX 3JAEMEHTOB M3 BIOJHE YIOPSA-
JIOYEHHOT'0 MHOX€CTBAa. Ero mepByio 9acTh MOXHO CUMTATH
[OKa3aTeIbCTBOM TaKOr'0 YTBEPXKJEHUA: €CIAM BIOJHE YIO-
PAOOY9EHHOE MHOXECTBO GE€CKOHEYIHO, TO OHO MMEET HAIAIb-
HEIA OTPEe30K, n30MopdHL w. (I'oBOpA 0 MHOXECTBE HATY-
PATLHEIX 9HCEN BMECTE C MOPATKOM, OOBIYHO YIOTPEOIAIOT
o603mavecHNE w, a HE N.)

Ho ma sToM mHame paccyxjgeHue He oxkaHImBaeTcia. Ero
CleyIomas 9acTh MOXET CUATATHCA J0Ka3aTeIbCTBOM Ta-
koro ¢gakTa: 160 A M30MOPPHO HEKOTOPOMY HAYAILHOMY

OTPe3Ky MHOXeCTBa w2, Mu60 OHO MMeeT HAYAIbHBIA OTpe-

30k, m3omopdumt w?. (3necs w? — Bnonme ynopsanodennoe
MHOXECTBO IIap HATYPAILHLIX IMCEI: CPABHUBAIOTCA CHAYA-
J1a BTOpEIE KOMIOHEHTHI IIap, a IPHW IX PaBEHCTBE — Iep-
BHIE.)

Boob6me BepHO Takoe yTBEPXJEHWE: AJIA JIOOBIX ABYX
BIIOJIHE YOOPAJOYECHHEIX MHOXECTB OJHO M30MOPQHO Ha-
YanbHOMY OTPE3KYy APYTOro, W J0Ka3aTelbCTBO COCTOWT
6osee WIM MeHee B MOBTOPEHWH IPOBEJEHHOTO PaCCyX/Ie-
mua. Ho 9T06HI caenaTs 3TO aKKypaTHO, HyXHA HEKOTOpPas
IOAT OTOBKA.

2.5. TpaHcduHUTHas pekypcus

TepMUHEI (MHIYKIWA» ¥ (PEKYPCHUA» IACTO YHOTPe6Is-
I0TCsA BOepeMexKy. Hampmmep, ompejenenme ¢akTopHaIa
n!l =1-2.3....-n xak ¢yskumm f(n), A1a KoTOpOU
f(n) =n-f(n—1) mpun > 0 u f(0) = 1, HasmBatoT 1
(MHIYKTABHBIM», U (PEKypCHUBHEIM». M=ul 6ygeM cTapaTbCs
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Pa3sTPaHWMYMBATEL 3TH CIOBA TaK: €CAM Pedb UAST O JOKa-
3aTeNbCTBE 9ero-To cHavana maaa n = 0, 3aTeM aaa n =
= 1,2,..., mpuuéM Kax[Joe YTBEDPXKJEHUE ONUPAETCA Ha
mpesIAyInee, TO 3TO undykyus. Ecam xe MBI ompeaersem
9T0-TO cHadana qiaa n = 0, morom gnan = 1,2,..., npuaém
ompeeNeRne KaXx/0ro HOBOT'O 3HAYEHMA MCIOML3YET PaHee
OTIpEe[[eNIEHHEIE, TO 3TO PEKYPCUA.

Hama mems — HayYInTHCA TPOBOAUTH MHIAYKTHBHEIE J0-
Ka3aTeIbLCTBA 7 JaBaTh PEKYPCUBHEIE ONIPEJEJICHAA HE TOMb-
KO /A HATYPaTbHEIX 9UCET, HO U JIA APYTHX BIIOJHE YIIO-
PANOYEHHBIX MHOXECTB.

[lloxazaTensCTBa O WHAYKIWA MBI yXe 06CyXJaTl, TOo-
BOpA 0 GYHAXPOBAHHEIX MHOXeCTBax (cM. pasgen 2.3), m
cefr9ac OTPaHMIMMCA TOMLKO OJHAM IPHEMEDOM.

Teopema 17. Ilycts A — BOONHE YyNOPALOYEHHOE MHO-
xecTBo, a f: A - A — Bospacraromee oTo6paxernue (TO
ects f(z) < f(y) mpz z < y). Torga f(z) > = ana Becex z €
€ A.

< Cornaceo mpuHIEIY wHAyKImEu (Teopema 15, c. 62)
[IOCTATOIHO [0Ka3aTh HEPaBEHCTBO f(z) > T, mpeamoaarad,
aro f(y) > y opm Beex y < z. IlycTs 7o HE Tak u f(z) <
< z. Torga o mororonuoctz f(f(z)) < f(z). Ho, ¢ xpyron
CTODOHEI, aeMeHT Yy = f(Z) MeHBINE T, ¥ TOTOMY TIO TIPE[-
monoxernmio maAyKnmn f(y) > y, To ects f(f(z)) > f(z).

Ecmuz yroaso, MOXHO B ABHOM BHUJ€ BOCTIONB30BAThLCA CY-
MIeCTBOBAHMEM HAMMEHBINETO 3JEMEHTa M M3JIOXUTEL DTO XKe
paccyxjerue Tak. IlyCTh yTBEpX/EHWE T€OPEMEI HEBEPHO.
Bossmém mammersmee z, gua koroporo f(z) < z. Ho Torga
f(f(z)) < f(z) mo MoHOTOHHOCTM ¥ IOTOMY T HE ABIAETCA
HAWMEHBIMM BOTPEKW TIPE/IMOI0XKEHHIO.

Haxkomerm, 3To paccyX/eHre MOXHO IEePECKa3aTh M TaK:
ecrn ¢ > f(z),To MO0 MOHOTOHHOCTH

z > f(z) > f(f(2)) > F(F(f()) > -.-,

HO 6E€CKOHEYHEIX yOBIBAIOIINX IIOCJIEL0BATEILHOCTER B PyH-
OEPOBAHHOM MHOXECTBE OBITH HE MOXET. [>

Teneps mepensém k pexkypcuu. B onpegenenun dakTopu-
ama f(n) sepaxanocs aepes f(n — 1). B o6men curyamm
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sHadenve f(n) MOXET HCHOMB30BATH HE TONHKO ONHO Ipe-
IOEIIyINee 3HaYeHWe (DYHKIWA, HO W BCE 3HATEHUA HA MEHB-
mux aprymesTax. Hanpmvep, MOXHO OnpeeraTs QyHKIAO
f: N — N, ckazas, ato f(n) Ha equHUILYy 60IBIIE CYMMBI BCEX
IpeABIAYIMUX 3HadeHmn, To ects f(n) = f(0)+ f(1)+...+
+ f(n—1)+1; 570 BHONHE 3aKOHHOE PEKYDCHBHOE OIIpeE/iee-
Ewe (Ha/0 TOJBKO HOACHATH, ITO IMyCTad CyMMa CIATAETCA
paBHoOH Hyx:ro, Tak aTo f(0) =1).
109. Kakyio ¢ysknuio f 3agaér Takoe onpegenexue?

Kak 0606mmTh 5Ty CXeMy HA TPOM3BOJBHBIE BIIOJIHE
yIOpAJO9EeHHBIE MHOXECTBa BMECTO HATypalbHOro psaga?
IlycTts A Bmonne ymopagodeHo. MEI XOTEM JaTh PEKYDCUB-
HOe ompejienieEne HekoTopou dynknua f: A — B (rge B —
HEKOTOPOE MHOXeCTBO). Takoe oIpe/eleHME JOMXKHO CBA-
3HIBATH 3HadeHme f(z) Ha HEKOTOpPOM siaemeHTe T € A co
sragenuamu f(y) npum Bcex y < z. [I[pyrumu cnoBamm, peKyp-
cuUBHOe ompejenerHue 3a1aéT f(z), mpeAnonaras M3BeCTHBIM
orparmaeHue GbyHKIMY f HA HaYaILHLEI 0Tpe3ok [0, z). BoT
TOYHaA (pOpPMYJIHPOBKA:

Teopema 18. Ilycts A — BOONHE yHOPAJOYEHHOE MHO-
xecTBo. [Iycts B — npom3BoasHOE MHOXECTBO. [IycTh mMme-
€TCA HEKOTOPOE PEKYPCHBHOE MPABUIO, TO €CTh 0TOGpaxe-
mue F', koTopoe cTaBuT B COOTBETCTBHE 3N€MEHTY & € A 1
dyskmum g: [0,z) — B HEKOTODHIA 5JeMEHT MHOXeCTBa B.
Torga cymecTsyeT u efuacTBeHHa Gyukmua f: A — B, nua
KOTOpOHX

f((l?) = F((l), f|[0,:t))

mpz Beex = € A. (3geck flj,,) 0603HawaeT orpaHWIeHme
byskmmm f Ha HagATHEBIA OTPE30K [0,2) — MBI OT6pPACEHI-
BaeM BCe 3HAYEHWA (DYHKIWE HA JJIEMEHTAaX, GOMBIINX WM
PaBHBIX Z.)

<1 HedopmamsHO MOXHO pacCyXJaTh Tak: 3Ha4eHWE f Ha
MUHZMAJILHOM DJeMEHTE OMpe/eleHo OJHO3HATHO, TaK KaK
mpeasfymmx 3Hadenni Het (cyxemme f|i o) mycro). Toraa
¥ Ha CIeJyIOIMeM dIeMeHTe 3HadeHue MyHKIuu f ompefese-
HO 0JIHO3HATHO, TOCKOJIBKY Ha NPEBAyImX (TOIHEE, €IiH-
CTBEHHOM TpeAbIAymeM) byHKImA [ yXKe 3a1aHa, A T. 1.
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Koregno, 5T0 HagO0 aKKypaTHO BEIPA3WTH (hOPMAILHO.
BoT kak 5To fenaerca. [lokaxeM 0 MHAYKIIAYA TaKOE YTBEP-
X JIEHUEe O IPOM3BOJIBLHOM dJIEMEHTE a € A:

CymeCTBYeT ¥ eqUHCTBEHHO oTo6paxenue f orpeska [0, al
B MHOX€CTBO B, A1 KOTOpDOTro DEeKypCHBHOE Ompefere-
HHe (DaBEeHCTBO, IPUBEAEHHOE B YCIOBUHA) BHIIIOIHEHO IPH
Bcex z € [0, al.

Bynem masmmaTs oro6paxenme f: [0,a] — B, o6ragatomee
VKa3aHHEIM CBOMCTBOM, KOppexmubim. Takum o06pa3oM, MbI
XOTHM [JOKa3aTh, 9TO JJIA KaXAOTo a € A eCTh eIMHCTBEH-
HOE KOPPeKTHOe oTob6paxernue orpeska [0,a] B B.

TTockoMBEKy MEI paccyXgaeM Mo MHIYKITAM, MOXHO IPeJ-
oaraTh, 9TO [JA BCeX ¢ < @ 3TO YTBEPXKI€HWE BHIIOJIHEHO,
TO €CTh CYIMECTBYET 7 eMHCTBEHHO KOPPEKTHOE 0TO6paxe-
mgme f.: [0,¢] - B. (KoppekTHOCTH f, O3Ha9aeT, 9TO IpH
Bcex d < ¢ 3Havenume f.(d) coBmajaeT C IpeANMCAHHEIM IIO
PEKyPCWBHOMY IIPABWTY.)

PaccmoTpum orobpaxerus f., u f., A1a ABYX pas-
JWYHEIX ¢; ¥ Cp. IlycTh, Hanmpmmep, ¢; < co. OTo6paxe-
HEE f,, ompefeneHo Ha GoxbmeM orpeske [0, cs]. Ecam orpa-
HAYATE f,, HA MeHBImME O0TPe30K [0,c1], TO OHO cOBmAAET
¢ f¢,, TOCKONBKY OTDaHWIEHUE KOPPEKTHOTO O0TOGDaXeHma
Ha MEHBIIMY OTPE30K KOPPEKTHO (3TO OIEBHIHO), a MEI
mpeAmonaramm eIMHECTBEHHOCTE Ha oTpeske [0, ¢1].

Takum 06pa3om, Bce 0TOOpaxeHuA f. COMVIACOBAHEL JPYT
C IPYyroM, TO €CTh OIPMHMMAIOT OAWHAKOBOE 3HAYCHUE, €CJIM
ompejeneHsl oqHOBpeMernHO. O6beIMHNB WX, MBI TOMy9YaeM
HEKOTOpOe efquHOe 0TO6paxernwme h, ompenenéunoe Ha [0, a).
IlpumenwB k¥ a u h peKypCHBHOE MPABWIO, MOJIYIAM HEKO-
Topoe 3Hadenme b € B. [loonpeaemum h B To4Yke a, mOJO-
xwuB h(a) = b. llonyanrca oro6paxenwe h: [0,a] — Bj; xerko
MOHATEH, YTO OHO KOPPEKTHO.

Yro65H1 3aBepIAT, WHAYKTUBHEIA MEPEX0, HAJO IIPOBe-
pHUTE, 9uTO Ha oTpe3ke [0, a] KoOppekTHOE 0TOGPaXeHUE e/TUH-
cTBeEHO. B camoMm jgene, ero orparwdernua Ha otpesku [0, c]
mpu ¢ < a JOMXHEI COBOAJATE C f., HO3TOMY OCTAJOCEH IIPO-
BEPUTE OJHO3HATHOCTH B TOUKE @ — UTO FAPAHTHUPYETCA pe-
KyDCHBHEIM OTIpeieNeHreM (BHIPAXKAIOMAM 3HAYEHAE B TO9-
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ke a depes mpenuiaymue). Ha sToM mEAyKTHBHOE AOKa3a-
TEILCTBO 3aKAHIABAETCA.

OcTanoch J4mE 3aMEeTUTh, 9TO [JIA PA3HEIX 0 KOPPEKT-
HEIE 0TO6paxenna oTpe3kos [0, a] cornmacosams APYT € APY-
roM (CyxXeHMe KOPPEKTHOT'O 0TO6paXeHUA HA MEHBIIUA OT-
PE€30K KOPPEKTHO, IPUMEHAEM €JUHCTBEHHOCTE) U IOTOMY
BMeECTE 3aJal0T HEKOTOpyo dyHkmmioo f: A — B, yaosie-
TBOPAIOIILYIO PEKYPCUBHOMY OIID€/IEJEHUIO.

CyimecTBOBaHME [OKa3aHO; €IWHCTBEHHOCTH TOXE IIO-
HATHA, TaK KAK OI'PAaHUYEHUE 3>TOU QYHKIWA HA JIO60U OT-
pe3ok [0,a] KOPPEKTHO M MOTOMY OJHO3HAYHO OIPEJENEHO,
KaK MBI BUOeaA. >

IIpex e 9eM NPUMEHUTH 3Ty TEOPEMY U NOKA3ATh, 9TO
W3 [BYX BIIOJHE YIOPAMOYEHHLIX MHOXECTB OJHO ABIAETCA
OTPE3KOM ApYroro, HaM moTpebyeTca €€ HEMHOr'O yCOBep-
meHcTBOBaTh. HaMm HAI0 IPeyCMOTPETH CUTYAIHIO, KOT'a
PEKYDPCHUBHOE IIPABUIO HE BCIOAY ompeaeneHo. IlycTs, nanpu-
Mep, MBI OIPEEIAeM IOCIEJOBATEILHOCTD EUCTBATEILHBIX
9@cen COOTHOIIEHWEM &, = (g, 1 X HAYAILHBIM YCJIOBHU-
eM g = a. [Ipy HEKOTOPHIX 3HAYEHWAX G MOXKET OKa3aTh-
€A, 9TO MOCTPOEHME MOCJIEJOBATEILHOCTH OGPHIBAETCA, HO-
CKOJIBKY TAHI'€HC HE ONPENEIEH A COOTBETCTBYIOIIETO ap-
TyMEHTA.

110. [JoxaxwmrTe, 9TO MHOXECTBO BCEX TAKAX (ACKIIOUYATED-
HEIX» @ (KOD[a IOCIeJ0BaTEILHOCTh KOHEYHA) CUETHO.

Amnanoruanas cuTyanua BO3MOXHA U A OOIIETO CIydas.

Teopema 19. Ilycte oro6paxenwe F', o xoTopom mura
peds B TeopeMe 18, ABngeTca JaCcTWIHBIM (714 HEKOTODPHIX T
7 bysxmmi g: [0,2) — B 0HO MOXeT GHITH HE OMPEIENEHO).
Torga cymecTByeT dbyHkmma f, KoTopas

e 160 OIIpenEJICHa Ha BcéM A m cormacoBana C PEeKyp-
CHUBHEIM OIIDENEJICHUEM;

e mm60 ompeJeNeHa HA HEKOTOPOM HAYATHLHOM OTDE3-
ke [0,a) ¥ HA HEM COTVIACOBAHA C PEKYPCWBHEIM OIpeE-
JeleHneM, IPIIEM A TOYKHA a ¥ GYyHKIUA f peKyp-
CEBHO€ HpaBWio HempmMmeHmMO (oTo6paxenme F' mHe
OTIPEJENIEHO).
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<1 9TO yTBEpPXK A€HUE ABIACTCA 06006IMIEHNEM, HO OTHOBPE-
MEHHO ¥ CJIe/ICTBUEM TIpeARIAyInen TeopeMnr 18. B camom me-
ne, 106aBUM K MHOXeCTBY B cmenmansurm anement | («me-
OIPEENEHHOCTEY ) ¥ MOAA(PUNAPYEM PEKYPCABHOE MPABMIIO:
HOBO€ NpaBWIO AaéT 3HadYeHWMe |, Korga crapoe GBLIO He
onpepeneno. (Ecim cpepn 3Havenv GyHKIMM HA TPEIRIAY-
10X apryMeHTaX yXe€ BCTPEeJaloch |, HOBOe PEeKypCUBHOE
mpaBmio Toxe aaér L.)

IIpumenms Teopemy 18 k MoqUGUIIPOBAHHOMY IPABULLY,
momyauM HekoTopyto dyakmmio f'. Eciu ata dyskmua murae
He IPUHUMAET 3Ha9€HUA |, TO peanmsyeTcsa mepBas U3 ABYX
BO3MOXHOCTEH, yKazaHHEIX B Teopeme (mpm f = f'). Ecim
xe pynkmua f' npuEMMaeT 3madeHme | B KAKOW-TO TOYUKE,
TO OHA UMEET TO XK€ 3HaUeHue | U BO BCexX GOIBIMX TOIKAX.
3aMenus 3HaueHWEe | HaA HEONPENENEHHOCTH, MBI MOJIYIAEM
w3 ¢ysxmym ' dysxmuo f. O6macTs ompegeneHus yHK-
muz f ecTh HEKOTOPHIM HAadYalbHEIZ 0Tpe3okK [0,a) u peann-
3yeTCa BTOPas BO3MOXHOCTH, YKa3aHHAA B (POPMY.JIUPOBKE
TEOPEMEI. >

111. ChopmyampyuTe m AOKAXKATE yTBEPXK/AeHUWE 06 OTHO-
3HAYHOCTH GYHKIAW, 33 JaHHOM YACTAYHHIM DEKYDCUBHEIM IIPa-
BILJIOM.

Teneps y Hac BCE TOTOBO i JOKAa3aTEIbCTBA TEOPEMEI
O CPaBHEHWW BIIOJHE YIOPAAOYEHHEIX MHOXECTB.

Teopema 20. ITycts A u B — aBa BIOIHE YIOPAJOYIEHHEIX
MHOXecTBa. Tora 60 A u30MOpdHO HEKOTOPOMY HAYATE-
HOMY OTPE3Ky MHOXeCTBa B, imm6o B m3omop@dHO HEKOTOPO-
My HA9aIbLHOMY OTPE3Ky MHOXecTBa A.

<1 OT™MeTHM TpeX e BCEro, YTO HAYAILHEIA OTPE3 0K MO-
XeT CORMAJaTh CO BCEM MHOXECTBOM, TaK UTO CIydau U30-
MopdHBIX MHOXECTB A m B Takxe MOKPHIBAETCA 3TOU TEO-
PEMOM.

Ompenenum orobpaxenue f uz A B B TakuMm peKypCcHUB-
HEIM TIPABWIOM: A Jro6oro a € A

f(a) ecTs HammenbmmIt 5MeMeRT MHOXecTBa B, KoTOpBIH
me BcTpedaerca cpequ f(a') mpm a’' < a.

OTO TMPaBWIO HE OMpEENEHO B TOM CIydae, KOT[a 3Ha-
gernsa f(a') opm o’ < a moxprmator Bcé B. Ilpmmenas Teo-
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pemy 19, Mb1 monygaem ¢pyHKOUO f, COTJIACOBAHHYIO C STUM
npaBmwiIoM. Temephs pacCMOTPHUM ABa CIydafd:

o Oymknua f ompegeneHa Ha BcéM A. 3aMeTHM, 9TO pe-
KyPCHBHOE OIIP€/IEIEHE TAPAHTAPYET MOHOTOHHOCTD,
ImOCKONBKY f(a) ompefenseTcsa KaK MAHUMAIBHBEIA €IIE
HE WCIOOTH30BAHHBIA JJEMEHT; 9eM OOJbIIe a, TeM
MEHBIIE OCTAETCA HEWCIOIb30BAHHBEIX 3JJIEMEHTOB W
TMMOTOMY MWHAMAJLHBIA DJI€MEHT MOXET TOMBKO BO3-
pacTu (W3 OHpefeNeHUA CIEAyeT TAKXKe, ITO OJUHA-
KOBHIX 3HadeHWZ OhITh He Moxer). Ocraérca maumm
TIPOBEPHTE, 9TO MHOXECTBO 3HA9E€HWM QYHKIAH f, TO
ects f(A), 6yneT HagansHEIM OTpe3koM. B camom fe-
ne, mycts b < f(a) ana HexoToporo a € A; Hajgo mpose-
pETH, 9TO b TakXke ABIAETCA 3HAYCHWEM PyHKIHHA f.
[leCTBATENHHO, COTJACHO PEKYPCUBHOMY OIIP€eye-
Huo f(a) ABIAETCA HAUMEHBLINIVM HEUCIIONb3OBAHHBIM
3HAYEHWEM, CJIEIOBATENHHO, b yXe MCIOAB30BAHO, TO
ecTb BcTpedaerca cpean f(a') mpm @’ < a.

e Oymknua f ompefiereHa JWITH Ha HEKOTOPOM HAYATb-
HOM otrpeske [0,a). B arom ciyuae sToT HavamsHEBIM
oTpe3ok msomopden B, u pyHkua [ ABIAETCA UCKO-
MEIM m3oMopduaMoM. B camom pnene, pas f(a) He onpe-
IeJIEHO, TO Cpeau 3HadYeHun GyHKIUA [ BCTPEYAOTCA
Bce aaeMeHTH MHOXecTBa B. C gpyro# cropon:, f co-
XpaHfAeT MOPAJOK B CATY PEKYPCUBHOTO OIpe/eeHIUA.

Taxum o6pa3zoM, B 060MX CIydagx YTBEPXJEHWE TeOPEMBEI
BEPHO. >

MoxeT 17 6BITEH Tak, 9T0 A M30MOpdHO HAYATEHOMY OT-
pe3ky B, a B mzomopduo HagaassHOMy oTpe3ky A? Her —
3a MCKIOYEHWEM TPUBHUATBHOTO CIydasd, KOr/Ja HadalbHEIE
OTPE3KH MPEACTABIAIT co6ou camu MHOXeCTBA A m B. 910
BBITEKAET W3 TAKOT'0 yTBEPXKIECHUA:

Teopema 21. Hukakoe BIIoJHE yIOPAJZOIEHHOE MHOXECT-
BO He M30MOPGHO CBOEMY HAYATLHOMY OTPE3Ky (He coBma-
[IAIOIIEMY CO BCEM MHOXECTBOM).

< IlycTe BHONMHE YHOPANOYEHHOE MHOXECTBO A m30-
MOPGHO CBOEMY HAYATHLHOMY OTPE3KY, HE COBIIAAOIIEMY CO
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BceMm MHOXecTBOM. Kak MuI Bugenu Ha . 68, sTOoT 0Tpe3ok
umeer Buj [0,a) ana HekoToporo saemenTta a € A. Ilycrts
f: A—[0,a) — m3omopdmam. Torga f cTporo Bospacraer,
7 o Teopeme 17 mmeer mecTo mepasencTro f(a) > a, 9TO
TMPOTUBOPEYUT TOMY, UTO MHOXKECTBO 3HaYeHUN GyHKIUA [
ects [0,a). >

Ecmz mMHOXECTBO A M30MOpPIHO HAYAIBHOMY OTDE3KY
MHOXECTBa B, a MEHOXecTBO B m30MOpGHO HAIAILHOMY OT-
pe3Ky MHOXeCTBa A, TO KOMNO3WIWA 3TUX U30MOPPU3IMOB
NaéT M30MOPMUIM MEX Yy MHOXECTBOM A UM ero HavaThHEIM
oTpe3koM (HAYATHHEIM OTPE30K HAYAILHOT'O OTPE3Ka €CTh
HadJalIbHEIA OTPE30K). DTOT HA9AIbHHIM OTPE30K 06A3aH CO-
BOAJATh CO BCEM MHOXECTBOM A, Tak 9TO 3TO BO3MOXHO
Jurs ecax A u B u3oMopgHEL

CxazaHHOE TIO3BOJAET CPAaBHUBATDL BIIOJHE YIODAJOYEH-
HEIe MHOXECTBA. Ecim A m3oMOpdHO HAYATLHOMY OTPE3KY
MHOXecTBa B, He coBmajaromeMy co BceM B, To rosopsr,
qT0 NOPAIKOEbIT MUN MHOKHCECMEa A MeHbwe NOPAJK06020
muna muoxcecmea B. Ecim muoxectsa A m B mzomopd-
HEI, TO TOBOPAT, ITO Yy HUX 00UHAKOBbIE NOPATKOGBIE TUNDL.
Haxkomern, ecm B m30Mop¢dHO HAYIAIBHOMY OTPE3KY MHOXE-
cTBa A, TO TOBOPAT, 9TO NOpAdKo6bil mun muoxcecmsea A
6oavwe nopadkoeozo muna mrorcecmea B. Kak MuI Torbko
9TO [OKA3aIN, BEDHO TAKOE YTBEPXKEHUE:

Teopema 22. [Ina n106BIX BIOJHE YIOPAAOYEHHBIX MHO-
xecTB A m B uMeeT MeCTO POBHO OJIVH M3 YKA3AHHKBIX TPEX
CIIy9aes.

Ecmu BpeMerHO 3a6BITH 0 npo6eMax OCHOBAaHUHA TEOPHHA
MHOXECTB ¥ ONPEJEINTh MOPAAKOBHIA THUI YIOPAM{OIEHHO-
I'0 MHOXECTBA KaK KJIaCC M30MOPPHEIX eMy yIOPAJOIE€HHEIX
MHOX€ECTB, TO MOXHO CKa3aTh, 9YTO MEI OIPE/eININ JAHEN-
HEIA TIOPAJOK Ha MOPAJKOBEIX TUIIAX BIIONHE YIOPANOYEH-
HEIX MHOXECTB (Ha 0pduna4az, KaK N'OBOPAT). DTOT MOPA-
nok Gymer nomasiM. MbI nepedopMyaupyeM 3TO yTBEPXKe-
HUE Tak, 9TO0HI m36€eraTh YIOMUHAHAA KIACCOB.

Teopema 23. Bcakoe HEMyCTOE CEMEUCTBO BIOJIHE yHOPSA-
JOYEHHEIX MHOXECTB UMEET (HAUMEHBIIUI 3IEMEHT» — MHO-
X€eCTBO, X30MOpPdHOE HaJaILHEIM OTPE3KaM BCEX OCTATHHBIX
MHOX€ECTB.
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< BoasMém kakoe-To MEOXECTBO X cemencTsa. Ecam oo
HamMeHBINEE, TO BCE JoKa3zaHo. Ecim HeT, paccMOTpHM Bce
MHOX€ECTBa C€MEMCTBA, KOTOPLIE MEHBINE €ro, TO €CTh W30-
MOpdHE ero HaganbHEIM oTpeskam Buja [0, z). Cpenm Bcex
TaKWX DI€MEHTOB T BrI6epeM HamMmenbImmi. Torga cooTBeT-
CTBYIONIEE €My MHOXECTBO M 6yJeT HaMMEHLIIMM. [>

CrefcTBEM JOKAa3aHHLIX TE€OPEM ABIAETCA TO, UTO JIO-
6ble [Ba BIOJHE YHOPAJOYEHHEIX MHOXECTBA CPABHUMEI IO
MOmHEOCTE (0JHO DPABHOMOINHO HOAMHOXECTBY APYTOTO).
Celaac MBI yBHIMM, 9TO BCAKOE MHOXECTBO MOXET OBITH
BHOJHE ymopaaodeHo (Teopema llepmeno), u, cienoBaTensHO,
mo6kEIe IBa MHOXECTBA CDABHMMEI II0 MOITHOCTH.

2.6. Teopema Llepmeno

Teopema 24 (Llepmeno). Bcsakoe MHOXeCTBO MOXeT GHITH
BIIOJIHE YIIOPAJO9EHO.

< [l0Ka3aTeIbCTBO STOU TEOPEMEI CYIECTBEHHO UCIOIh-
3y€eT aKCHOMY BEIGOpPA ¥ BHI3HIBATO GOMBINTE HAPEKAHUA CBO-
€1 HEKOHCTPYKTUBHOCTHI0. Ha CYETHEIX MHOXECTBAX MOJ-
HEII TOPAJOK ykasaTh aerko (mepemeca ¢ N). Ho yxe ma
MHOXECTBE JIeUCTBUATENLHBIX YUCET HAKAKOT'O KOHKPETHOTO
MOIHOTO HOPAJKA YKA3aTh HE yAaéTCA, X JOKa3aB (¢ moMo-
IMBI0 AKCHOMEI BHIGODA) €ro CymeCTBOBAHWE, MBI TaK W HE
MOXeM cebe DTOT MOPAJOK IPEICTABATE.

O6nbacanM, B Kakou GoOpMe UCHOIL3YETCA AKCAOMA BHI-
6opa. [lycts A — namHOE HAM MHOXECTBO. MEI IpUHUMAEM,
9T0 cymecTByeT GYHKINA , OIpeNeIEéHHAsI Ha BCEX II0MHO-
xecTBax MHOXecTBa A, kpome camoré A, koTopas ykasm-
BaeT OJIMH U3 3JIEMEHTOB BHE 3TOr'0 IIOJMHOXECTBA:

XCA=p(X)e A\ X.

Ilocne Toro, kak Takasa pyHKIWMA PUKCEPOBAHA, MOXKHO
IOCTPOUTH HOJHBIA MOPANOK Ha A, m B 3TOM mocTpoeHuun
yXe HeT HAKaKOM HeOJHO3HAIHOCTH. BOT Kak 3T0 jAeraeTca.

HamvenbmmM snemeETOM MHOXECTBA A MBI 06BABAM
aneMeHT ag = ¢(9). 3a HuM uaET sneMenT a1 = ¢({ao});
II0 TIOCTPOEHUIO OH OTIAMYAETCA OT ag. [lalee crexyeT sie-
menT ay = ¢({ag,a;}). Ecim maoxecTro A 6eckorewno, To
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TAKOU MPOLECC MOXHO MPOJOIKATHL YW MOXYYHATH IIOCJIENO-
BaTENbHOCTL {ag,a1,-..} daeMeHTOB MHOoxecTBa A. Eciam
[OCJE 3TOr0 OCTAIOTCA €MIE He UCIOJb30BAHHEIE DIEMEHTHI
muOXecTBa A, paccmoTpmm aaemerT a,, = ¢({ag,a1,a2...})
u Tak GyJeM TPOJONXaTh, TOKa BCE A He KOHYUTCA; KOT/a
OHO KOHYUTCS, OPAJOK BEIOODA I€EMEHTOB 7 OyJ€T MOTHBEIM
nopaakoMm Ha A.

Koneuno, mocneansaa ¢ppasa HyXJa€TCA B YTOIHEHAN —
9TO 3HAYAT «Tak OymeM mpoaonxkaTe»? Bosnukaer xema-
HA€ TPAMEHATL TEOPEMY O TPAHCHUHATHOM pekypcu: (y
HAC OYEeHb IOX0XAasd CUTYAIWA: CIETYIONMZ BDIEMEHT OIpe-
[eIAETCA PEKYPCUBHO, €CIU M3BECTHEL Bee mpeaniayme). U
3TO MOXHO C/I€IATh, €CIA y HAC €CTH APYTO€e BIOJHE yHOPsA-
JOYE€HHOE MHOXECTBO B, U MomyInTh B3aUMHO OTHO3HATHOE
cooTBercTBEe 60 Mexay A u gacTteio B, mbo mexny B
u gacTteio A. B mepsoMm ciydae BCE XOpoImoO, HO A TOrO
HaJI0 UMEeTH BIOJHE YIOPAJOYEHHOE MHOXECTBO B mo xpau-
HEU M€ePEe TOM XK€ MOIIHOCTH, 9TO U A, Tak 9TO MOIy9IaeTca
HEKUH TTOPOIHKIA KPYT.

Tem He MeHee W3 HErO MOXHO BhIATH. MBI Clie1aeM 3TO
TaK: pacCMOTPUM BCE MOTEHIMANLHBIE KYCOYKA OyIYIIETO
nopaaka u y6equMcsa, 9T0 UX MOXHO CKIEUTh.

Iycts (S,<s) — HEKOTOpPOE HOIMHOXECTBO MHOXKE-
crBa A 7 3ajaHHBIM Ha HEM NOPANOK. ByleM roBOpHTS,
aro (5, <g) ABNAETCA KOppexmHbIM HPa2MENMOM, €CITA OHO
ABJAETCA BIIOJIHE YIOPAAOYEHHEIM MHOXECTBOM, IIPUIEM

s =¢([0,9))

nua ao6oro s € S. 3aecs [0, ) — HaYANBHEIL OTPE30K MHO-
X€eCTBa S, COCTOAIIAM M3 BCEX BIEMEHTOR, MEHBIWX § C TOY-
KW 3DEHHUA 33/JaHHOTO Ha S HOpAIKA.

Hanpmmep, muaoxectso {p(J)} ABnaeTca KOppeKTHBIM
¢dparmerToM (HOPAJOK 37€CH MOXHO HE YKA3HIBATH, TaK
Kak s1eMeHT Bcero oxuH). Muoxectso {¢(9), o({¢(2)})}
(mepBEIZ W3 BHINHCAHHBIX DIEMEHTOB CIATAETCA MEHBIIAM
BTOPOT0) TaKXe ABIAETCA KOPPEKTHHIM (ParMeHTOM. DTO
TMOCTPOEHNE MOXHO TMPOJOIKATEL W Jaibile, HO HaM HaJo
KaKAM-TO 06Da30M (IIE€PECKOIMTH» 4depe3 Geckomednoe (m
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O9€Hb GONBIIOE B CMBICIE MOIIHOCTH) 9YACIO INATOB JTOU
KOHCTPYKITAM.

Ilnam Tako#: MBI JOKaXeM, 9TO JIOOHE ABA KOPPEKTHBEIX
¢dparmenTa B ONpEIETEHHOM CMEICIE COMVIACOBAHEL, TIOCJIE de-
I'0 PacCMOTPETH OGHEIAHEHTE BCEX KOPPEKTHEIX (hparMen-
ToB. OHO 6GyaeT KOPpPEKTHHIM U GyZeT COBIAJATEH CO BCEM
MHOXeCTBOM A (B IPOTHBHOM CJIydae €ro MOXHO GbLIO GBI
PACIIEPHATS U MOJYy9IATH KOPPEKTHHA PPArMEHT, HE BOMIE-
mmit B 066 [UHEHNE ).

Nemma 1. Iycts (S,<g) u (T, <7) — ABa KOPPEKTHEIX
¢dparmerTa. Torga oAWH W3 HAX ABJAAETCA HAIAILHBIM OT-
PE3KOM PYroro, IpUIéM MOPALKY COIVIACOBAHE! ([Ba 06X
2IEMEHTa BCE PABHO KaK CPABHUBATH — B CMBICIE < g WIA B
cMeicae <r).

3ameTum, aTo no Teopeme 20 oauH 3 GPArMEHTOB H30-
MOp¢EH HATANBHOMY 0TPe3Ky apyroro. Ilycts S nzomopden
HagarsHOMY OTpesky I' m h: S — T — mx maomopdusm.
Jlemma yTBepxgaer, 9ro msomopdusMm h gBageTCA TOXJeE-
CTBEHHEIM, TO €CTh 9T0 h(z) = z npm Bcex z € S. [lokaxem
5T0 MHAYKIUeR 1Mo £ € S (3TO 3aKOHHO, Tak Kak S BIOIHE
YTIOPAJO9YEHO IO OMPEENEHWI0 KOPPEKTHOTO (GPAarMeHTa).
WHAyKTUBHOE TpEANONOXKEHNE MapaHTUpYyeT, 910 h(y) = y
s Beex y < @. MbI XoTuM fokaszaTh, uro h(z) = z. Pac-
cmoTpmm HagambEEE oTpeskm [0,z)s m [0,h(z))r (c Tow-
KW 3DEHUsA MOPAAKOB <5 M <7 cooTBeTcTBeHHO). OHE CO-
OTBETCTBYIOT ApPYT APYry TIpE m3oMopdumame h, mMO3TOMY
10 TPETONOXEHTI0 HHAYKIANA COBOANAI0T KAK MHOXECTBA.
Ho no onpepeneruio xkoppexktHocTr = = ¢([0,z)) u h(z) =
= ¢([0, h(z))), Tax aTo z = h(z). Jlemma 1 goxasama.

PaccmoTpuM 06BeUHEHNE BCEX KOPPEKTHEIX (pparMeH-
ToB (kax mMHOXeCTB). Ha 3TOM 06BeqMHEHME €CTECTBEHHO
OTIpeIeNIEH TMHENHBIN TIOPAJOK: I BCAKUX NBYX DIEMEHTOB
HauAE€TCa GparMeHT, KOTOPOMY OHM 06Ga IpUHaAIeXAT (Ka-
KJIBIA IPAHANIEXAT CBOEMY, BO3bMEM GoanImmi u3 ¢par-
MEHTOB), TaK YTO WX MOXHO cpaBHETb. Ilo memme 1 mopsa-
JOK HE 3aBUCAT OT TOr'0, Kakou ¢pparMeHT GymeT BHIGpaH
[ CDABHEHWHA.

Jlemma 2. 310 06BbeauHeHME GyJeT KOPPEKTHHIM (par-
MEHTOM.
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Yro6w1 g0KA3ATH JEMMY 2, 3aMETHM, ITO HA 3TOM 006B-
e[IUHEHUY OTpe/IeNIEH MMHENHEIN TopALoK. OH 6y 16T MOMHEIM.
Jna pasEoo6pasusa 06BACHAM 5TO B TEPMUHAX yOLIBAIOIIAX
nocienosareabHOCcTeR. IlycTs 29 > 21 > ...; BO3BMEM KOpP-
peKTHEI pparMeHT F', KOTOPOMY IPHHAJNEXKUT L. U3 IeM-
el 1 cregyeT, 9To BCE Z; Takke MPUHALIEKAT 3TOMY Ppar-
MeHTy (HOCKOABKY dparMeHT F GyleT HadalbHEIM OTDE3-
KOM B JI060M GonbineM ¢pparmenTe), a F' Brnonne ynopanoden
[0 ONpEJENEHNI0, TaK 9TO MOCJAEJOBATENLHOCTD CTAOUIN3H-
pyerca. Jlemma 2 moxasaHa.

YrBepXkaeHmE TeMMBI 2 MOXHO epedOopMyIapoBaThL Ta-
KM 06pa3oM: CYyIIeCTBYEeT Haub oMLY KOPPEKTHRIA (par-
merT. OCTanoch J0Ka3aTh, 9TO STOT dhparMeHT (0603HATIAM
ero S) BxmogaeT B ce6a Bcé muoxecTso A. Ecm S # A,
BO3BMEM 37eMeHT a = ¢(S), He mpuHaANeXamun S, U A0-
6aBuM ero x S, cauTas, 9TO OH GOJIBIIE BCEX DIEMEHTOB S.
Toxy4ennoe ynopagotenroe maoxectso S’ (cymma S m oa-
HO3JEMEHTHOI'0O MHOX€eCTBa) GyAeT, 09€BU/IHO, BIOJHE YIIO-
pagodeno. Kpome Toro, ycioBue KOPpEKTHOCTH TAKXKE BEHI-
IIOJIHEHO (/1A @ — TI0 IOCTPOEHMO, JJIA OCTAIBHEIX DIeMeH-
TOB — IOCKOJBKY OHO 6BLIO BEIoaHeHO B S). Takum o6pa-
30M, MBI IOCTPOWIA GOIBIIAA KOPPEKTHBIA (PArMEHT, ITO
MPOTUBOPEYAT MAKCUMAILHOCTA S. ITO PacCyXjeHUe 3a-
BEpIIAEeT N0Ka3aTeasCTBO Teopemul Ilepmeno. >

Kak MbI yxe ropopunu, u3 TeopeMur Ilepmeno u Teope-
™Mbl 20 O CPaBHEHUH BIOJHE YIOPANOYEHHEIX MHOXECTB He-
ME/IJIEHHO BHITEKAET TAKOE YTBEPXK/EHUE:

Teopema 25. W3 m106bIX JBYX MHOXECTE OJJHO PABHOMOIII-
HO TMOJMHOXECTBY APYTOro.

IlonsTre BmOMHE ymopsgodeHHOro MHOXecTBa BBEX KanTop
B pa6ore 1883 roga; B ero mrorosou paGore 1895—1897 rogos
[OPHABOAUTCA AOKA3ATEILCTBO TOI'O, YTO JIOOHIE ABA BIOJHE YIIO-
PAOYEHHBIX MHOXKECTBA CPABHUMEL (04HO M30MOP(}HO HAYAILHO-
My OTDPE3Ky APYroro).

YTBEpX/J€HUA O BO3MOXHOCTH IMOJHOI'O YIOPAZOYEHUA JTI060-
ro MHOXECTBAa X O CPaBHEHMM MouHOcTel (Teopemnl 24 m 25)
HEOJHOKPATHO BCTpedaroTca B paGorax KanrTopa, HO HEKaxoro
BHATHOI'O JOKA3aTEIbCTBA OH HE MPEMJIOXWI, X OHO OBLIO ZaHO
aums B 1904 rogy Hemenkum matemaTmkoM O. Ilepmerno.
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2.7. TpaHcduHMTHas uHAyKumus U 6asuc amens

Bronre ymopsagodeHHEBle MHOXeCTBa X TeopeMa llepme-
JI0O TO3BOJAIOT NPOJONXKATHL UHAYKTUBHEIE IIOCTPOEHUA B
TPaHCPUHATHYIO 061aCTh (€CIU BEIPAXATHCA TOPKECTBEH-
H0). [loAacHIM 3TO Ha TpUMeEpe U3 IXHEWHOM anre6pEhL.

Bceakoe IMHENHO HE3aBUCMMOE MHOXECTBO BEKTODOB B
KOHEYHOMEPHOM IIPOCTPAHCTBE MOXET GBITH [NOIOJIHEHO A0
6asmuca. Kak sTo noxasmmaerca? Ilycts S — pamHOE Ham
JMHEVHO HE3ABUCHMOE MHOXECTBO. Eciam oHO He ABIAeTCA
6a3MCOM, TO HEKOTODBLIM BEKTOD (o 9Uepe3 HEro He BHIPa-
xaerca. [lo6asum ero x S, NOIy9IVM JMHEXHO HE3ABUCUMOE
muoxecTBO S U {20}. Ecim m 0O He sBAseTca GasucoM, TO
HEKOTOPHIM BEKTOD &7 9Ue€pe3 HEro He BHIPAXaeTCA, W T. .
JIu60 Ha xaKOM-TO mare Mel moayIuM 6asmc, u6O IMPOIECC
He 060pPBETCA X MBI IOIYIAM GECKOHETHYIO IOCIE[0BATEND-
HOCTB JIMHEWHO HE3aBUCHEMBIX BEKTOPOB, ITO IPOTABOPEIUT
KOHEYHOMEPHOCTH.

Teneps ¢ HOMOMEBIO TPAHCHUHATHON MHAYKIWHA (TOIHEE,
pexypcun) ME m36aBAMCA OT TPeGOBAHUA KOHETHOMEDPHO-
cTHm.

IlycTte naHO HpPOM3BOIBHOE BEKTOPHOE MIPOCTPAHCTBO.
ToBOpAT, 9TO MHOXECTBO (BO3MOXHO, GECKOHEYHOE) BEK-
TOPOB AUHEUHO HE3G6UCUMO, €CIM HUKAKAA HETPUBUAILHAA
JMHENHAA KOMOWHAINA KOHETHOT'O IUCIa BEKTOPOB M3 HTOT0
MHOX€eCTBa He paBHa HyJo. (3aMeTHM B CKOGKax, 9TO I'OBO-
pPUTE 0 GECKOHEYHBLIX JMHEMHBEIX KOMOMHAIMAX B IPUHITAIE
MOXHO JIAIND €CIX B IPOCTPAHCTBE ONpe/eseHa CXOAUMOCTh,
49ero MHI cedac He mpejnoiaraeM.) JIMHeNHO He3aBHCEMOe
MHOXKECTBO BEKTODOB HasweBaeTca 6asucom Iameasn (mmm
IIPOCTO 6a3ucom) FAHHOT'O MPOCTPAHCTBA, €CIX JTOGOM BEK-
TOp HPEACTaBAM B BHJ€ KOHEYHOHW JIMHEAHOM KOMOMHAIIMHA
3JIEMEHTOB 3TOI'0 MHOXECTBA.

Kax u B KOHEYHOU CUTyalnud, MAaKCUMAILHOE JUHEVHO He-
3aBUCAMOE MHOXECTBO (KOTOPO€ CTAHOBATCA JWHEMHO 33BH-
CEMBIM OpH 106aBreHMH II060r0 HOBOTO BIEMEHTA) ABIACT-
cs, O9eBUIHO, 6a3MCoM.

Teopema 26. Bcakoe TMHEMHO HE3aBUCHMOE MHOXECTBO
BEKTOPOB MOXeET OhITH pacmmpesHo a0 6asmca [amess.
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< Hycts S — IWHEXHO HE3ABUCHMOE IOAMHOXECTBO
BEKTOpHOro mpocTpascTBa V. PaccmoTpuMm BmonHe ymops-
[O9EHHOE MHOXECTBO | AOCTATOIHO GOJBIION MOLIHOCTH
(6ompmen, wem mommocTs mpocTparcTBa V). Ompepemmm
dysxmmro f m3 I 8 V ¢ momombio TpaECHWHATHOM PEKYP-
cum:

f(i) = saemenT mpocrpancTsa V, He BBIpaXaroUAHCA JIH-
HeHHO 9epe3 saemenTs S u 3Havenns f(j) mpm j < i.

3aMeTuM, 9TO 5TO PEKYPCHBHOE IIPABUIO ocTaBiseT f(i) He-
OIIp€/IENIEHHBIM, €CIM TAKOT'O HEBEIPA3UMOT'0 3JIEMEHTA HE CYy-
mecTsyeT. (KpoMe TOro, MOXHO OTMETHTH, UTO MBI CHOBa
WUCIOIL3yEM AKCHOMY BhIOOpa. Bosee moapo6HO ciemoBajio
6BI CKa3aTh TAK: II0 AKCHOME BEIOOPA CYIMIECTBYET HEKOTOPAA
dyHKIUA, KOTOpPasA MO0 KaXJI0MYy IIOJMHOXECTBY HPOCTPaH-
crBa V, uepes xoTopoe He BCE V BEIpaxaeTCs, yKA3HIBAET
OJIVH 73 HEBHIPA3UMEIX 3JEMEHTOB. 3aTeM 3Ta QYHKIUA UC-
OIB3YETCA B PEKYPCUBHOM OIpENeIeHAA. BpodeM, akcuo-
Ma BHIOOPA W TaK yXKe€ WCIOAL30BAHA A [JOKA3ATEILCTBA
TeopeMnl Ilepmero.)

ITO ompefieJieHME TapaHTUAPYET, 9TO [ ABIAETCA WHB-
ekmmen; Golee TOrO0 MOXHO yTBEPXAATh, 9TO BCE 3HAYE-
HEA f BMeCTe ¢ MHOXECTBOM S 06pa3yioT JIXHEXHO HE3aBU-
CUMO€e MHOXECTBO. B camoMm Jene, ycTh JUHEWHAA KOMOU-
HaIiA HEKOTOPEIX 3HAYeHWM (QYHKOUK [ U DIEMEHTOB MHO-
xecTBa S paBHa Hya0. MOXHO CIATATH, 9TO BCE KOdpdu-
OUEHTH B DTOM KOMOWHANWWM OTIAIHEL OT Hyia (0T6pocws
HyJeBHIE CIaraeMele). Bxoaamume B KOMOMHANWIO 3HAYEHWA
¢dysknum f umeror Bup f(i) mpu pazmmasEX i. IlocMoTpEM
Ha TOT U3 HEAX, KOTOPLIZ MMEET HAamGObIIee 4; 0 IOCTPOe-
HUIO OH JIOMIXEH ORITH JUHENHO HE3ABUCUAM OT OCTATHHEIX —
IIPOTUBOPEYIHE.

IlockonpKy MBI TIPEAIONIOXUIN, 9TO MHOXECTBO I mme-
eT GOJBIIYI0 MOITHOCTD, 9eM V, PEKYPCUBHOE OIpE/IeIeHnE
3aJa€T GYHKIUIO He Ha BCEM I, a TOIBKO HA HEKOTOPOM Ha-
gamsHEOM OTpe3ke [0,%1), a B TOUKE { PEKYPCABHOE IPABIIO
He onpefeneHo (Teopema 19). OTo 03HAYIAET, ITO BCE BEKTO-
PHI IPOCTPAHCTBa V BHIPAXAIOTCA 9€pPE3 DIEMEHTHI MHOXe-
ctBa S u 3HaveHua Gyuxmym f Ha npomexyTke [0,1). Kpome
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TOr0, KaK MEI BHJEJH, BCE 3TU BEKTOPEI HE3aBUCUMEI. Takmm
06pa3oM, ICKOMEIA 6a3uc HaujeH. >

Ha camom gene moxHO 060MTHCE 6€3 MHOXECTBA 60IH-
e MOIIHOCTH, YIOPAAOYUAB camo mpocTpancTeo V. Ilpm
5TOM Ha KaXX]IOM IIare peKypCHH Ha 10 Ju60 A06aBAATE Ode-
penHOM BneMeHT K GyaymeMy 6asmcy (ecim OH He BHIpaXa-
eTcsa depe3 IpefbIAYIINe), MM60 OCTABIATE 6asuc 6e3 maMe-
HEHHH.

112. IIpoBeguTe 3TO paccyXkgeHNE TOAPOGHO.

Basuc T'amena MoxeT 6LITH UCHONB30BAH A TTOCTPOE-
HUA Pa3HBIX 3K30TUYECKUX MPUMEPOB. BoT HeKOoTOpHIE U3
HUX:

Teopema 27. CymecTsyeT (BCIOAY OmpefenéHHas) PYHK-
wan f: R — R, g xoropoit f(z + ) = f(z) + f(y) mpm
BCEX T ¥ Y, HO KOTOPasA He €CTh YMHOXEHWE Ha KOHCTAHTY.

< Paccmorpum R xak BeKTOpHOE IIPOCTPAHCTBO HAJ IIO-
adem Q. B mém ectr 6asuc amens. Ilycte o — oamn u3
BeKTOPOB Gasuca. PaccmorpuMm dpyskmmio f, koTopas C Ka-
XKIBIM GEACTOM T (PAcCMATPHBAEMEIM KAK BEKTOD B IPO-
crparcTse R Hag moneM Q) comocTasiseT ero a-Koop uHATY
(x0adUTIIEHT DX @ B €[UHCTBEHHOM BEIDAXXEHUW T 9EPE3
BEKTODH 6asmca). DTa pyrkmma murerHa Hag Q, mosTOoMy
f(z+y) = f(2)+f(y) ana Beex z,y € R. Ora oTwana oT Hy-
a1 (f(a) = 1) m npuEEMaeT IWIIE PATEOHAILHBIE 3HATECHIA,
IO3TOMY HE MOXET GLITH YMHOXEHWEM HA KOHCTAHTY. [>

113. ITokaxmuTe, uTo BCakaa pyHKIHA, oOIagarom@as yKa3aH-
HBIME B Teopeme 27 CBOMCTBaMH, HE OIDAHMYEHA HW HA KAKOM
oTpeske u, 6oxee TOro, €é rpaduK BCIOAY WIOTeH B R2.

Teopema 28. A nrururanie rpynns: R u ROR uzomopdab
APYT APYTY.

<1 PaccmorpuMm R kak BekTOpHOE mpocTpaHcTBO Hag Q
u BeIGepeM Gasuc B aToM npocrpancTse. QgueBmaHO, OH Gec-
komeueH. Basuc B R @& R moxeT 6uITH coCTaBieH 3 ABYX
9acTen, Kaxjad U3 KOTOPHIX MPEACTaBIAeT cobou 6asmc B
opaoM m3 sk3emmuiapoB R. Kak mw1 yBmamm gyTs mosxe
(cM. pasgen 2.9), nas mo6Goro 6ecKOHeIHOr'0 MHOXecTBa B
yIBOEHHaA MOIIHOCTH B (MOIIHOCTE 06beUHEHAA NBYX He-
epeCeKAIMXCA MHOXECTB, PABHOMOITHEIX B) paHa MomI-
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voctu B. Hakomen, ocTamocs 3aMeTUTD, 9TO IPOCTPAHCTBA
HajJ OJHUM M TEM XK€ I0JEM C PAaBHOMOIIMHEIME 6a3mcaMm
n30MOpPGHEI KaK BEKTOPHEIE MPOCTPAHCTBA U TeM 6osee Kak
rpynosel. >

114. JokaxmuTe, 9T0 J10601 6a3mc B IpocTpaHCTBe R Haj mo-
nem Q umeeT mMomHOCTE KOHTEEyyMA. (IIpm fokasarenrscTre mpm-
TOAATCA PE3yabTaTH pasgena 2.9.)

M=r Busenn, 9To TpaHCHUHUTHAA WHIYKITAA IO3BOIAET
[OKa3aTh CYIIeCTBOBaHWE 6a3mca B JIOOOM BEKTOPHOM IIPO-
crpaactse. IIpogomxas 5Ty AMHMIO, MOXHO NOKa3aThb, 9TO
Jr06BIE 1Ba 6a3MCa BEKTOPHOI'O MPOCTPAHCTBA PABHOMOIIHEI.
(Taxmm 06pazom, MOHATAE PA3MEPHOCTH KAK MOITHOCTH 6a-
3MCa KOPPEKTHO OIPEAEIEHO U 1A 6ECKOHEIHOMEDPHEIX BEK-
TOPHEIX IPOCTpPaHCTB.) ME BepHEMCA K HTOMY IO3XKe, Ha
c. 95 (reopema 36).

OTMmernM, 9T0 cymecTBoBaHMe Gasmca ['amens MOXHO
WCIOIb30BATh 7 «B MAPHEIX IIEIAXY, & HE TOIBKO JJIA HOCTPO-
€HUA 3K30TUIeCKNX IpuMepoB. U3BecTHAA «TpeTha mMpobie-
ma ['mis6epTay cocTosna B JOKA3aTEALCTBE TOI'O, 9YTO MHO-
TOrPaHHUKYU PABHOr0 066H€Ma MOryT He GBHITH PABHOCOCTA-
BIeHH. (DTO 3HAYUT, UYTO OJWH U3 HUAX HeTb3d pa3pe3aTh Ha
MEHBIVE MHOTOMPDAHHUKY U CJIOXWUTH W3 HAX APYT'OM MHOT'O-
rpaHHUK.) [[71 MHOI'OYTOJLHUKOB Ha IVIOCKOCTH CUTYAIUA
WHafA: eCIU [Ba MHOTOYT'OJLHIKA PABHOBEIUKY (MMEIOT paB-
HyIO IJIOMAb), TO OHA PABHOCOCTABIEHEL.

Teopema 29. Ky6 memb3s paspesaTs HA 9aCTH, #3 KOTO-
PBEIX MOXHO 6BLIO GBI COCTABATE IPABWILHEIA TeTPasap (He-
3aBUCUMO OT 06BEMA IIOCTETHETO).

<1 Bregém nmousaTue nce6doobsEma MHOrOrpanHnKa. Kax
7 06B€M, IIceBI006bEM GyeT alARTHBEH (€CIU MHOTOIPaH-
HUK pa36uT Ha YacTH, CyMMa WX IICEBIOOOHEMOB paBHA
IICeBI006BEMY MCXOHOI'O MHOT'OTDAHHUKA); IICEB1006HEMEL
PaBHBIX MHOTOr'PaHHEKOB GyayT pasmbl. Orcioma cremyer,
9T0 HCEBAOOOHEMEBI PABHOCOCTABICHHBLIX MHOI'OTPAHHUKOB
6ynyT paBHEI. MEI moi6epéM mceBAOOGHEM TaK, ITOOHI y
ky0a OH PaBHJICA Hy/IIO, a y TETPadapa HET — U JOKAa3a-
TeILCTBO OyJeT 3aBepIIeHO.

IlceBm006BEM MHOMOT'DAHHUKA MBI OMPENEIAM KAK CyM-
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vy Y lL;o(e;), Tae cymma Gepérca mo Bcem pé6paMm MHOTO-
rpaHHWKa, l; — AnmuHA i-T0 pebpa, a; — ABYT'DAHHBIA yTON
npu 3ToM pebpe, a ¢ — HekoTopada pymknma. Taxoe ompe-
JeJIeHre AaBTOMATWYIECKU TaPAHTAPYET, YTO PABHBLIE MHOIO-
TPAHHUKY WMEIOT PABHBIE MCEBA000BEMEI. UTO HYXHO OT
dyskmEu @, 9T06H TICeBN006BEM 6nin anmurmsen? Ilpen-
cTaBuM cebe, 9TO MHOTOT'DAHHUK Pa3pe3aeTcA MIOCKOCTHIO
Ha [[Be JaCTH, X ILIOCKOCTH IPOXOJUT depe3 yXKe AMeIomeecsa
pebpo mmmas . Torga AByrpaHHBIA yroJ (¢ IpHU 3TOM pebpe
pas6buBaeTca Ha aBe 9acTu ( u 7. [losToMy B BEIpaxXeHwn 11
nceB1006bEMa BMeCTO clraraeMoro lp(a) moasasooTca ciara-
emsie lp(B) +1o(7), 7 ¢(a) nomxuo pasraTsca ¢(8) + (7).
Kpowme Toro, paspesarmiaa IIOCKOCTh MOXET 06pa3oBaTh
HOBOE Pe6po, IePECEKNMCh ¢ KaKOU-To rpanso. Q6o3naunm
aauEy 3TOro pebpa 3a l'. Torga B mceBo06BEME MOABATCA
cnaraemsie I'p(a) + I'p(m — a) (nBa o6pasoBaBmmxca ABY-
TPaHHBIX yTUIa JOHNOJHATEIHHE), KOTOPEE B CyMMe [OJKHEL
PaBHATHCA HYJIIO.

Teneps ACHO, KaKUMHU CBOUCTBAMM [JOMXHA 006JaJaTh
dysknus ¢. Hyxno, ato6u ¢(8 + ) = ¢(8) + ¢(v) u aro-
6e1 @(m) = 0. Torga ncesn006HEM 6yI€T U BOPAMD A JATH-
BeH. AKKypaTHas npoBepKa TPeGyeT TOYHOI'O OIPEeNeHnsA
MOHATHUA MHOTOTDAHHUKA (ITO HE TAK W MPOCTO), W MEI €8
nposoguTs He Oyaem. Harmaguo agguTUBHOCTD KaXeTCA
OYEBUIHOU, OCOGEHHO €C/M Y9IEeCTh, ITO BCE Pa3pe3Bl MOX-
HO TIPOBO/IWTH ILIOCKOCTAMYE (IIPH 3TOM MOTYT MOXYIATHCA
Gosee MeJKUe JaCTH, HO HTO HE CTPAIIHO).

Wrak, nna 3aBepIneHEA PacCyXJeHEHA NOCTATOTIHO IIO-
cTpouTsh GyEKIMIO @: R — R, nma xoTopon

* p(B+7) =¢(B) + ¢(7) nna scex B,y € R,

e o(mr) = 0 (3TO CBOKCTBO BMECTE C HPENBIAYIIAM Ta-
PaHTEDPYET ajWTEBHOCTD ICEB000BEMA);

e ¢(m/2) = 0 (mceBR006HEM Ky6a paBeH HYJII0; STO CBOR-
CTBO, BIIPOYEM, JETKO CIEAYET U3 ABYX MPeAbIAYINNX);

e ©(0) # 0, rae § — pBYrpaHHEIA yroi Ipu pebpe Impa-
BIUIBHOT'O T€TPadApa.
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CymecTBeEHO 31€CH TO, 9TO OTHOmEHWE §/7 wWppamw-
onansHO. IIporepumM 5T0. BRICOTHI ABYX cOCeAHWX T'paHew,
omymieHHBIe Ha o6mee pe6po, 06pasyloT paBHOGEpPEHHBIA
TPEYrOIBHUK CO CTOPOHAMY /3, v/3, 2; HAJO JOKa3aTh, 9TO
YIVIBI TOr'0 TPEYT'OJBHUKA HECOU3MEPHUMEI C 7. Y 10OHEE pac-
CMOTpEeTH He 0, a ApYroM yrox TpeyroabHUKA ([Ba APyrux
yIvia TpeyroJbHWKa pPaBHH); 0603HauuM ero (3. JTo yroxa
HpAMOYTOILHOIO TPEYTOIBHUKA CO CTOpoHaMu 1, /2 m /3,
rak aro (cosB + isinB) = (1 + +/—2)/+v/3. Ecim 681 yrox 0
6BL1 comamepuM C 7, TO X 3 6BLT GBI COM3MEPHM, IIO3TOMY
HEKOTOPaA CTEMEHb 3TOr0 KOMIUIEKCHOI'O YHCJIa PABHAIACH
6n1 eqmaune. MOXHO TPOBEPUTH, OJHAKO, 9TO 3TO HE TaK,
IOCKOTBKY KOJBIIO qucen Bua m+ny/—2 (m,n € 7) esxm-
OBO ¥ Pa3JOXEHWE Ha MHOXUTEMA B HEM OJHO3HATHO.

Mamsuemmee npocto: paccmorpuMm wmuciaa © # 6. Omm
HE3aBUCUMEI KaK DIEMEHTHI BEKTOPHOT'O TPOCTpaHCcTBa R
mag Q, qomomruM mx g0 6asmca um paccmoTpuM Q-ImHETHBIA
dyskmumonan ¢: R — Q, pasmemt xosddunumenty upu 6 B
pasmoxenuu 1o 3ToMmy Gasmucy. OgeBmaHO, BCce TpeGoBaHUA
npu 3ToM GyAyT BHIIOJHEHH. [>

115. IToxaxmuTe, YTO HEKOTOPOE YCIOXKHEHUE DTOI'0 PACCY X J€-
HEA TO3BOJAET o6ouTuch 6e3 G6asmca [amensa: JoCcTaTOIHO ompe-
AEIATH Y HE Ha BCEX ,I[eﬁCTBHTeJIBHLDC 9ucjaax, a TOJBKO Ha JHU-
HEUHBIX KOMOMHAIAAX YTJIOB, BCTPEYAIOIIAXCA IPHA Pa3pPEe3aHUn
Ky6a m TeTpasgpa Ha JacTH.

2.8. Jlemma LlopHa u e€ npumeHeHus

B coBpemMeHHEIX y9e6HHKAX PEJKO BCTPEYAETCA TPAHC-
UENTHAA FHAYKIMA KaK TAaKOBAA: OHA 3aMEHAETCA CCHUIKOU
Ha Tak HasbiBaeMmyio Jemmy Ilopma. Cewdac MBI moKaxeM,
KaK 5TO [eNaeTCA, HA MPAMEPE TEOPEMEI O CYIIECTBOBAHUA
6a3uca B JUHEWHOM TIPOCTPAHCTBE.

Teopema 30 (nemma Llopua). Ilycts Z — 9acTwaso ymopsa-
JIOYE€HHOE MHOXECTBO, B KOTOPOM BCAKAsA IENb UMEET BEPX-
HIOI0 rpaHuiy. Torja B 3TOM MHOXECTRBE €CTh MAKCUMATh-
HEIA 5JIEMEHT, U, 601€ee TOro, 1A JI060ro s1eMenTa a € Z cy-
IIECTBYET BJIEMEHT b > a, ABIAIONMNICA MAKCUMAIBHEIM B Z.
(Ilens — 5T0 mOAMHOXECTBO, JFOOHIE [BA 3IEMEHTa KOTOPO-
ro CPaBHUMEI. BepXHsA IPAHUNA [ENN — BJIEMEHT, 6OIBIIIT
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WA PDABHEIA JIO60TO 3I€MEHTA TIETH. )

< IIpex e Bcero oTmeTnuM, 9TO Z JIAMIL 9AaCTAIHO YIIO-
PAOOY€EHO, MO3TOMY HAJAO PA3IM9aTh MAKCAMAJIbHBIE W HaW-
6onbimue >neMeHTHL. 110 3TOU Xe MPUYMHE MBI BHIHY X JEHEI
YIOTPEOIATE IPAMMATHAIECKA HEKOPPEKTHYIO KOHCTPYKIIWIO
«6ONBIIAY WX PABHEIA T060r0 (m060My?)», TOCKOIBKY CKa-
3aThb «He MEHBIIE J060r0» (CTaHAapTHEIY BEIXO] U3 IOJ0XeE-
HWA) 03HAIaJI0 GBI M3MEHUTH CMEICI.

[loKa3aTeasCTBO MOBTOPAET PACCYXEHUSA IPY MOCTPOe-
HUZ Gasuca, HO B Gojee obLIeR cuTyamuy (Temeph y HAC He
JIMHETHO HE3aBUCHMEIE CEMEUCTBA, a IIPOU3BOJILHEIE DJIEMEH-
TH Z).

IlycTs maH OPOM3BOALHEIA 3J€MEHT a. Ilpeamonoxmm,
9TO0 HE CYMIECTBYeT MaKCHUMAalbHOT'O JJIE€MEHTa, GOIBIIEro
WIX PABHOT'O @. DTO 3HAYAT, 9TO Ajia jdio6oro b > a Hawm-
pérca ¢ > b. Torga ¢ > a m moromy Hauaérca d > ¢ u T. 1.
ITpogomxkas 5TOT HPOIECC JOCTATOIHO OO, MBI UCIEPIIa-
€M BC€ BJIEMEHTHl Z ¥ IPUJEM K IPOTHUBOPEIMIO.

IIpoBegém paccyxjeHMe aKKypaTHO (IIOKa 9TO MEI Ja-
Xe He WCIOTb30BAMA YCIOBHE JEMMEI, KACAIOMEECHA IIETeH).
Bosbmém Boonae ynopsgogenroe MHOXECTBO I n0oCTaTOYIHO
GombIon MomuocTH (6ombinel, geM MomHoCTs Z ). IlocTpo-
MM CTPOr0 Bo3pacTawinyio ¢ysknuio f: I — Z mo Tpanc-
durUTHOU pexypcun. E€ 3HaYeHMe Ha MUHUMANILHOM DJIEeMeH-
Te I Gyger paBHO a. IIpeAmomoxmuM, 9T0 MBI YK€ 3HAEM BCE
€€ 3HaJYEeHWA HA BCEX DJIEMEHTAX, MEHBIIMX HEKOTOPOro .
B cwiy MOHOTOHHOCTE 5THM 3HadY€HWA IONAPHO CPABHUMEL.
IlosToMy cymmecTByeT X BepxHAA I'paHWIA S, KOTOpas, B
9aCTHOCTH, GOJbINE WIX PaBHA a. Bo3bMEM KakKOW-TO die-
MeHT ¢ > § # moaoxuM f(i) = ¢; IO MOCTPOEHUI0 MOHOTOH-
HOCTB coxpaHmTCca. Tem cameiMm I paBHOMOMIHO 9acTu Z, 9TO
IPOTHUBOPEYAT €r'0 BHIGOPY.

B sTom paccyxaernn, popManisHO TOBOPS, €CTH mpobe:
MBI OJHOBPEMEHHO OIpejeaseM (PYHKIMIO IO TPAHCGHUHUT-
HOU PEKYDPCHU U [OKA3EIBAEM €€ MOHOTOHHOCTDH C IIOMOIIBIO
TpaHcUHUTHON MHAYKIUH. Hame pexkypcuBHOE ompesene-
HIU€ IMEeET CMBICH, JWIIhH €CIN yXe IOCTPOEeHHAA 9acTh PyHK-
nuz MoHOTOoHHA. POpMaNTBHO I'OBOPSA, HA 0 BOCIOIH30BATHCA
Teopemon 19, cauras, 9TO CIEAYIOMIEE 3HAYEHUE HE OMpPEJIe-
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JIEHO, €CJIA yX€ MOCTPOEHHKIA YIACTOK HE MOHOTOHEH, U IIO-
Ay9uTh GYHKIWIO, ONPENeIEHHYI0 Ha BCEM | MM Ha HAYIAIb-
HOM oTpeske. Ecim oHa ompeneneHa HA HEKOTOPOM HAYATb-
HOM OTpPE€3Ke, TO OHa MOHOTOHHA HA HEM IO HOCTPOEHWMIO,
O3TOMY CJeAyIolIee 3HAYEHAE TOXE OMPENe]eH0 — HPOTH-
BOpe€Yue. >

Kak u mpu mocrpoenuwn 6asuca lamens (sagaga 112,
c. 83), MOXHO 060UTHCH 6€3 MHOXECTBA GOIBIIEN MOIIHO-
cTu. BriosHe ynmopamoYuM MHOXECTBO Z C IIOMOIIBIO Te€Ope-
el Ilepmeno. DTOT MOPANOK HAKAK HE CBA3AH C WCXOTHBIM
nopAfKOM Ha Z; MBI GyneM 0603HAYATH €r0 CHMBOJOM .
TlocTpouM ¢ TOMOIIBI0 TPaHCHWHUTHOU peKypcum QyHK-
mato f: Z — Z ¢ Taxumu csoucteamz: (1) f(2) > a gna
mo6oro z € Z; (2) f MOHOTOHHA B CIEAYIOIIEM CMEICIE: €C-
m z <y, o f(z) < f(y); (3) f(2) He MoxeT GHITH cTpOrO
MeHbIIE 2 (B CMEBICIE HCXOSHOTO IOPAAKA < ) HE IPA KAKOM 2.

Henaercsa sTo Tak. 3uagenwe f(zp) 418 <-HANMEHBIIEr O
BIEMEHTA 2( MHEI TOJOXWM PAaBHEIM w60 a, 1m60 2y (mocmes-
Hee — €CIH zp > a). 3HadeHwe f(z) ANA OCTAIBHBIX Z €CTh
160 BepxHAA rpanwma 3HaYennn f(z') opm 2’ < 2z (mo mpeg-
IOTOXEHWIO WHAYKIUA MHOXECTBO TaKUX 3HATYCHUAN JXHETHO
YIOPALOIEHO U IOTOMY MMEET HEKOTOPYIO BEPXHIOK I'DAHU-
oy a), mbo camo z (mocregHEe — €Cam Zz > Q).

B cmily MOHOTOHHOCTE MHOXECTBO 3HAYEHUN GyHKIHHA f
JAHEVHO YUOPAAOYEHO M WMEET BEPXHIOK TpPAaHUIY. JTa
rparnna (0603HaumM €€ (3) Goablme mam paBHa a (KOTOpOe
ectb f(%)) ®W ABIAAETCA MCKOMEIM MAKCHMAJIBHEIM BJIEMEH-
ToM: ecna 3 < z JAJA HEKoToporo z, To f(z) < B < z, 4ro
IIPOTHBOPEIUT CBOUCTBY (3).

116. IIpoBeguTe >TO paccyxkgeHHEe TOAPOGHO.

Tenepr HOBTOPHM [A0KA3aTEIBCTBO TEOPEMHI O 6a3m-
ce, ucnons3ya gemmy llopra. Ilycte V' — mpomsBoanHOe
BEKTOPHOE IPOCTPAHCTBO. PacCMOTpUM 9acTHIHO yHOpPALO-
9E€HHOE MHOXECTBO Z, COCTOAIIEE U3 JAHENHO HE3ABUCUMEIX
moamuOXecTB mpocTpaHcTBa V. Ilopagox ma Z 3agaé€rcsa
OTHOIIEHUEM «GBITH TIOAMHOXECTBOMY.

IIpoBepuM, 9TO yCAOBUA JEMMEI BHIIOIHEHH. IlycTs mme-
€TCA HEKOTOPAasA IENb, TO €CTh CEMEUCTBO JUHENHO HE3ABU-
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CHMEBIX MHOXECTB, IPAYEM JIOOBIE 1Ba MHOXECTBA 3TOr'0 Ce-
MencTBa cpaBHUMEL. Q6HEeUHIM BCE 3TH MHOXECTBA U TOKa-
K€M, 9TO MOIYyIeHHOE MHOXECTBO Gy/1eT IAHEWHO HE3ABUCH-
MEIM (TeM caMBIM OHO 6y[eT BEPXHEU I'DAHWIEN SIEMEHTOB
mermm). B camoMm fere, HeTpUBMANbHAA JUHEMHAs KOMOWHA-
OUA BKIOYAET B ce6A KAKOE-TO KOHETHOE IUCIO0 BEKTOPOB,
KaX[BIA U3 CBOET'0 MHOXECTBA. JTUX MHOXECTB KOHEIHOE
9UCI0, ¥ MOTOMY CPElW HUX €CTh HAauGOoJbINee TI0 BKIIOYIE-
HEIo (B KOHETHOM JWHETHO YOOPAOI€HHOM MHOXECTBE €CTh
Ham6OIBIIAN HIEMEHT). DTO HauGOIbIIee MHOXECTBO COJIEP-
XUT BCE BEKTOPH HETPUBUAILHON JUHEWHOUW KOMOUWHAIIUH,
¥ JWHEAHO HE3aBUCUMO IO ITIPE/TOJOXEHUIO, TAK ITO HAIIA
HeTPUBHAJbHASA JAHENHAA KOMOXHAINA OTINIHA OT HYJIA.

Takum o06paszoM, MOXHO HpuMeHATH JemMmy llopHa m
3aKII09YUTDH, 9TO JI060€ JAHEWHO HE3ABUCHMOE MHOXECTBO
BEKTOPOB COJIEPKUTCA B MAKCAMAILHOM JUHEVHO HE3ABUCH-
MOM MHOXECTBE BEKTOpPOB. K HeMy yxke Hemb3sa n06aBUTH
HUM OJHOT'O BEKTOpA, HE CO3/1aB JUHENHOW 3aBUCHMOCTHU, U
OHO ABJIAETCA UCKOMBIM Ga3mCcoM.

AnanoruanriM 06pa3zoM MOXHO [J0Ka3aTh CYIIECTBOBa-
HEUE€ OPTOrOHAJBHOT'O 6a3mca B rmiIb0€PTOBOM MPOCTPAHCTBE
(Tam ompegenerme 6asmca Apyroe: paspemarTca 6eCKOHEd-
HEIE JTUHEWHBIE KOMOWHAIWM, TTOHUMAEMbIEe KaK CYMMEI DA-
[OB) WIKM CyMIECTBOBaHUE (6Aa3MCa TPAHCIEHAEHTHOCTH (MakK-
cUMAaTbHAA anre6panaecKy He3aBUCAMAA CUCTEMA SJIEMEHTOB
B PaCIIUpPEHUN IIOJEH).

Mzt npusegém apyrou nmpumep npumenenua gemms [{op-
Ha, e GUTypUPYIOT YK€ U3BECTHRIC HAM MTOHATUA.

Teopema 31. BcAkul 9acTHYIHEIZ MOPANOK MOXET GBITH
MPOJOMIXKEH [0 JAHEHHOTO.

< Oycrs (X, <) — 9acTATIHO yOOPALOIEHHOE MHOXECT-
Bo. Teopema yTBepXJaeT, 9TO CYIIECTBYET OTHOIIEHUE TIO-
pagka <' ma X, mpojomxkaroliee HCXOAHOE (DTO 3HAYAT,
aro ¢ < y = ¢ < y) w ABAAIOMEECA OTHOMIEHUEM JUHEWHO-
ro mopagka. (Kcraru, oTMeTHM, 9TO CIOBO «IMHEAHOI'O» B
JOpMYyIMPOBKE TEOPEMEI HEMB3A 3aMEHWTH HA CIOBO (IIOJ-
HOT'0» — HAIPUMED, €CIM UCXOTHEI MOPAAOK JIWHEAHBIA, HO
He TIOJIHEIN. )

T'orossace k mpumernernwro semmer [lopra, paccmoTpum ga-
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CTWYHO YyIIOPAJOIEHHOE MHOXECTBO Z, DIEMEHTAME KOTOPO-
ro GyAyT dYacTW4HBIE NOPAAKE Ha X (TO €CTH IOJMHOXeE-
crBa MmEOXecTBa X X X, o6majaronmme CBOUCTBaMH Pedyiek-
CWBHOCTH, TDAH3WTWBHOCTH U AHTACAMMETPHIHOCTH), YIO-
PAMOYEHHEIE TI0 BKIIOYEHUIO: <1 CUMTAETCA MEHBIIUM WIA
PaBHEIM <2, €CaU <o OPOJOIKAET <1 (na T <1 Yy creny-
er = <2 Y).

Jlerko nposepuTh, uTo ycaoeme demmer llopra BRIONHE-
HO: €CJIX Y HAC €CTh CEMEUCTBO IaCTUIHBIX IOPAJKOB, IMHEN-
HO YHOOPAZOYEHHOE IO BKIIOYEHHIO, TO 00HEIAHEHHE H>TUX
MOPAJKOB ABIAETCA JACTHIHBIM TOPAJKOM, W 3TOT IOPSA-
oK GyneT BepxHel rpamuneyn cemeictsa. (IIposepmm, Ha-
mpuMep, 9T0 06bequHeHrE 06/1a4a6T CBOXCTBOM TPAH3UTHUB-
vocta. IlycTs ¢ <1 ¥y B 0HOM U3 mOPAAKOB ceMercTBa (<1),
a y <2 z B IPYyroM; OJIMH U3 IOPAAKOB (HAaIpUMep, <1) IPO-
JOMXKAaeT APYroM, Torjga ¢ <1 ¥ <1 2 H IOTOMY T < 2
B 00nequHeHUn. PedIeKCUBHOCTD M aHTUCUMMETPUIHOCTD
IPOBEPAIOTCA CTOIb XK€ MPOCTO. )

Cnenosarensuo, mo aemme llopra mHa MHOXecTBEe X Cy-
MECTBYeT MAKCUMAILHBIA IACTAIHBIA TOPAAOK, TPOJOIKA-
oyt ucxoxuun. O603HaYMM ero Kak < (IyTaHWUIE C UC-
XOMHEIM MOPAJKOM He BO3HWKHET, TaK KaK MCXONHEIA HaM
Gonpmme He HyxeH). Ham HaA0 mMOKa3aTh, 9T0 OH GyaeT Jm-
merasM. IlycTs z,y € X — [Ba HECPABHUMBIX BJIEMEHTA.
PacimmpuM mopAsok 10 HOBOTO mOpAAKa <', IpE KOTOPOM
z <' y. DTOT HOBHIN MOPANOK OIpefeNAeTCA Tak: a < b,
ecmz (1) a < bmm (2) a € ¢ mwy < b. Hecnoxnuo mpo-
BEpUTH, 9TO <' 6yJeT JaCTHIHEIM MOpAAKoM. Pediexcus-
HOCTH oueBmMHA. TpamawTwBHOCTE: ecmr a < bm b < ¢,
TO €CTh YeThIPE BO3MOXHOCTU. Eciu B o6oux crydaax wme-
et mecro crygan (1), To a < b < ¢ 7 Bcé oxesmano. Ecim
a<'bBcmry (1);ab<cBcury (2), oa <b<zm
y < ¢, Tak 9o a <’ ¢ B cwny (2). Amanormaro paccma-
TPUBAETCA X CUMMeTPUIHEIM crydan. Hakoren, aBykpaTHas
cchUIKa Ha (2) HeBO3MOXHa, Tak Kak Torga (a < z), (y < b),
(b < z) u (y < ¢), mw monywaercsa, ato y < b < z, a M mpea-
mosaraid, YTO T U Y HE CPABHUMEL. AHTUCAMMETPUIHOCTH
[OKA3BIBAETCA aHAJOTWIHO. TakmM 06pa3oM, oTHOmEHME <’
6yneT 9aCTHIHBIM TMOPALKOM, CTPOTO COAEPXKANMM <, 9TO
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OPOTHUBOPEYAT MAKCAMAJILHOCTHU. >

117. IToxaxwuTe, uTO M060€ GMHAPHOE OTHOIIEHWE (€3 IIMKIOB
(mmxa o6pasyercs, ecm 2Rz, wm cRyRz, wma RyRzRz u . 1.)
MOXeT OHITH IPOJOIXEHO [0 JAHEWHOI'O MOPAIKA. (,[[Jm KOHEY-
HEIX MHOXECTB IOMCK TaKOI'0 IPOJOIXEHUA OOBIYHO HA3HIBAIOT
«TOIOJOTHYECKON COPTHEPOBKOMY. )

118. MHOX€eCTBO Ha ILIOCKOCTY HA3EIBAETCA 6bINYKAbIM, €C-
JIA BMECTE C JIIOOBIMH ABYMsA TOYKaMH OHO COAEPXHUT COENUHAIO-
Iy ux 0Tpe3oK. Ilokaxmure, 9TO JMOGHE B HENEPECEKAIOIMX-
CA BBINYKJBIX MHOXECTBa MOXHO pPa3AeJIuThb ]IpﬂMOluI (Ka)K,Z[OC
MHOXECTBO JIEXUT IO OJHY CTOPOHY OT IPAMOY, BO3MOXHO, IIe-
pecekasck ¢ Hen). (Ykasanue. Ucnonssysa memmy llopra, MOXHO
PacUmMpuUThL UCXOAHBIE Hemepecekatommeca MHoxecTtBa A u B o
B3aMMHO JOIIOMHUTEIBHEIX BEIMYKJIBIX MHOXECTB AI n BI. 3aTeM
MOXHO y6eJuTBHCA, YTO I'DAHUIA MEXIY A' m B' mpeacrasiser
€060 IpAMYIO.)

2.9. CeoifcTBa onepaynu Haj, MOLHOCTSIMM

Temeps MBI MOXEM [I0KA3aTh HECKOIBLKO YTBEPXKCHWUN O
MOIITHOCTAX.

Teopema 32. Ecim A 6Geckomedno, To mMHOXeCTBO A X
x N pasromomTaO A.

<! Bronue ymopagouum MuOXeCTBO A. MBI yXe 3HaeM
(cm. c. 66), 9T0 BCAKmE dneMeHT MHOXECTBA A ONHO3HATHO
peACTaBIAECTCA B BUJE 2+ 7, T/l€ 2 — IPEJEIbHEIN IEMEHT
(me mMerommMIT HEMOCPEICTBEHHO MPEABIAYINErO), a N — Ha-
TypalbHOE 9UCa0. JTO 03HAYAeT, 9T0 A pasHOMomEO B X
x N, rgze B — MHOXeCTBO mpefelbHEX daeMeHTOB. (TyT
eCTh HeGOJBIIAA TPYAHOCTh — MHOCJAETHAA TPYIIA BJEMeH-
TOB KOHEYHA, €CJIM B MHOXECTBE €CTh HAWOOIBITAN SJIEMEHT.
Ho MBI yxe 3HaEM, 9TO H06aRIEHNE KOHEIHOIO WA CIETHO-
0 MHOXECTBa HE MEHAET MOIIHOCTH, TAaK 9TO 3TAM MOXHO
peHe6peds. )

Temeps yTBepXKaeEme Teopemsl odeBraao: A X N pasHo-
momao (B xN) XN, To ects B X (NXN) 7 Tem cambmv B x N
(mpomsBeieHMe CIETHBIX MHOXECTB CIETHO), TO €CTh A. >

IIo Teopeme KamTopa-Bepmmrenna orcroga cieayer,
9TO DPOMEXYTOdYHBIE MOIIHOCTH (B dacTHocTH, |A| + |A4],
a Takxe J060e IpousBefleHne A I KOHEYHOI'O MHOXKECTBA)
cosmajator ¢ |A|. Emé ogro creacTeme monesHo BEIAEMATS:
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Teopema 33. Cymma aByX 6€CKOHEIHBIX MOITHOCTEN PAB-
HA UX MaKCUMYMY.

< Ilpexjae BCEro HAMOMHWM, 9TO JIOOHIE JBE MOIIHO-
ctu cpaBEEMEL (Teopema 25, c. 80). IlycTs, ckaxem, |A| <
< |B|. Tora |B| < |4| + [B| < [B| + |B| < |B| x o —
= |B| (mocnegHee HEPABEHCTBO — yTBEPXKJEHUE IIPEIBINY-
mew Teopemsr). OcTaérca Bocmoms30BaTHCA Teopemon Kan-
Topa— BepHinrenna u 3akmto4nTs, uTo |B| = |A + B|. >

Temeps MOXHO J0Ka3aTh GoJiee CATLHOE YTBEPXK JCHHUE.

Teopema 34. Ecim A Geckonewano, To A x A paBHOMOMI-
O A.

< 3ameTHM, 4TO JIA CIETHONO MHOXECTBa (KakK, BIPO-
9eM, ¥ JJiA KOHTAHYyyMa — HO 3TO CEMdIac He BaXHO) MEI 3TO
yxe 3raeM. [losTomy B A ecTH TOAMHOXECTBO, PABHOMOII-
HOE CBOEMY KBaJpaTy.

PaccMOTpEM CEMEHCTBO BCEX TAKMX MOIMHOXKECTB BMe-
CTe ¢ COOTBETCTBYIONIMME OHEKTHAME. DJIEMEHTAME 3TOTO
cemercTsa G6yayT napst (B, f), rne B — moaMHOXecTBO A,
a f: B— B X B — B3amMHO OJHO3HAIHOE COOTBETCTBHE.
BeegéM Ha 5TOM CEMENCTBE JaCTAIHEIA OPALOK: (B, f1) <
< (Bs, f2), ecnim By C By 7 orpanwdenve oTo6paxeHus fa
Ha B cosmagaer c fi (pmc. 6).

B,

B,

B,

B,

Puc. 6. OTobpaxenne f; — B3aEMHO OJJHO3HAIHOE COOTBET-
CTBHE MEXJy MaJjkIM KBaJpPaTOM M €ro CTOpOHOH; fs moba-
BIAET K HEMY B3aUMHO OJHO3HAIHOE COOTBETCTBUE MEXIY

Bl \BQ A «YyT'OJIKOM» (B2 X BQ) \ (Bl X Bl)

Teneps npumenmm aemmy Iopra. [Ina sToro HyxHO ybe-
JIWTBCA, 9TO J1060€ JTMHEXHO yIOPAOIEHHOE (B CMBICIE OIH-
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CaHHOTO TOPAJKA) MHOXECTBO Map YKA3aHHOTO BHUa HMeE-
€T BEPXHIOI I'paHUIy. B camoMm fene, 06beIUHAM BCE HEP-
BEHIE KOMIIOHEHTHI 3THX TIap; mMycTb B — mx o6begumHeHwmE.
Kak 06EI9HO, COTIIaCOBAHHOCTH 0TO6paXeHwy (rapanTHpye-
Mas OIpe/ielleHreM TIOPAAKA) O3BOJAET COEJUHATE 0TOGpa-
XEHAA B OJHO. DTO oTOGpaxenue (Hazosém ero f) oro6pa-
xaer B B B X B. Omo 6yaer manexmmen: 3aaverna f(b)
z f(b") npm pasnwusnx b’ u b” pasauunb (Bo3pMéM 601B-
Imee M3 MHOXECTB, KOTOPLIM mpuHagdexaT b’ m b”; ma mém
f ABIAeTCA MHBeKIMER 0 npeAnonoxenuo). C Apyrou cro-
POHHI, f ABIAETCA CrOpBeKnmen: nua mo6ox mapsr (b, b") €
€ B X B B03bMEM MHOXECTBA, W3 KOTOPHIX mpom3onum b’
u b", BriGepeM m3 HUX 6OIBINIee W BCIIOMHMM, 9TO MBI IMe-
/¥ B3aMMHO OJHO3HAYHOE COOTBETCTBHE MEXIy HUM T €T0
KBaJpaTOM.

Ilo nemme IlopHa B HammeM YacTHYIHO YHOPAAOYEHHOM
MHOXECTBE CYIIECTBYyeT MAaKCAMAILHEIM dIeMeHT. llycTs
atoT snemeHT ecth (B, f). Mu 3maem, aro f ects B3a-
WMHO OJHO3HaYHOE COOTBeTCTBHE Mexay B m B X B m
motomy |B| = |B| X |B|. Temeps ecTh aBE BO3MOXHOCTH.
Ecaz B pasromommao A, To B X B pasaOMomEO A X A n
Bcé pnokasano. OcTamock paccMOTpeTh ciaydan, Korja B me
paBHOMOIHEO A, TO €CTh MMEET MEHBIIYI0 MOITHOCTSH (60ab-
el OHO UMETH HE MOXET, Oy[y<I¥ HOAMHOX€ECTBOM). IlycTs
C — ocraemascsa gacts A, To ects A\ B. Torga |A| = |B|+
+ |C| = max(|B|,|C|), crepoaTemsro, C pasEOMOIIEO A T
6omsme B mo mommoctn. BossMmém B C wacte C', pasHO-
Mommyio B, u nonoxum B’ = B + C' (puc. 7). O6e gacTz

A

B c’

Puc. 7. llpogomxenme coorsercTeua ¢ B va B' = B+ C'.
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vuoxectsBa B' pasaomomnsr B. Ilosromy B’ x B’ pas6usa-
eTcsa Ha 4 9acTH, Kaxad U3 KOTOPEIX paBHOMOIMHA B X B, u,
ClIe[0BaTEIHHO, PABHOMOIMEA B (HamoMEmM, 9T0 y HAaC €CTH
B3aWMHO OJJHO3HAIHOE cOOoTBeTCTBHE f Mexay B m B X B).
CooTseTcTBEE f MOXHO MPOJOIXKWTL A0 COOTBETCTBUA f’
mexay B’ u B' x B', 1omoiHEB €ro COOTBETCTBHEM MeEX-
ay C' m (B' x B')\ (B x B) (3Ta pa3HOCTB COCTOHT U3 TPEX
MHOX€eCTB, PAaBHOMOIIHEIX B, Tak uro paBHOMomma B). B
mTore Mu moayiaeMm 66mpmyio mapy (B', f'), @ro mpoTm-
BOPEYHT yTBEPXKEHWIO JeMMHE 1[opHA 0 MaKCHMaIbHOCTH.
Takum 06pa3oM, 3TOT CIydal HEBO3MOXKEH. [>

BriseieM Teneps HEKOTOPHIE CIECTBAA U3 JOKA3aHHOT'O
YTBEDPX JCHUA.

Teopema 35. (a) Ilpoussenenve AByX GECKOHETHEIX MOII-
HOCTel paBHO Goabinen u3 Hux. (6) Ecim MuOXecTBO A 6ec-
KOHEYHO, TO MHOXECTBO A" BCex MOC/Ief0BaTEILHOCTER [T~
HE 1 > 0, cocTaBIeHHREIX U3 aneMeHTOR A, pasHOoMomEO A.
(8) Ecim mMEOXecTBO A GECKOHEYHO, TO MHOXECTBO BCEX
KOHEYHBIX TOCTEN0BATEIHHOCTEN, COCTABICHHBIX W3 DJIEMEH-
ToB A, pasHOMOITHO A.

< IlepBoe yTBEpX[eHHE NOKA3HIBAETCA MPOCTO: €CIH
|A] < [BJ, o |B| < |A| x |B| < |B| x |B| = |B

Bropoe yTBepXkaeHEE JETKO MOKA3LIBAETCA WHIYKIHEH
mo n: ecmm |A"| = |A|, To |[A™| = |A"| x |A| = |4| x |4] =

TpeThe TOXE MPOCTO: MHOXECTBO KOHETHEIX TTOCTEI0BA-
TenbHOCTeH ecTh 1 + A+ A2 + A3 + ... ; kaxjas w3 gacren
(xpoMe mepBOM, KOTOPOM MOXHO IpeHeGpedsh) PaBHOMOII-
Ha A (IO KoKazaHHOMY), M TIOTOMY BCE BMecTe ecThb |A| X
X NO = |A . D>

3amMeTrM, 9TO W3 TOCAEJHET0 YTBEPXAEHWUA TEODEMBI
BEITEKAET, 9TO CEMEMCTBO BCEX KOHEYHEIX IIOJMHOXECTB
6€CKOHETHOT'0O MHOXECTBA A WMeeT Ty Xe MOIIHOCTH, 9TO
7 A (moAgMHOXeCTB He GOIBINE, YeM KOHEUHHIX HOCIEN0Ba-
TEILHOCTEH W HE MEHBIE, 9eM OJHO3JEMEHTHEIX II0MHO-
KECTB).

119. Ilycrs A Geckoreuno. [Jokaxure, aro |A4| = [24].

Ro .
120. PaccmoTpuM MOIHOCTE o = Ng —|—2N° —|—2(2 )—|—. .. (cqu—
Haz cymma). Ilokaxwre, 9TO @ — MWHEMAJIbHAS MOIIHOCTH, KO-
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Topas Goasure momuocTeir mEoxecTs N, P(N), P(P(N)), ... Io-
kaxwure, 9T0 o0 = 2% > A

Temepr MEI MOXeM [JOKa3aTh YIOMZHABINEECA paHEe
YTBEpPXEHUE O PABHOMOIIHOCTY Ga3MCOB.

Teopema 36. Jlro6rie aBa 6asmca B 6ECKOHEIHOMEPHOM
BEKTODHOM IIDOCTPAHCTBE MMEIOT OJMHAKOBYIO MOITHOCTE.

< Ilycts pambr aBa 6asmca — TepBRIX U BTOpOou. s
KaXJIOr0 BEKTOPa M3 MEPBOro 6aszmca (PpUKCUpPyeM KaKOU-
m60 crroco6 BHIPA3UTH €r'0 Yepe3 BEKTOPH! BTOPOro 6asmca.
B 5TOM BRIpaXeHWE y9aCTByeT KOHEIHOE MHOXECTBO BEK-
TOpoB BTOpOoro 6asmca. Takmm o06pasoM, ecTs HEKOTOpas
dyHKIUA, KOTOpPasA KaXxJOMy BEKTODPY II€pBOro 6asmca CTa-
BAT B COOTBETCTBZE HEKOTOPOE KOHEIHOE MHOXKECTBO BEK-
TOpoB BTOporo. Kak MEI TOIBKO 9TO BHJEIM, BO3MOXHEIX
3HAYEHUN DTOX (QYHKIUM CTOTHKO XK€, CKOTHLKO DJIEMEHTOB BO
BTOpOoM Gasuce. Kpome Toro, mpoo6pas xaxjgoro 3Ha9eHus
COCTOHUT M3 BEKTOPOB IEPBOr'0 (6a3Mca, BEIPAXAIOMIIXCA de-
pe3 naEHEM (KOHEIHEI) HAG0D BEKTOPOB BTOPOTO, W MOTO-
My KOHE€YeH. BrIxoauT, 9T0 mepshi 6a3uc pa3buT HA IPyI-
I, KaX Jad IPYIIa KOHE9HA, a BCEr0 I'PYII He 60/bIne, deM
BEKTOPOB BO BTOpoM Gasmce. IlopTomy momEOCTE mMEPBOro
6a3uca He TPEROCXOJUT MOIIHOCTM BTOPOTO, YMHOXEHHOMU
Ha Ny (OT wero, Kak MBI 3HAEM, MOIIHOCTH 6€CKOHETHOI'O
MHOXeCTBa He MeHAeTCA). OCTanocs IpOBECTH CAMMETPWY-
HO€ PacCyXJeHre 7 coclaThca Ha Teopemy KanTopa —BepH-
mrenHa. >

2.10. OpauHansl

Kak Mu1 yxe rosopuid, 0piunasom HA3EIBAETCA MOPAJ-
KOBHIM TWII BIIOJHE YIOPAZOYEHHOI'O MHOXECTBA, TO €CThb
KJIACC BCEX M30MOPGHEIX €My YHOPANOIEHHBIX MHOXECTB
(ecTecTrerHO, OHE GYAYT BHOOMHE YOOPAJOICHHEIMH).

Ha opausanax ecTeCTBEHHO OMPEAENAETCA JMHENHBINA T10-
panok. YTo6ul CpaBHUTE ABa OPAUHAIA (¢ U (3, BO3BMEM HX
npencrasurein A m B. Ilpumerum Teopemy 22 m mocmo-
TpUM, Kakol u3 TpEx crydaes (A m3oMopdHO HAJAILHOMY
orpesky B, ormuanomy oT Bcero B; muoxecTsa A u B uso-
MOpdHEL; B n130MOp)HO HAYAALHOMY OTPE3Ky A, oTiImarOMy



96 Ynopadouennvie mrorcecmea [ra. 2]

ot Bcero A) mmeeT mecTo. B mepsom caygae a < 3, BO BTO-
poMm a = (3, B TpeTheM a > 3.

Mz OTBIEKaEMCA OT TPYAHOCTEH, CBA3AHHLIX C OCHOBA-
HEAMEA Teopm: MHOXeCTB (cMm. pasgen 1.6); kak dopmansaO
MOXHO OTIPaBJaTh HAIIA PACCyXJEHUA, ME €Ie 06CyamM.
IToka 9TO OTMETHM HEKOTOPEIE CBOMCTBA OP/JWHAJOB.

e M=ur onpefenwmu Ha OpPAWHANAX JAHEUHBIA TOPAIOK.
ITOT MOPAAOK GyZEeT MOMHEIM: JTI060€ HEILYCTOE CEMEN-
CTBO Op/IMHAJOB MMeeT HaMMEHBLINUHA 3JeMEHT (Teope-
Ma 23; pa3HWIIa JIVIITL B TOM, 9TO MEI HE YIOTPEOIATH
TaM CJI0BA «OPJAHATY, & TOBOPWIN O TPEICTABATENAX ).

e Ilycte @ — HekoTOpHIZ opamHAI. PaccMoTpuM Ha-
JanbHBI 0Tpe3ok [0, &) B knacce opAuHANOB (06pa3o-
BAHHEIA BCEMH OD/WHAJIAMHA, MEHBLIIMMHE ! B CMBICIE
YKa3aHHOT'O MOPAJAKA). DTOT OTPE30K YIOPAOUEH TI0
Tuny o (TO €CTh M30MOpPGdEH NPEACTABUTENAM OPIA-
Hana a). B camom jgene, mycts A — oawH 3 mpej-
cTaBuTeler opauHaia «. OpAWHAIEI, MEHBLIIME (r, CO-
OTBETCTBYIOT COGCTBeHHEIM (He coBmajgatommM ¢ A)
Ha9aILHEIM OoTpe3kaM MHOXecTBa A. Takme oTpeskm
umeror Bajg [0,a) ¥ TeM caMBIM HaXOJATCA BO B3aEMHO
OMHO3HAYHOM COOTBETCTBHH C JJIEMEHTAMH MHOXeE-
ctBa A. (Jlerko mpoBepUTH, UTO 3TO COOTBETCTBHUE
COXpaHAET TMOPA/OK. )

CxazaHHOE MOXHO TTepedOpMYIUPOBATE TaK: KaX LI
OpI7HAI yIOPAA09IEH KAK MHOXECTBO MEHBIIAX OP/H-
Ha70B. (B 0HOM U3 POPMATHLHEIX TOCTPOEHWA TEOPUHA
ODP/IZHANOB KaX LI OPJAWHAJI DABEH MHOXECTBY BCEX
MEHBIIWX OD/IMHAJIOB. )

e Opawnan HA3BEIBAETCA HenpedesbHbiM, €CIU CYIIECTBY-
€T HEeI0CPe/ICTBEHHO NIPEIIECTBYOMMYA eMy (B CMEICIe
yKa3aHHOTO mopAfKa) opamHaI. Ecim Takoro mer, op-
[UHAJI HA3HIBAIOT NpedesbHblm.

e Jlro60e OrpaHWMYEHHOE CEMEUCTBO OPJWHAIOB HMEET
TOYHYIO BEPXHIOIO I'DaHb (HAXMEHbIIA Op AXHAT, 6015
I WIX PaBHBIA BCEM OpJWHAIAM CEMEWCTBa). B
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CcaMOM jieie, BO3BMEM KaKOM-TO OPAWHAN (3, ABJIAIO-
IMAUACA BepXHeM rpaHmnen. Torga Bce OpAMHAIEL Ce-
MeUCTBa M30MOPQHBI HAYAILHBIM OTPE3KAM MHOXE-
crBa B, mpeacrasuasromero opawaan (3. Ecmm cpegm
3TUX OTPE3KOB €CTh camo B, To (3 6yJeT TOYHOU BepX-
Hell TPaHbI (M HAWGONBIIMM 3JEMEHTOM CEMEHCTEA).
Eciz mer, To 3TM oTpeskz umeroT Buj [0,b) Ana pas-
JWIHLIX 3aeMeHToB b € B. PaccmoTpuM MHOXECTBO S
BCcex Takux d1eMeHToB b. Ecim S me orpamwueno B B,
To (3 6ymeT TOYHOU BepXHeW rpaHnio. Ecam S orpa-
HUYEHO, TO OHO MMEEeT TOYHYI0 BEPXHIOI T'DaHb S, W
[0,5) 6ymeT TOIHOM BEpXHEW I'PAHBIO CEMEUCTRA.

MoxXHO CKa3aTh, YTO CEMEUCTRO OPAWHAIOR — 3TO KakK
6Bl YHUBEPCAIBHOE BIIOJHE YIOPAJOIEHHOE CEMEUCTBO; JIFO-
60€e BIIOJIHE YIOPAJOYEHHOE MHOXECTBO M30MOPGHO HEKO-
TOPOMY HAYAIBHOMY OTPE3KY 3TOTO CEMEUCTBa. lloaTomy
MBI HEMEJIEHHO OPUAEM K OPOTUBOPETHUIO, €CAM 3aXOTHM
pPacCMOTPETh MHOXECTBO BCEX ODJAMHANOB (Belb AIA BCA-
KOT'0 BIIOJHE YIIOPAJZOIYEHHOI'O MHOXECTBA €CThH eme 60Jb-
mee — A06aBUM K HEMY HOBRIU DJIEMEHT, GONBIIMYA BCEX TIpe-
OELAYIEX). DTOT HNapajoKC HaskBaeTcAa napadokxcom Bypa-
au-DPopmau.

121. [loxaxwuTe, 9TO TOYHASA BEPXHAA [PAHL CIETHO'O TUCIA
CYETHHIX OPJAHAJIOB CYETHA.

Kak xe paccyxaars 06 opauHanax, He BOajas B IPOTH-
Bopeunsa?! B mpuHIUnE MOXHO 3aMEHATH yTBEPXKAeHUA 00
OpAWHANIAX YTBEPXACHWAMI O WX IPEACTABATENAX W BOC-
IPVHUMATL YIOMWHAHUA OPAWHAIOB KaK (BOJLHOCTE PETM».
JIpyrou mogxoj IPUMEHAETCA HPU AKCHOMATHIECKOM IIO-
CTPOEHUN TEOPUM MHOXECTB, X COCTOUT OH IPUMEPHO B CJIe-
IYIOMEM: MBI O6BARIAEM KaX JBIM OPIAHAT PABHBIM MHOXeE-
CTBY BCE€X MEHBINNX OP/UHAIOB. T0r1a MEHUMAILHEIA OP/IH-
Hax ( (IOPAIKOBEIN THI yCTOr'O0 MHOXECTBA) Gy €T MyCTHIM
MHOX€ECTBOM &, CJIEYIOIME 32 HEM opAuHAT 1 (IIOpAAKOBLII
THI OJHODIEMEHTHOrO MHOXecTBa) Gyaer {0} = {2}, saTem
2= {Oal} = {Q,{Q}}, 3= {01 112} = {Q,{@},{Q,{@}}},
4 = {0,1,2,3} u 7.1 3a HEUME crefyeT opAuHAl w (HO-
PAMKOBEIA THUI MHOXECTBA HATYDAIHHBIX THCEN), DABHEIA
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{0,1,2,3,...}, motom w + 1 = {0,1,2,3,...,w}, notom w +
+2={0,1,2,3,...,w,w+ 1} m . 1.

Mz me Gymem roeopuTh MOAPOGHO 06 aKCMOMATHIEC-
ko Teopum MHOXECTB Ilepmeno— Ppenkensa, HO ABa 06-
CTOATENLCTBA CIEJYyET UMETHL B BHUAY. BO-TEPBBIX, B HEM
HET HUKAKUX OGHEKTOB, KPOME MHOXECTB, M €CTb GKCU-
oma aKcmencuonaspbrnocmy (Ama 06bémmocmu), KOTOPAA
TOBOPUT, 9TO ABa OGBEKTA, COMEPKAIIAE OJHA U TE€ XKe de-
MEHTHI, paBHEL Il03TOMY CymIeCTByeT JUIIL OJWH 06HEKT,
HE COMEPXKAIMAN 3IEMEHTOB (IIyCTOE MHOXECTBO). Bo-BTO-
PHIX, B HEH €CTb aKCuoMa HYyHouposanus, KOTOPas TOBOPUT,
9TO OTHOIIEHWE € (PYHIUPOBAHO: BO BCAKOM MHOXECTBE X
€CTh JJIEMEHT, ABIAIOIIANCA €-MUHAMAIBHEIM, TO €CTh dJle-
MeHT z € X, maa xkoroporo X Nz = &. Orcroga crepyer,
YTO HUKAK0E€ MHOXECTBO T HE MOXET OBITH CBOUM JJIEMEH-
ToM (umEadYe AnA MHOXecTBa {2} Hapymanach 6bI akCmoMa
dbysIMpOBaHUSA).

122. BriBeguTe M3 aKCHMOMEI QYHAWPOBAHUSA, UTO HE CYIIE-
CTBYET MHOXECTB T, Y, Z, VI KOTOPHIX L €Y € 2 € T.

DunocodbCKkM HACTPOEHHBIM MATEMATHK OOBACHAI OBI
CMBICJI AKCHOMBI (OyHAAPOBAHMA TAK: MHOXECTBA CTPOATCA
W3 PaHee MOCTPOEHHBIX MHOXECTB, HAIMHAA C MyCTOrO, W
[I03TOMY BO3MOXHA WHIYKIAA II0 IOCTPOEHUIO ([I0Ka3bIBasd
KakKoe-mb0 CBOWCTBO MHOXECTB, MOXHO PacCyXAaTh HH-
OYKTABHO H TPEANONIaraTh, 9TO OHO BEPHO MJA BCEX €r0
SJIEMEHTOB).

Teneps MOXHO ONpEETATH OPJAWHANHL Tak. Bygem ro-
BOPHTB, 9TO MHOXECTBO T MPAH3UMUEHO, €CJIA BCAKAN DIe-
MEHT MHOXECTBA I ABJIAETCA IO0IMHOXECTBOM MHOXECTBA T,
TO €CTh €clM U3 z € y € x creayer z € x. HazoBéMm op-
JUNHAAOM TPAH3UTUBHOE MHOXECTBO, BCAKUAU 3JIEMEHT KOTO-
pOr'o TPaH3UTWBEH. JTO TPeOGOBaHUE MapaHTUEPYET, 9TO HA
5IIEMEHTaX J060I0 Op/UHAIA OTHOIEHNE € ABIAETCA (CTPO-
TEM) 9aCTAIHEIM TOPATKOM.

Axcuoma GyHIUPOBaHUA TAPAHTEPYET, 9TO JACTUIHBIA
OPAJOK € Ha J060M OpAWHATE ABIAETCA PYHIUPOBAHHEIM.
ITocne 3Toro mo MHAYKIMA MOXHO NOKa3aTb, 9TO OH ABIA-
€TCsA IEHEVHBIM (U, C/Ie0BATENbHO, IOMHEIM).
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123. (a) Ucnonbsys onpegeneEme opauHANA KAK TPAH3WTHB-
HOI'0 MHOXECTBA C TPAH3ATHUBHEIMHA DIEMEHTAMH, JOKAXKATE, YTO
sneMeHT opawmHana ecTs opamuan. (6) Ilycts a — opgmman (B
CMEICIE JAaHHOI'O HaMU OIpejeaeH:s). JlokaxmuTe, 9TO OTHOIIE-
HUe € Ha HEM JABIAETCA JAaCTHYHEIM mopsaaxoM. (B) [lokaxkwure,
9TO [JIA JMOGHIX 3JIEMEHTOB a,b € o BEDHO POBHO OJHO M3 TDPEX
CoOoTHOWEHUK: 1160 a € b, m6o a = b, mbo b € a. (Yxasanue:
WCHOIb3YATE ABOMHYIO MHAYKOHIO 0 GyHAAPOBAHHOMY OTHOIIIE-
HUIO € Ha (, 8 TAKXE aKCHOMY dKCTeHCHoHansHOCcTH.) (r) Joka-
XHUTe, 9TO OXUH OPJAWHAI E30MOP(}EH COGCTBEHHOMY HAIAIbHO-
My OTpe3Ky APYIOro TOrJa X TOABKO TOTAA, KOTJa ABIAETCA IO
anemenToM. (Takum 06pasom, oTHOmEHEE < Ha OPAUHAIAX KaK
YIOPAKOYEHHEIX MHOXECTBaX COBIAJAET C OTHOIIEHWEM IPUHAJ-
nexHOCTH.) [[oKaxuTe, 9TO KaXJHIU OpAMHAIL ABIAETCA MHOXE-
CTBOM BCE€X MEHBIIAX €0 OPAWHATOB.

3aMeTuM €m€, YTO €CAu KAXAKU OPAWHAI €CTh MHO-
XECTBO BCEX MEHBIUX €r0 OPAUHATOB, TO TOYHAA BEPXHAA
rpaHb MHOXECTBA OPAWHAIOB €CTh UX 00heJAHEHHE.

Mz me GymeM mogpo6GHO pa3sBHBATE 3TOT MOAXON H
mo-TrpexHeMy 6y/ZieM HaWBHO TPEACTABIATEL ce6e OpIWHAILI
KaK TIOPAJKOBBLIE THILI BIOJHE YIOPALOI€HHEIX MHOXECTB.

IIpex e 9eM MEPEATH K CJIOXKEHUIO M YMHOXEHHUIO OD/IH-
HAJIOB, OTMETHM TaKOe CBOMCTBO:

Teopema 37. Ilycts A — MOAMHOXECTBO BITOJHE YIOPA-
noderHOro MHOXECTBa B. Torga mOpAIKOBBIM THO MHOXE-
cTBa A He IPEBOCXOAUT MOPAJKOBOTO THUIIA MHOXECTBa B.

<1 OT™MeTHM Ccpa3y Xe, 9TO PABEHCTBO BO3MOXHO, Jaxe
ecmu A aBngercsa co6cTBeHHBIM mogMHOXecTBOM B. Hampm-
Mep, 9€THEIE HATypalbHEIE YACIa IMEIOT TOT XK€ TMOPALKO-
BEIX THII W, 9TO W BCE HATYPAILHBIE IHACJIA.

Paccyxmaa oT OPOTHBHOIO, MPEATIOIOXHAM, 9TO IOPA-
KOBEIM THn MHOXecTBa A Goapme. Torga B m3aoMopdHO He-
KOTOPOMY HA9aILHOMY OTPE3Ky MHOXeCTBa A, He coBmaga-
omemy co Bcem A. Ilycts ag — Bepxmas rpammma (B A)
3TOr0 OTpe3Ka, a f: B — A — COOTBETCTBYIOIIMIA M30MOD-
¢umam. Torga f cTporo Bospacraer u motomy f(b) > b ama
Bcex b € B (Teopema 17). B wactrocTH, f(ag) > ag, HO 1O
IpeAmonoxenuio o6oe 3Hadenue f(b) MeHBIIE A9 — DPOTH-
BOpedue. >
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2.11. ApudmeTuka opMHanoe

Mz1 onpefiemny CyMMy ¥ IPOU3BE/ICHUE JUHENHO YIIOPA-
JO9eHHEIX MHOXeECTEB B pazaene 2.1. (Hamomamm, aro 8 A +
+ B smemenTn A mpenmecTryioT anementam B, a3 A x B
MBI CHa9aja CPaBHUBaeM B-koMmomeHTE ap, a B Ciydae mx
paBeHCTBA — A-KOMIIOHEHTEI. )

Jlerxo mpoBEpUTH CAEAYIOMINE CBOUCTBA CIOXKEHUA:

Crnoxenwe accommarmsro: &+ (B +7) = (a+ 8) + 4.

Cnoxenne He KOMMYTATHBHO: Hampumep, 1 + w = w,
HO w+ 1 # w.

Ouesuguo, a + 0 =0+ a = a.

CyMMa Bo3pacTaeT IIPZ POCTE BTOPOI'0 apryMeHTa: €C-
m 31 < B2, T0 o+ B1 < o+ B2. (B camom gene, mycTs
(31 #30MOpPGHHO HAYATLHOMY OTPE3KY B (32, OTAXIHOMY
oT Bcero (3. [lo6aBuM K 3TOMY E30MOPGAIMY TOXK e~
CTBEHHOE 0TO6paXKeHne Ha (¢ W MOJY9AM H30MOPGA3M
MeXay a + (1 M Ha9aTLHEIM OTPE3KOM B a + (32, OT-
JWYIHBIM OT @ + (2.)

CyMMa HeyORIBa€T IIPH POCTE MEPBOT'0 APIyMEHTA: €C-
m oy < ap, T0 o3 + 8 < ag + (. (B camom geue,
a3 + 8 m30MOpdHO MOAMHOXKECTBY B a2 + 3. T0 mof-
MHOXECTBO HE ABJIAETCA HAYAJIHHBIM OTPE3KOM, HO MBI
MOX€eM BOCIIOIB30BATHCA Teopemon 37.)

Ormpeaenenue CyMMEBI COTVIACOBAHO € 0003HAYEHUEM ¢+
+ 1 ana crenyromero 3a o opazHana. (3gecs 1 — mo-
PAIKOBEIM THUII OHO3JIEMEHTHOT0 MHOXecTBa.) Creny-
oM 3a « + 1 opausanom 6yaer opaunan (o + 1) +
+l=a+(1+1)=a+2nurwx

Eciz o > (3, To cymecTByeT €JMHCTBEHHBLIA OpIH-
HaM 7, aaA Koroporo 3+ v = a. (B camom gene,
(3 m30MOpdHO HAYATHLHOMY OTPE3KY B ( OCTaBIIAACA
9acTh @ u GyJeT UCKOMBIM OpawHAjJIoM 7. ExmacTBen-
HOCTB CJe[yeT U3 MOHOTOHHOCTH CJIOXEHUA IO BTOPO-
My apryMeHTY.) 3aMeTHM, UTO 3Ty OIEPAIMI0 MOXHO
HA3LIBATH (BEIIATAHWEM CJIEBAY.
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e (Boramranme cpaBay, HAIpOTHB, BO3MOXHO HE BCETA.
IIycts o — HekoTOpE opjwHAan. Torja ypaBHEHHE
B8+ 1 = a (otHOCETemEHO [3) MMeeT pemeHwe TOTAa
¥ TOMBKO TOTJA, KOTJa (¢ — HENPEeIbHBI OpIUHAT,
(T.e. xora @ mMeeT HAUGONBIIUYA HIEMEHT).

Ompenenenne CyMMEI ABYX OPAWHAJNOB B CWIy aCCOIH-
ATUBHOCTM MOXHO PACIpPOCTPAHUTL Ha J1060€ KOHEUHOE
YUCJI0 OPAMHAJIOB. MOXHO OIpENeIuTh W CyMMy Q1 + og +
+ ... CYETHOM MOCJEJOBATEILHOCTH OPJWHAJIOB (DIEMEH-
THEI (; OPEJIIEeCTBYIOT dIEMEHTaM «; TpH i < j; BHYTpH
KaxXJOro (; TIOPAOK mpexHmit). Kak 1erko nposepuTs, 3T0
MHOXECTBO JE€ACTBUTENHLHO OyJeT BIIOJHE YIOPANLOIEHHBIM:
9TOGH HAUTH MUHUMANLHBIA 3JEMEHT B €'0 TI0JMHOXECTRE,
PaccMOTPUM KOMIOHEHTHI, KOTOPHIE 3TO ITO[MHOXECTBO 3a-
JI€BAeT, BHIOEPEM U3 HUX KOMIOHEHTY C HAMMEHBITAM HOMe-
POM ¥ BOCHOIB3yeMCA €€ MOMHOU YIOPAJOIEHHOCTHIO.

B 5ToM mOCTpOEHME MOXHO 3aMEHUATEH HATYPAILHBIE IM-
Clla Ha 3JE€MEHTHI TMPOU3BOILHOIO BIOJHE YIIOPAAOYEHHOTO
muOoxecTBa I u onpegerats cymmy Y A; cemencTBa BIOIHE
YIOPAJOYEHHEIX MHOXECTB A;, MHIEKCHPOBAHHOTO DJIEMEH-
Tamu [, KaK TMOPAJKOBHIA THUI MHOXECTBa BCEX Tap BUAA
(a,1), mna xoropex a € A;. llpm cpapHeHME map cpaBHEBA-
IOTCA BTOPBIE KOMITOHEHTHI, & B CIy9ae PABEHCTBA W IEPBHIE
(8 coorsercTrytomem A;). Ecm Bce A; maomopdrmr 0nHO-
My ¥ TOMY X€ MHOXECTBY A, morydaeM yxXe M3BECTHOE HAM
ompepenenue npousseaerua A X I.

Temeps meperaéM K YMHOXEHIIO OPJXHAJIOB.

e Ymuoxenue acconmatusro: (af)y = a(fy). (B camom
Aene, B 060MX CIy9asx mO CyMECTBY HMOSy9aeTCA MHO-
XKECTBO TPOEK; TPOUKK CPABHWBAIOTCA CIPABA HAJIEBO,
HOKa He 06HAPYXWUTCA Da3Iwue. )

e YMHOXeHWE He KOMMYTATHBHO: HAIIPAMED, 2 W = W, B
TO BpeMA KaK w - 2 # w.

e Ouesnguo, a-0=0-a=0unua-1=1-a=a.

e BrimonHgeTCA ONHO U3 CBOUCTB AUCTPUCY TUBHOCTH:
a(B8 +v) = aB + oy (memocpeacTBeHHO CrexyeT U3
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ompefenerus). CUMMETPAIHOE CBOWCTBO BHIIOJHEHO
He Beerga: (14 1) w=w # w+ w.

IlpomsBenenue cTporo BO3pacTaeT HPH yBEAXICHUU
BTOPOr'0 MHOXWTENA, €ClX nepBuilr He paseH 0. ([usa
Pa3HOOGpa3Msa BEIBEAEM HTO H3 PaHEE [JOKAZAHHBIX
cBoucTs: ecma B > i, To B = (1 + 4, Tak dTO

afy = a(B1 +68) =af +ad > aby.)

IIpoussenenme He yOBIBAET NPH BO3PACTAHAW HEPBOTO
muoxuTens. (B camom nene, ecnz oy < ag, TO a1 3 B30~
MOpPGHO MOAMHOXECTBY (3. TO MOAMHOXECTBO HE
ABIAETCA HAYAILHBIM OTPE3KOM, HO MOXHO COCIATHCA
Ha TeopeMy 37.)

Jlro6011 opaUHAT, MeHLIIIM 03, OJHO3HAYHO MPEICTa-
BuMm B Buje a3 + o', rne B' < Burd < a.

(B camowm jgene, mycTs MEOXecTBa A B B ymopsasodenst
o Tunam a u (3. Torga A X B ymopAm09eHO MO THUITY
af. Beakuu opauHan, MeHbIIMA o3, €CTH HAYATLHBINA
0Tpe30K B A X B, OTpaHW9eHHEI HEKOTOPHIM BJIeMeH-
ToMm (a,b). Hagamsaem orpesok [0, (a,b)) cocromT m3
map, y KOTOPHIX BTOPOM WIEH MeHBIE b, a Takxke m3
map, Y KOTOPHEIX BTOPOY WieH paBeH b, a mepBLIA MeHE-
me a. OTcroa cneyeT, 9T0 3TOT HAYANILHBEIA OTPE30K
um3omopder A x [0,b) + [0, a), Tak 9TO OCcTaéTCa MOTO-
xuts ' = [0,b) u o' = [0,a). Teneps mpoBepuEM 01HO-
3gagrocTs. lIycts ' +a' = af" +a". Ecm 8' = (",
TO MOXHO BOCIOIB30BATHCA OJHO3HATIHOCTHIO JIEBOT'O
BEIYMTAHUA ¥ IOIYIHTE, uTo o’ = . Ocraérca mpo-
BepHUTh, 9TO 3’ He MOXeT 6HITH, CKaxeM, MeHbIIE (3.
B sTom cryqae 8" = 3' + 4, m coxpaman a3’ cresa, mo-
ayamMm, 910 ' = ad + o', 9T0 HEBO3MOXHO, TaK Kak
JeBad JaCThb MEHBINE (, & MPaBad JacCTh OOMbINE WM
paBHa (.)

Amnanoruunoe «JeleHMEe C OCTATKOM» BO3MOXKHO U A
m06ex opauHANOB. IlycTs o > 0. Torga mo6on opau-
HaJ -y MOXHO Da3[JeJuTh C OCTATKOM HA (!, TO €CTh
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OpeACTaBATL B BHAE T + p, rjae p < @, U IPATOM
€IMHCTBEHHEIM 06pa3oM.

(B camom jpene, cymecTBOBaHWE CIEAYET W3 HPETBIAY-
IEr0 YTBEPXAEHUSA, HAZO TOMBKO B3ATH JIOCTATOTIHO
6ombimoe (3, 9To6u1 o 6BLI0 Gombine v, CKaxeMm, 3 =
=~ + 1. EquHCTBEHHOCTE JOKA3KIBAETCA TAK XK€, KAK
¥ B IPEJBIAYIIEM IYyHKTE. )

e IloBTOpsas nemenwe ¢ ocTaTkoM Ha & > 0, MOXHO mO-
CTPOATH MO3UIMOHHYIO CHCTEMY CIMCJIEHAA A OpH-
HAJOB: BCAKHWE opamHan, Membmmi oft! (3gecs k —
HaTyPAIbHOE 9UCI0), OJHO3HAYHO NPEJCTAaBAM B BUJE
"By +ak 1B _1+...+aBi+PBo, rae B, ..., B1, Bo —

OpAuHaJbI, MEHBIITUE (.

124. [lna xaxux opauHanos 1+ a = a?

125. [lna xakmx OpAWHAIOB 2 - @ = o

126. Kakue opg@HAIE DpPEACTABAME B BAAE W - &7

127. lokaxwmTe, uTo o + 3 = B TOrga m TOJBKO TOTAa, KOrJa
oaw < B (3pece a m B — opauHATNEL).

128. [loxaxwure, uro ecnu & + B = B+ a Ana HEKOTOPHIX Op-
MUHAIOB @ ¥ (3, TO HAUAETCA TAKOW OPAYHAN 7 W TaKWe HATy-
PaJbHEIE YUCIa M U N, 9T0 @ = ym & 3 = yn.

129. OmpegemmM omepanmio «3aMEHEI OCHOBaHMM ¢ kK > 1
Ha | > k. YTO6GH ODpPEMEHWTE 5Ty ONEPANWI0O K HATYPAILHOMY
GWCIy N, HAAO 3aIMCATh N B k-WIHOM CHCTEME CUMCJIECHHUA, & 3a-
TeM IPOYECTH BTy 3amuch B l-munou cucreme. (OueBmanO, YUCIO
TP 5TOM BO3PacTEéT, ecu OHO 6510 Gosnbme wm pasHO k.) Boss-
MEM NIPOM3BOJIBHOE YMCIO 1t ¥ GyAeT BHIIOIHATH HAJ HAM TaKUe
omepanwy: 3aMeHa OCHOBAHUA C 2 HA 3 — BHIYMTAHWE €IVHUIILL —
3aM€Ha OCHOBAHUA € 3 Ha 4 — BLIYUTAHWE €JUHALE — 3aMEHA OCHO-
BaHUA ¢ 4 Ha 5 — BEIYNTAHNE €AHUIE — . .. J[OKaxuTe, 9TO paHO
WIF IO34HO MBI IIOJYYHAM HyJb W BEYECTH €JUHUIYy HE yAACTCA.
(Yxa3anue: 3aMeHUTE BCE OCHOBAHMA HA OPAMHAIL w; MOLYIATCA
yOBIBaOmasA IOCIE[0BATEILHOCTD OPAXHAIOB. )

2.12. NHayKTUBHbIE onpeaeneHusl U CTENEHU

Mz1 onpeenmin cnoxeHwe ¥ YMHOXEHUE OPAMHAJIOB C IO-
MOIIBIO ABHEIX KOHCTPYKIMY OPAIKA HAa COOTBETCTBYIOIIAX
MHOXeCTBaX. BMecTo 5TOro MoXHO GBLIO GBI XX ONPEIEIATH
WHIYKTHABHO.
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Teopema 38. Cioxenue opauHANOB 0612 aeT CiIeAyOIIH-
MH CBOHXCTBaMH:

a+0=aq;
a+(B+1)=(a+p)+1;
a+vy=sup{a+ 8| B <~} nna npegemsroro vy # 0.

OTHU CBOUCTRBA OJHO3HAYHO OMPEIEIAIOT OMEPAIWIO CIOXKe-
HUA.

<l /IBa mepBBIX CBOMCTBAa OYEBUIHBI; IPOBEPAM TPETHE.
Ecmu 3 < 7, To a+ 8 < a+7, Tak 9T0 o+ v GyJeT BepXHEN
rpaHuner Bcex cymm Buga o + (3 mpu 3 < . Hago mpose-
PUATH, 9TO 3Ta FpaHWNA TOYHAA. IlyCTh HEKOTOPHIA OpIH-
HaJ T MEHBINE ¢ + 7. YOeAuMCsa, 9TO OH MeHbIIe ¢ + (3 1aa
mekoToporo § < 4. Ecim 7 < o, Bcé ouesnano. Ecim 7 > a,
mpeacTaBuM €ro B Bugae T = « + 0. Torga a+ 0 < a +
+ v u moromy o < <. IloCKOIBKY OpAMHAN 7y TIpEJENLHBIN,
0 + 1 Takxe MeHBINE <y B OCTAETCA HOJOXUTE 3 = 0 + 1.

Yxa3aHHEIE CBOUCTBA OJHO3HAYHO ONPEJENAIOT OIEPa-
IO CTOXEHUsA, TaK KaK MPECTABIAIOT CO60U PEKYPCUBHOE
onpepenenue 1o (3 (ecau ecTh JBe ONepaIUy CIOKEHUA, 061a-
[AIOIIME 3TAUME CBOUCTBAMMU, BO3BMEM MUHUMAIBLHOE (3, 1A
KOTOPOI'0 OHU PasIWdgaloTCA ¥ T. J.). >

AnanoruaHo MOXHO OMPENETUTE U YMHOXEHUE:

Teopema 39. YMHOXeHWE OpAZHAIOB 06IadaeT CIEAYIO-
MY CBOMCTBAMH:

al = 0;
aB+1)=aof+ o
ay = sup{af | B < v} mna opeaersrOTO Y % 0.

OTH CBOUCTBA OJHO3HAYHO OIPE/ENAIOT OMEPALHI0 YMHOXE-
HUA.

< Jloka3aTerbCTBO aHAMIOTWYHO, HYXHO TONHKO TIPOBE-
pETH, 9TO eciAm T < vy IJIA OPEeJeasHOro v, To T < afd
s mHekoroporo 3 < «y. Kak mu Bugenu ma c. 102, opam-
HaT T mMeeT BUA T = avy + o' mpm 7' < +v; mocTaTodHO
monoxuts 3 =7 + 1. >
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BosmukaeT eCTECTBEHHOE XEIAHWE ONPENENUTH OIepPa-
MU0 BO3BEJIEHUA B CTEMEHE. MBI yXe 110 CYIIECTRY OIpPeeu-
IV BO3BEJIEHAE B TEIYIO HOJOXKWTENLHYIO CTeneHb (a” ecTsh
IPOW3BE/IEHAE N COMHOXWTENEH, PABHEIX a). [Ipyrmvum cio-
BaMmu, eciu A yOpAAOYEHO MO THUITY v, TO MHOXeCTBO A"
IOC/IEA0BATEILHOCTER JINHEL 1 € daeMeHTamu u3 A ¢ o6paT-
HEIM JIEKCEKOI'DadUIecKAM IOPAAKOM (CpaBHEHHWe CIpaBa
HaJeBO) YIOPAAOYIEHO 10 THUIY a™.

Caenyrommu mrar — onpefenuts o . Ilepras uges, mpu-
XOJAIaA B TOIOBy — B3ATH MHOXecTBo A Geckomeunmnrx
TOCNEeJOBATENLHOCTER U ONMPEAETUTh Ha HEM TOJHBIA TOPA-
nok. Ho xak ero BBectu — Hescuo. IlosTomy MoxHO mompo-
60BaTH OIPENENUTb 6036edeHlUe 6 CMeneHs WHAYKTHUBHO C
TIOMOINBIO CJAETYIOIIAX COOTHOIIEHMINA:

a®=1;

B+1 B

o =a” - q

" = sup{a® | B < v} ana npegemsrOTrO ¥ # 0.

Teopema 18 (0 TpaHCOWHWTHOM PEKypCHWM) TapaHTHEPYET,
YTO BTU COOTHOIIEHUA OJHOZHATHO OMPENENAI0T HEKOTOPYIO
oTlepanuio HaJ OpJAWHATaMW, KOTOPasg X Ha3LIBAE€TCA BO3BE-
JIEHAEM B CTEIIE€Hb.

3ameuanue. TyT OoOATH MBI IOAXOAUAM K OMACHOU T'DAHU-
Ile TapajJloKCOB ¥ BHIHYX/EHHI BHIpAXaThCA ykiaoHImBo. Ha
CaMOM Jiefie TEOpeMa 0 TPAHCPUHATHON PEKYPCHE TOBOPHIA
06 ompejeneEny (HYHKIAW HA BIIOJHE YIOPAJOYE€HHOM MHO-
XECTBE, & OPUHAILI He 06Pa3yI0T MHOXECTBA — UX CJIUII-
koM MHOTO. Kpome Toro, B HeM muia peds 0 GyHKOHAX CO
3HAYEHUAMU B HEKOTOPOM 3aJlaHHOM MHOXECTBE, KOTOPO-
ro 3fieck Toxe HeT. [lof06HEIE MHIYKTABHLIE OIPEEIEHAA
MOXHO KOPPEKTHO 060CHOBATHL B TE€OPHH MHOXECTB C HC-
TIONB30BAHUEM TAK HA3HEIBAEMOU AKCUOMbL NOICTAHOEKU, HO
MBI 06 3TOM rOBOpUTH He OymeM. BmecTo sToro mMel gaamm
ABHOE ONMCAHWE BO3BEJEHWA B CTEMEHB, CBOGOTHOE OT 3TUX
npobiem.

YTO6H TOHATH CMEICT BO3BEJEHUA B CTEMEHBL, MOCMO-
TPpUM, KaK BHEINIAAWT OpAwWHAI & ([1A HEKOTOPOro ).
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Ilycte A — mHOXeCTBO, ymopaaodennoe no tumy a. Op-
AWHAT o IO OIpPEJeIEHWI0 €CTh TOYHAsA BEPXHAA I'PaHb o
nia HarypansHbix n. Opamsan o €CTb TNOPAJKOBBIM THI
MHOXeCTBa A", ymopAM09eHHOr0 B OGPATHOM JEKCAKOI'DA-
duaeckom nopaake. UTo6H HaUTH TOIHYIO BEPXHIOK I'DaHb,
mpeACTaBEM MHOXECTBA A™ Kak HadadbHBEIE OTPE3KH APYT
apyra. Hampumep, A% cocromt m3 map (a1,as) m oToxge-
CTBIAETCA C HaYambHEIM oTpeskoM B A3, cocTosamum ms
Tpoex {(a1,as,0). (3nece 0 — mamvensmmy sneMeET B A.)
Teneps BEAHO, 9TO BCe MHOXeCcTBa A™ MOXHO paccMaTpu-
BaTh KaK HaJalbHBIE OTPE3KU MHOXecTBa A, cocTosmero
73 GECKOHEYHBIX MOCTEOBATENBHOCTEA ag,d1,. .., DIEMEH-
THI KOTOPHIX IPUHALIEXAT A U B KOTOPHIX JIWIIE KOHEIHOE
qucao anenos oamaao oT Hyad. ([locnegmee Tpe6osanue fe-
JIaeT KOPPEKTHBIM OmpejieJeHne 06PATHOTO JEKCHKOTrpadm-
9ECKOT'0 MOPAJKA — MEI HAXOJUM CAMYI0 IPABYIO ITO3UIIAIO,
B KOTOPOH MOCTEAOBATEIHHOCTH PA3NIAIAIOTCA, W CPABHW-
BaeM WX 3HA4YEeHWA B DTOM Ho3unuu.) B o6neaunenuwu >TH
HaJalbHBIE OTPE3KU JAIOT BCE A%, Tak 9TO 3TO MHOXECTBO
C ONMCAHHBIM MOPAJKOM MMEET THO o,

Anmamormunoe yTBepXIeHUE BEPHO W A JIOGOr0 MOKa-
3aTeNa CTEIeHH.

IIycte A m B — BHONHE YHOPAZOYEHHEIE MHOXECTBA,
MMEIOm@e TOPAKOBEIEe TNH o u (3. PaccmoTpum MHOXECT-
Bo [B — A] cocrosmee u3 orobpaxeruir B B A, mMmeromux
«KOHETIHEIN HOCATENE (PAaBHBEIX MUHUMAILHOMY dJeMeHTy A
BCIOJY, 33 HCKIIOYEHWEM KOHETHOTO MHOXECTBa). Bmegém
Ha [B — A] mopsapok: ecmz fi # f2, BEIGepeM HamGobIIANR
anemerT b € B, gua xoroporo f1(b) # f2(b) u cpasamm f1(b)

Teopema 40. Yxazanuoe TpPaBWIO 3aJa€T TIOMHBLIM TOPA-
[OK Ha MHOXeCTBE [B — A] m mOpAAKOBHIE THI 3TOTO MHO-
XeCTBa eCTb .

<! Ham Ha/I0 IPOBEPUTE, 9TO YKA3AHHBIM NOPAJOK ABJIA-
€TCs TIOJHEIM U 9TO BBIIOJIHEHE! TPEGOBAHUA UHIYKTUBHOT'O
OIIpe/leJIeHUA CTEIEHN.

HaszoséMm nocumeaem snementa f € [B — A] mMHOXeCT-
Bo Tex b € B, mna koroprrx f(b) > 0 (3gecy 0 o6osmaga-
eT HamMeHBImMY dneMeHT MHOXecTBa A). Hazosém panzom
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¢yEknEM f HAMGONBIIME DIEMEHT HOCWTENA (IO Ompefese-
HUIO HOCUTENh KOHEYEH, TaK ITO HAMOONBLITAN 3IEMEHT CY-
mecTryeT). Panr onpenenér s Bcex dyHKIWE, KDOME TO-
XK JIECTBEHHO HYJIEBOU, KOTOPASA ABIACTCA MAHUMAILHEIM BJIe-
MeHTOM MHOXecTBa [B — A]. Yem 6onbire panr ¢pyHKIZM,
TeM Goabine cama MYHKIUA B CMBICTIE BBEIEHHOTI'O HAMU IIO-
pAKa.

IIycTs nopanox Ha [B — A] He anseTcsa monEeM u fo >
> f1 > fo > ... — yGnIBaromas mOCJIE[OBATEILHOCTE BJIe-
MenTOB [B — A]. Bee anemenTn f; ormwans ot 0; paccMmo-
TPAM WX PAHTH. OTH PaHTH 06Pa3yloOT HEBO3PACTAIOMIYIO
OCNEeJ0BATENHLHOCTD, MO3TOMY HAYMHAA C HEKOTODPOT'O Me-
cTa CTabmm3umpyoTca (MHOXECTBO B BmomHE ymopapode-
H0). OT6pOCHM HAYATHHEIM OTPE30K U GyJeM CIATATH, ITO
C CaMoro HaJajla PAHTH BCEX 3JIEMEHTOB yOLIBAOIIEN IIOCJIe-
JI0BATEILHOCTH OJMHAKOBEI M PaBHLI HEKOTOpoMy b. B cooT-
BETCTBHUHU C oIpeieneHueM, 3aadenus fo(b), f1(b),... o6pasy-
IOT HEBO3PACTAIONIYIO TOCIENOBATENLHOCTE, TIOTOMY HaYdd-
Hasg C HEKOTOPOro Mecrta crabmmusmpyrorca. OT6pocus Ha-
YanbHBI OTPE30K, GyJeM CIMTaTh, 9YTO BCE f; UMEIOT OIU-
HAKOBHIZ paHT b m oxmmEakosoe 3uavenume f;(b). Toraa sma-
gennsa f;(b) He BAMAIOT HA CDABHEHWA, X MOTOMY UX MOXHO
3ameHuTs Ha 0. [lonyuuM yORIBAIOMIYIO TTOCIE[OBATENLHOCTE
anemenTos [B — A] ¢ parramm mensme b. UT0651 3aBepomTh
paccyxeHue, OCTAETCA COCIATHCA HA MPWHIAN WHAYKIIAN
o MHOXecCTBy B.

(Bonee popmansHO, paccMOTPUM Bce 6€CKOHEYHO YORIBa-
IOIUE TIOCJAEJOBATENLHOCTH. Y KaXJI0U U3 HAX PACCMOTPUM
PaHT mepBOro 3JeMeHTa. PacCMOTPHEM Te W3 HHX, y KOTOPBIX
3TOT PAHT MUHUMATHLHO BO3MOXHEIN; IyCTh b — 3T0 MWHU-
MaJbHOE 3Ha9eHme. B 10601 TaKor mOCIeJ0BATEILHOCTH BCE
snaeMeHTH umeioT pasr b. VI3 Bcex Takmx mocienoBaTeIsHO-
crenr fo > fi > ... BEIGepeM Ty, y KoTopou 3HadeHue fo(b)
MPHUMAJILHO; BCE CAEAYIOIHAE €€ WIEHB MMEIT TO XK€ 3Ha-
qgenue B Touke b (T.e. fi(b) = fo(b)). 3amenuB 3HauUeHWE B
Touke b HynéM, moIydIrM GECKOHEYIHYIO YOBIBAIOIIYIO IIOCTIE-
JOBATEILHOCTS W3 DJIEMEHTOB MEHBIIETO PAHTA, 9TO MPOTH-
BOPEYAT IIPEJTIONOXEHUIO. )

Temeps moOKaxeM, 9TO TAKOE ABHOE OMPEeJeHHe CTere-
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HE COTVIACOBAHO C MHIYKTHUBHLIM ompenenermeM. [las koHed-
HEIX 1 3T0 oueBmaHO. IlycTs v = B+1. Kakoso (saBHOE) ompe-
nenerwe o7 Ilycrs B ymopsagogeno no Tumy (3. Torga met
JNOMXHEL 106aBUTH K B HOBEIM Hambompmmu smeMeHT (060-
3HAYUM €r'0 M) U PaCcCMOTPeTh oTo6paxernns BU{m} — Ac
KOHEYHBIM HocuTeaeM. SIcHO, 9T0 Takoe oTo6paxenme 3a1a-
éTca mapoy, COCTOAIIEN U3 ero cyXeHus Ha B (koTopoe Mo-
XeT GHITH IMPOU3BOILHEIM IEMEHTOM MHOXecTBa [B — A])
u 3HagYeHEna Ha m. [Ipm ompenereHmE mMOpAAKa MBI CHadAIa
CpPaBHUBaeM 3HAYEHWA HA M, a MOTOM CyXeHHA Ha B, TO
€CTH IOJy9eHHOE MHOXECTBO m3oMopdHO [B — A] X A, uro
u Tpe6oBaIoCh.

IlycTes Temeps Y — HEHYJNEBOW MPEAEILHBIM OPIAHAT U
muOXecTBo C' ymopagodeno mo tumy . Kak ycTpoero MHO-
xecTBo [C — A]? DaeMeHTH, PaHT KOTODPHIX MEHBINE € €
€ C, 06pa3yroT B HEM HaYaTLHEIA OTPE30K, W DTOT Hadalb-
HEIA oTpe3ok m3oMopdeH [[0,¢) — A]. A camo MHOXeCT-
B0 [C' — A] sBaseTca o6befuHEHEEM 3THX HATAIBHBIX OT-
Pe3KOB (ITOCKOIBKY KaX IEIM 3JEMEHT 3TOI'0 MHOXECTBA AMe-
€T KOHEJIHHIM HOCHTENh) W IOTOMY €r0 MOPAJKOBBIA THII
ABJIAETCA TOYHOU BEPXHEW T'DAHBIO WX MOPAJAKOBEIX TWIIOB,
9TO M Tpe6oBaNIOCh. >

Hemnocpe/[CTBEHHEIM ClIe/ICTBIEM DTOM T€OPEMEI ABIACTCA
Takoe yTBEPXICHHUE:

Teopema 41. Ecin a u 3 — cuéTHEIE OpAXHAIEIL, TO .+ 3,
af u of cabTHEL

< [las CyMME ¥ IPOU3BEICHUA YTBEPXKICHAE OUEBHUIHO.
1A cTeneHW: €CIM MBI IIPOHYMEPOBAIHA BCE DJIEMEHTHI BIOJ-
He ymopAfodeHHEIX MHOXeCTB A m B, To mo60# 31eMeHT
MHOXecTBa [B — A] MoxeT 6HITH 3aJaH KOHEUHEIM CIHC-
KOM HATYDATHHBIX IHCEI (HOCHTENb W 3HAYEHWA HA DIEMEH-
TaX HOCWTENA), a TAKAX COUCKOB CIETHOE THCIO. [>

130. [Joxaxwure, ato o™’ = o? - a” AByMsA cmocobamu: mo
VHAYKIAA U C UCIOIb30BAHUEM SABHOI'O OIPE/EJNEHU CTEIEHMU.

131. [oxaxure, uro (a”)? = o®".

132. JlokaxmuTe, uTo ecam o > 2, To o > af.

133. MoxaxuTe, 9To ecad w’ = a + O AAA HEKOTOPHIX OpMAU-
HaJIOB @, B u 7y, To 160 B = 0, mbo B = w”.
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134. Kakwe oppwHAIE HEIb3A HPEACTABUTL B BHJE CYMMEL
IBYX MEHBIIWX OPAUHAIOB?

135. [lokaxuTe CIETHOCTE 0 AIA CITHHX o 8, HCHIOMB3YA
MHIYKTUBHOE OIPEeJeIeHNE CTEIEHN.

136. [Tan HEKOTOpHIM OpAWHATL ¢ > 1. YKaXuTe HAMMEHBIIUR
opauaan B > 0, gaa xoroporo af = (. (Ykasamme: aTo Gyper,
€CIM yMHOXUTE & Ha cTemeHHoM pag 1+ ¢ + x> + 2% + ... ?)

OTMeTnM BaXHYIO Pa3sHUIy MEXIY OIMEpaIruen BO3Beje-
HEA OPJVWHAJOB B CTENEHb X PAaHEE PACCMOTPEHHBIMU OIle-
panuAMM CIOXEHUA W yMHOXeHWs opauHanoB. Onpenpemss
CyMMy ¥ TPOW3BEJEHWE OPJUAHAIOB, MBI BBOJWIA HEKOTO-
DB IOPAJOK HA CyMM€ U IIPOU3BEEHAN COOTBETCTBYIOMIAX
MHOXECTB (B OGBITHOM CMEICHE), 3[16Ch XK€ CAMO MHOXECT-
Bo [B — A] ompenenseTca ¢ y4éToM NOpAAKA U OTIMIHO
or AB. (B wacTrHOCTH, IpM CcY€éTHBEIX A M B MHOXECTBO
[B — A] caérro, a AB — mer.)

SAsrOE OmmMcarme MEOXECTBA [B — A] mosBoaseT NOHATE,
KaK YCTPOEHEI €r0 HAYAIbHEIE OTPE3KH, TO €CTh KAKOU BHU/
MAMEFOT Op/AMHAILI, MEHbIITE P,

PaccmoTpuM HekoTopyio ¢yaknuio f € [B — A]. Ilycts
OHA OTJXYHA OT HyJA B TOYKaX by > by > ... > by m mpm-
HUMAET TaM 3HAYEHUA d1, dg, ..., Q. HAC MHTEPECYIOT BCE
dysxnzn, Meabame GyEKIUM f.

Bce omm paBHEI HyJIO B TOYKax, Gomemmx b;. B ca-
Mou Touke b; OHM MoOryT OHITHL JUGO MEHbINE aj, JUGO
paBHH a;. J06as GyHKIMA NEPBOrO THUNA MEHBIIE JOG0U
dyuxmuu BTOpOro Tuma. PYHKIUU TEPBOT'O TUIIA MOTYT
NPUHAMATL JO0bIE 3HAYEHUA B TOYKAX, MEHBOWMX by, a B
Touke b; mmeroT 3HaweHme 3 [0, a;). Tem cambiM mX MOXHO
OTOX/JECTBUTH C diaeMeHTaMu MHOxXecTBa [[0,b1) — A] x
X [0,a1), 7 IPE DTOM OTOX/ECTBICHAW COXPAHAETCA MODPA-
TTOK.

®yrKmuE BTOPOro THHA (PaBHEIE a; B TOYKE b;) CHO-
Ba pa3bUBAIOTCA Ha JBE KATErOPUU: Te, KOTOPHIE B TOY-
Ke by MeHBIIE ay W T€, KOTOPEIE B by paBHEI ay. PyHKIUHU
IIEPBOM KATErOPHU OTOXJECTBIAIOTCA C JIEMEHTAMA MHO-
xectsa [[0,b2) = A] x [0, az). PyBHKIUE BTOPOU KaTeropuu
CHOBa Pa306bEéM Ha JaCTU B 3aBHCHMOCTH OT WX 3HAYEHUA B
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Touke bg m T. 1. Takmm o6pazowm, [0, f) xak ymopagogeHrOe
MHOX€CTBO X30MOP(}HHO MHOXECTBY

[10,61) — A] x [0, 1) + [[0,b3) — 4] x [0,a2) + ...+
+ [[O’bk) - A] X [O’Gk)‘

Tlepexoas x opauHataM (HadalbHBIE OTPE3KHM — HTO MEHB-
II7e OpJAMHANE]), IOJYyIaeM TAaKOe yTBEDXK JeHUE:

Teopema 42. Besaxmit opgusan, MeHbImi o | mpescrasia-
eTca B BUJE

a'glal + a'@2a2 +...+ a'@"ak,

rae B > B1 > B2 > ... > Br, a ai,as,...,ar < a. Takoe
[pe/CTaBIeHNE OJHO3HAYHO U JI06ad CyMMa yKa3aHHOT'O BU-
Ja ABIAETCA OPAMHAIOM, MEHBIIAM O,

<! Bo3MOXHOCTb TaKOr'o TPEICTABIEHUA MBI yXe J0Ka-
samm. Ilocnennee yTBEpXK J€eHME CAEAyeT U3 TOrO, 9TO JH06asA
CyMMa TakKor'0 BHJa ABIAETCA Ha9aJbHBEIM OTPE3KOM B MHO-
xectBe [B — A] (rae A m B ynopsajodeHHl 110 TUNAM «
7 3) 7 PasHBEIM CyMMaM COOTBETCTBYIOT DAa3HEIE HAYATLHEIE
OTpPE3KU. >

OT0 yTBepXjeHUME 06OOIAET OMUCAHHYIO HAMM DAHEE
(c. 103) «mosmmmorHyIO CECTEMY 0603HAYEHAM C OCHOBAHAEM
a» 1A OpJMHAIOB, MEHBIX oF; Temeps BMecTO k MOXHO
HCIIOMB30BaTh JII060U OpAXHAI.

MoxHo 65110 GBI cpa3y CKa3aTh, 9TO DJIEMEHTaMM MHO-
xecTBa [B — A] asnaioTca ¢dopMalbHEE CyMMEL BAZA

aﬂlal + aﬁzaz +...+ aﬁ"ak

(rme 8> B1 > ...> By may,...,05 < @) C €CTECTBEHHEIM
TMOPAJKOM Ha HUX.
Temeps y*e TOHATHO, KaK YCTPOEHLI OPJUHATLI B IIOCTIE-
JOBATETHHOCTH
w
w*, w®@)
TlepBoIit u3 HUX 06PA30BAH «OJHOITAXKHEIME) BLIPAKEHUAMEI
BUA
b1 bz bk
wlta; +w?lag +... +tw*ag,
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rae a; u b; — Harypansabie ancaa (m by > ... > by). Ecm B
KagecTse by, ...,b;y paspemmTs MUCATH JFOGHIE «OTHOITAX-
HEIe» BBIPAXEHMA YKA3aHHOI'O BHUA, TO IOMYy9IEHHBIE (IBYX-
STaXXHBIE) BEIPAXKEHMA yIopag0deHsl no tumy w“”), Paspe-
IIIUB B TIOKA3aTeNAX JBYX3TaXHEIE BHIPAXEHUA, MEI TIOTY IUM
TPEX3TaXXHEIE BEIPAXKEHUA, KOTOPEIE 06PasyioT CJie[ Yo
opAuHAaI # T.[. Eciu 06beJUHUTE BCE 3TH MHOXECTBA, TO
€CTh He OI'DaHAYUBATD YUCIO 3TaxXed (KOTOpoe A Kax0-
0 BEIDAXEHHA TEM HE MEeHEee KOHETHO), TO MOIYyIATCA MHO-
XECTBO, YIOPAJOIEHHOE TI0 TUITY

sup(w, w®, W@ )

IToT opauHAI 0603HATAETCA £g.
137. JoxaxmuTe, 9TO

€0 = w4+ w? + @) 4 ...

138. Onpegenum s HATYPAIBHEIX YUCE] ONEPAIAIO (TOTAIb-
HOM 3aMeHHI OCHOBaHEA k Ha b (3geck k m | — HaTypanbHEE
ucna, npmaém | > k) caegyronmm 06pasom: JaHHOE THUCIO T 3a-
nuieM B k-WYHOU CECTEMe, TO €CTh Pa3JOoXUM N0 CTemeHaM k,
TIOKa3aTeN CTeNeHe CHOBA 3allMIeM B k-MIHOM CHCTEME, HOBEIE
NOKA3aTely TAKXe PAa3joXuM U T. . 3aTeM Ha BCEX yPOBHAX 3a-
MEHUM OCHOBaHWE k HAa OCHOBAHWE | ¥ BEIYUCIZM 3HAYUEHUE IIOIY-
YUBLIErOCA BrIpaxenus. [[okaxuTe, 9TO HAYAB C J1060r0 N ¥ BHI-
TOMHAA TOCIEJOBATENLHOCTD ONEPANWY (BEIYMTAHWE €JUHUILI —
TOTaJbHAA 3aME€HAa OCHOBaHUA 2 Ha 3 — BHIYATAHUE €IWHUIEI —
TOTANbHAA 3aMEHA OCHOBaHWA 3 Ha 4 — BHIYATAHUE E€AWHUIEI —
TOTaJbHAA 3aM€HA OCHOBaHWA 4 HA 5 —...», MBI PaHO WIX IO3JHO
3a#€éM B TYOHK, T.€. HOJIyIWTCA HYJb W BHIYECTH €AWHHUIY Oy-
neT Henb3s. (YkasaHume: 3aMEHUM BCe OCHOBAHUA CPa3y HA Op/H-
HaJl W; HOJIYYATCA yORIBAIOLIAA [IOCJAEJOBATEIHHOCTD OPANHAIOBE,
MEHBIIUX Eq.)

2.13. [punoxeHus opauHanos

B 6onnmmHECTBE CIydaeB pacCyXAeHHUA C UCIONb30BaHU-
€M TPaHCHUHATHON UHAYKIOAA U OPJUHAIOB MOXHO 3aMe-
HUTH CCRUTKOHT Ha JemMmy I[opHa; mpu 3T0M paccy X aeHue cTa-
HOBUTCA M€Hee HaIWIATHEIM, HO (h)OpPMAaNbHO GoJiee IPOCTHIM.
Tem He MeHee GLIBAIOT CHUTyaIW#, KO/l DTOrO CAEJATH HE
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yaaérca (Mo KpawHeW Mepe, HEACHO, KaK GBI DTO CIe0Ba-
JI0 JeNaTh), U IPUXOAUTCA MOMB30BATHCA BIIOJIHE YIOPALO-
YeHHEIME MHOXECTBAMU B ABHOM BHJe. B sTOM pasjene mMb
OpUBEAEM ABa MOAOOHBIX IIPUMEPA.

TlepBrmt u3 HEX KacaeTcA 6openeBcKux MHoXecTB. (s
MIPOCTOTHI MBI PACCMATPABAEM 10 IMHOXECTBA JIEUCTBATEND-
Hor mpsamon.) CeMencTBO MOAMHOXECTB NE€UCTBUTETHLHOU
IPAMOY HA3BIBAETCA O-a.42€0potl, €CIM OHO 3aMKHYTO OT-
HOCHTEIHHO KOHEYHBLIX M CUETHBIX IMEPECEICHUA W O06Benn-
HEHUN, a TaKXe OTHOCUTENHLHO TIEPEX0ja K JOMOJHEHUIO.
(9To o3HauaeT, 9TO BMeCTe C KaXIKIM MHOXeCTBOM A 5To0
CEMENCTBO coAepXuT ero gomonHeHwme R \ A, m BMecTe ¢
mo6uiMu MHOXeCTBaMu Ag, Aj, ... CEMEUCTBO COAEPKUT UX
o6nerummerne Ag U A; U ... m mepecegenme Ag N A1 N...)
TIpmmep: cemencteo P(R) BCEX MOAMHOXECTB IPAMOM, OI€-
BUIHO, ABIAETCA O-aare6pomn.

Teopema 43. CymecTByer MurMManbHas o-aiarebpa, co-
JepXkamas BCe OTPE3KH [a, b] Ha mpAMo.

<| ®opManbHO MOXHO PACCYXAaTh TaK: PAaCCMOTPHUM BCE
BO3MOXHEBIE 0-aarebprl, cogepxkamue orpesku. Ix mepece-
qenue GygeT o-anare6pon, u Toxe GyJeT colepXKaTh BCE OT-
pesku. (Boo6mie mepecegenme M060ro CeMencTBa O-aare6p
6yner o-aare6por — DTO OYEBHIHOE CJAEJCTBHE OIPEMee-
Hu.) DTa o-anrebpa u 6yaeT UCKOMOM. [>

MmuoxecTBa, BXOAAINE B DTy MAHAMAILHYIO 0-aare6py,
Ha3BIBAIOT 60pesescrumu.

139. [JoxaxmTe, 9TO BCAKOE OTKPHITOE M BCAKOE 3aMKHYTOE
TOJMHOXECTBO IPAMOU ABIAETCA GopeneBckmM. (YKa3aHme: OT-
KPHITOE MHOXECTBO €CTh 00BEJUHEHNE CONEPKAIMXCA B HEM OT-
PE3KOB C PAI[MOHAILHEIMA KOHIAMH. )

140. [TokaxwuTre, 9T0 mMpoo6pa3 ai060ro GOPENEBCKOr0 MHO-
XK€CTBa IPY HEMPEPHIBHOM OTOOPAXEHUH ABIAECTCA OOPEIEBCKAM
MHOXE€CTBOM.

141. IIycrs fo, fi1, ... — DOCIELOBATEIBHOCTE HENPEPHIBHBIX
GYHKIUH C JEeUCTBATEILHEIME apIyMEHTaMu U 3HadeHUAMH. [lo-
KaXuTe, 9YTO MHOXECTBO TO4YEK I, B KOTODPBIX IIOCJIE€AOBATEIb-
HOCTE fo(z), f1(z), ... mMeeT mpenen, ABnseTCA 6O0PENEBCKAM.

Bopenesckme MHOXECTBa WTDAOT BAXHYIO POThL B de-
ckpunmuenoti meopuu muodrcecms. Ho Mb1 xorwm srvmrs mpo-
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IEMOHCTPHUPOBATH MCIOIb30BAHUE TPAHCHUHATHOA WHIYK-
muz (BpAJA JE JErKO 3aMeHAEMOM Ha HCIOIb30BAaHWE JEeM-
w1 Iopra) HA mpUMepe CaeAYOmen TeOPEeMEL:

Teopema 44. CemencTBO BCex 60DPENEBCKUAX MHOXECTB
MMeET MOIIHOCTb KOHTHHYYMa.

< Knacc 6openeBCKEX MHOXECTB MOXHO CTPOHTH IIO-
cremenHo. HadaéM ¢ OTPE3KOB M [JOIOJHEHMHA K OTPE3KaM.
Ha cremyromem mare pacCMOTPUM BCEBO3MOXHEIE CIETHEIE
mepeceveHna U 0GbEeJUHEHNA yXKe€ MOCTPOEHHBIX MHOXECTB
(oTpe3KkoB ¥ MOMONHEHUWA K HEM).

142, [oxaxwTe, 9TO IPA 3TOM HOIYydIaTCA (CPeAEm HPOYIEro)
BC€ OTKPBITHIE X BC€ 3AaMKHYTHIC IIOJMHOXECTBA IIPAMOH.

llanee MOXHO PacCMOTPETH CIETHHIE 06HEJUHEHUA U TIe-
pecedYeHmns yxKe MOCTPOEHHBIX MHOXECTB U T. J.

Bonee dpopmarsro, ycTts By — CEMEACTBO MHOXECTB,
COCTOsAIIEE W3 BCEX OTPE3KOB m fomonaHeHmy kK mHuM. Ompe-
penuM B; 11 0 FHIYKINA KaK CEMEUCTBO MHOXECTB, ABJIAO-
IIIXCA CIETHBIMY 06HeIMHEHUAMY WA TIEPECETCHAAMA MHO-
xecTs u3 B;.

Bce cemencTsa B; coCTOAT 3 GOPENEBCKAX MHOXECTB
(mockomeky caéTHOE O6HENWHEHWE WIM TepecedeHme Gope-
JIEBCKUX MHOXECTB fBIAeTCA Gopenesckum). VcuepnrisaroT
s oHE BCe GopeneBckme MHOXeCTBA? Boobime rosops, HeT:
€CJIM MEI BO3EMEM TI0 OJJHOMY MHOXECTBY M3 KaXJ0r0 KJIac-
ca B; mna Bcex ¢ = 0,1,2,... u pacCMOTpEM WX CYETHOE
IepecevYeHre, TO OHO BIIOJIHE MOXET He MPUHAIIEXATH HA
OJHOMY M3 KIaccoB. IloaToMy MEI paccMoTpuMm kiacc By,
npeacTaBiAommi cobou o6bequHEeHRE BCeX BB; mo BCeM Ha-
TypPalbHEIM i, 3aTeM B, 1, Byi2 7 T. 1. O6beaunaenne sTou
TOCHAEeJ0BATENLHOCTH KJIACCOB €CTECTBEHHO Ha3BaTh B, u
IPOJOIXUTH TOCTPOEHUE.

Maaum dopmansHOe onpeaenerue B, ama mo60oro opam-
Hana @. JTO JeJaeTCA C MOMOIIBI0 TPAHCPUHUTHOU PEKYp-
cuu. Umenno, mpu o = B + 1 anemenTamu kaacca B, GyayT
CU€THBEIE O0BbEIMHEHNA W II€PECETIEHUA MHOXECTB F3 KJac-
ca Bg. Ecmm o — mpefiensHBIM OopAuHAI, OTIXYHEM OT 0,
To K1acc B, mpeicTaBIgeT coGou 06neuHeHMe BCeX B mo
BceMm (3 < a. (Kmacc By me1 yxe ompenenmnn.)



114 Ynopadouennvie muoscecmea [p. 2]

W13 onpepenerns caepyer, aro B, C Bg upn o < 3, Tak
YTO MBI TOIYYaeM BO3PaCTAOIIYIO IEMb KAaccoB. Kax I
KJIACC 3aMKHYT OTHOCATEIHHO IE€PEX0/a K JONOIHEHAIO (71
HAYAIBHOT'O KJIACCa MBI 06 3TOM 1103a60THINCE, Jajiee 10 WH-
nykmun). Bee knaccur B, coepxaTca B K1acce 60peleBCKAX
MHOXECTB, TAK KaK MBI IIPAMEHAEM JIWIMEL ONEPAINHA CIET-
HOT'0 0G'beUHEHUA U MEPECEIEHAA, OTHOCATETHLHO KOTOPHIX
KJIacC GOPENTEBCKAX MHOXECTB 3aMKHYT.

BosmukaeT BOIpOC: KaK JaleKO HYXHO IPOJOIKATH DTY
xoHCcTpyknuio? OKa3kBaeTCA, 9TO NOCTATOYHO NOUTH 0
MEPBOr'0 HECYETHOI'O OPAMHAJIA.

ITycTs Ny — HaMMEeHBIIMI HECIETHEIA opauHal. (DTo —
CTaHJapTHOE 1 Hero o6o3Hadenue.) [Ipyrumu crosame, Ng
€CTH CEMEUCTBO BCEX CUETHBIX OPAUHAIOB, YIOPAAOIEHHBIX
OTHOIIIEHWEM < Ha OPJWHAIAX.

JNlemma. Kiacce By, 3aMKHYT OTHOCHTEIBHO CIETHHIX 065~
e[IVHEHUN U TIEPECEUEHUN U TTOTOMY COJEPXUT BCe 6opeses-
CKU€ MHOXECTBA.

JokasaremscTtBo aemmel. IlycTs mMmeercs cuérmas mo-
CJIeJOBATENBHOCTh MHOXeCTB By, By,..., IpUHAIIEXAITAX
By,. Opguman Ny — mpegempHbmt, m kimacc By, sABageT-
ca o6menmHeHMeM MeHBIMX KiaaccoB. IlosToMy kaxmoe u3
MHOXECTB B; ImpmHajgIeXuT KakoMy-TO Kiuaccy B,,, rae
Q; — HEKOTOPHIA OPJWHAJ, MEHBLIIMHA Nj, T.€. KOHEIHBIA
mwm caérHuE opauHai. IlomoxmMm 3 = sup; o;. Opgusan (3
€CTh TOYHAA BEPXHAA I'DAHb CYETHOI'O0 UHWCJIA CIETHHIX Op-
JUHAIOB W TOTOMYy CcYéTeH. B camom jene, paccMoTpum
opawHaNE (3; KaK HAJaIbLHEIE OTPE3KM B KAaKOM-TO OOIb-
meM opazHATe (HampmMep, B N;); IX TOIHAA BEPXHAA FDAHb
6yaeT o06beIMHEHTEM CYETHOT'O TUCIA CIETHBIX HAJAIBHBIX
OTPE3KOB U MOTOMY OyIeT CIETHBIM OpJAHAIOM.

Teneps mepBOe yTBEPXK/EHWE JEMMEI OY€BHIHO: BCe B;
nexaT B Bg, a moToMy ux o6befuHeHMe (WM IEpecedeHne)
nexut B Bgy1 u Tem Gonee B By, (mockomsky 3 + 1 ectsb
CUETHEIM Op/JWHAI U MeHbITe Nj).

Takum o6pasom, kinacc By, ABasgeTca o-aare6pou, coxep-
XKAIEA OTPE3KU, U IOTOMY COJEPKUT BCE GOPEIEBCKUAE MHO-
xecTBa. JleMMma fokasaHa.

Kaxk Mu1 yxe oTmedanu, Bce Knaccul B, cocToaT us Gope-



[m. 13] ITpuaoscernus opdunanos 115

JIEBCKMX MHOXECTB, TaK 9TO KJIacC By, COBIAJaeT C KIaCCOM
BceX 60peNIEBCKIX MHOXECTB.

YTo MOXHO CKasaTh IPO MOIMHOCTH Kiaaccos? Kuaacc By
ZMeeT MOIIHOCTH KOHTHHYYMa (OTDE3KH 3aJai0TCA CBOUMHU
xoHramu). Eciz xmace B, “MeeT MOUIHOCTb KOHTUHYYMa,
TO ¥ caenyomui Kaacc By 1 MMeeT MOIIHOCTES KOHTHHYYMA
(xax B €ro 3IeMEeHT 3aJa€TCA CIETHON II0CTE0BATENLHO-
CTBIO 3/IEMEHTOB IIPe/IMeCTBYIOMeEro Kmacca, a ¢° = ¢). Ka-
KIBIA IPEEIbHEIA KJIACC €CTh 00heIMHEHNE PENbIIyIInX,
¥ TIOKa MEI He BEIXOJWM 3a MPEJeNhl CIETHHIX OPAUHAIOR,
o6weamaEeHME 5TO GyAeT cI€THO, a (Ng = ¢, TAK 9TO MEI HE
BEIXOJVM 3a Ipejensl kKoHTuHyyMa. Hakoren, By, ecTb 065
eIMHEHWE HECUETHOT'O IUCIA IMPEJLIYIIUX KIaccoB (a MMeH-
HO, N; K1accoB), HO Tak Kak N; < ¢, To N; = c.

Taxum 06pa3omM, kmacc By,, OH Xe KIacc Bcex Goperes-
CKIX MHOXECTB, IMEET MOIMHOCTH KOHTHHyyMa. [>

O6BIYHO TOCTPOEHUE GOPENEBCKUX MHOXECTB HAUMHAET-
ca HeEMHOro mHa4Ye. VIMEHHO, Ha HUXHEM YPOBHE PACCMaTPH-
BAlOTCA [Ba KJIACCA: OTKPHITHIE M 3aMKHYTHIE MHOXECTBA.
Ha cnepyroleM ypoBHE HaX0AATCA KAacchl Fy, (caéTHble 065~
€IWHEHUA 3aMKHYTHIX MHOXECTB) # G5 (CI€THBIE mEpecede-
HUA OTKDPHITEIX MHOXecCTB). Emé Ha ypoBeHB BHIIE JexaT
CYETHBIE TIEPECEUYEHUA MHOXECTB U3 F, u cuéTHBIE 00BeaN-
HeHmMA MHOXeCTB u3 Gg, u T. 1. Takou mogxon asaserca 60-
Jlee eCTECTBEHHBIM C TOYKU 3PEHUA TOIMOJOTHUH, TOCKOILKY
OTPE3KH Ha IPAMOY HHYIEM HE 3aMedaTeIbHEI. MOXHO IIpo-
BEPHUTH, 9TO PA3HMUIA MEX[TY TAKAM IIOAXOJO0OM X HAIIAM
OIIPE/IETIEHUEM HEBEJIVKA.

143. [JoxaxwuTe, 4TO NepecedeHme IByX F,-MHOXeCTB ABIAET-
ca F,-mmoxecTBoM (7 BoOGme knaccu F,, G5, a Takxke KIacCu
CIeyIoumX yPOBHE!, 3aMKHYTHI OTHOCHTEILHO KOHEYHHIX 065~
€[UHEHUN ¥ IEPECEYEHNN ).

144. [TloxaxmnTe, uTo F,- m Gs-MEOXECTBa JexaT B Kiaacce Ba
B COOTBETCTBHU C HAIlEV KIACCUPUKALZAEH.

145. [lokaxwmTe, 9TO BCAKOE MHOXECTBO Kaacca Bz orimya-
ercsa oT HeKOTOporo F,- wim Gs-mHOXecTBa He Goiee UeM Ha
CIY€THOE MHOXECTBO.

146. [loxaxwuTe, 9TO BCAKOE MHOXECTBO Kiacca Bs saBageTcsa
cuéTHEIM nepecedenueM F,-MHOXeCTB wim CYETHEIM 0OBEaUMHE-
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HHUEM G&—MHO}KCCTB ¥ 9TO aHAJIOTUYIHOE YTBEPXAECHUE BEPHO A
60J1e€ BEICOKUX YPOBHEW HAIlleV MEPAPXAM.

147. [loxaxwuTe, 9TO CyLmECTBYET OTKPHITOE MHOXECTBO HA
ILIOCKOCTH, CPEAN BEPTUKAJIBHBIX ceqeﬁnﬁ KOTOPOr'0o BCTPEYarT-
CA BCE OTKDHITHIE NIOAMHOXECTBA npAMon. JlokaxwuTe, 9TO CyIe-
crByeT G5-MHOXECTBO Ha ILIOCKOCTH, CPEJH CEYEHEM KOTODPOTO
BcTpedaioTca Bce Gs-nmoamMuOXecTBa npamon. JlokaxuTe aHaIO-
TWYHEE yTBEPX/ACHAA I CACAYIONAX yPOBHEH.

148. TloxaxwuTe, uTo cymecTByeT (s-MHOXECTBO, HE SABIA-
fomeecs Fy-muOXecTBOM. Ilokaxwre, uTo CcymecrByeT cuéTHOE
o6bequaerne (G5-MHOXECTB, HE ABJIAIOIIEECA CIETHHIM IEpecede-
mueMm F,-muOoxecTB 7 T. 1. (YkazaHue: BOCHONB3YyATECH IPEXHI-
IyIIen 3ajaden. )

OpAvHAIE 9aCTO MOABIAIOTCA NPHA KIACCUDUKAIIAA DIIe-
MEHTOB TOTI'0 WIN WHOT'O MHOXECTBa IO «paHTam». Hampm-
Mep, MOXHO KJIAaCCA(PUIUPOBATDH dJIEMEHTHI (pyHIUPOBAHHO-
T'0 MHOX€ECTBaA.

Teopema 45. Ilycte X — dymaupoBaHHOE MHOXECTBO.
Toraa cymecTsyeT u eaumHCTBEHHA pyHKIMA rk, onmpenenés-
Hagd Ha X ¥ IpuWHWMamas 3HadeHWaA B KIacce OPAMHAIOB,
JIJIA KOTOPOHX

rk(z) = min{a | & > rk(y) gua mo6oro y < z}

(opm mr06oM € X).

<1 Onpenennm MEOXECTBO X, PEKYPCHUEN 110 OPAHATY (v
X, cocTromT m3 Bcex dmeMeHTOB T € X, I KOTODPHIX BCE
MenbInze uX (B X ) deMeHTHI npuHaAIexXaT X3 C MEHBIIMME
uHAEKCaMu 3:

zeX, & (Vy<z)(3B<a)(ye Xp).

3ameTuM, uTO 37ech (Kak U B GOPMYJIMPOBKE TEOPEMBI)
3HaK < HCHOJIB3YETCSA B ABYX PA3HBIX CMBICIAX: KAK IOPA-
nok Ha X ¥ Kak MOPAJOK HA OPAUHAIAX.

O4eBuHO, 9TO C POCTOM @ MHOX€ECTBO X, pacTéT (ToY-
Hee, He y6nBaer). [lokaxeM, 9TO OPH AOCTATOIHO 60IH-
IMOM ¢ MHOX€eCTBO X, NokpuBaeT Bcé A. Ecam sTo He Tak,
To m3 B < 7y creayer X3 C X, (IpOM3BOMBLHBIN MUHAMAIE-
HBIA SI€MeHT, He Jexammui B Xg, npuHastexut X, ). Ilo-
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sToMy oTo6paxenue o —> X, 6yJeT HHBEKIMENR, 9TO HEBO3-
MOXHO (BO3BMEM OpJAMHAN, M0 MommHocTH Gonbmmit P(X);
IPeNIeCTRYIOMIX €My ODAUHATOB yXe€ CIAUIIKOM MHOTO).

Teneps onpegemuym rk(z) Kak MUEAMATEHOE Q, TP KOTO-
poM z € X,. Ecmm tk(z) = a m y < z, To rk(y) < a. (B ca-
MoM perne, o oupeaeneruo X, m3 ¢ € X, u y < x cregyer,
aro y € X npu mekoropoM [ < «.) Hao6opot, ecin amsa
HEKOTOPOI'0 OpJVHAJA 7 BEIIOJHEHO HepaBeHCTBO rk(y) < 7y
mpu Bcex y < z, To tk(z) < 7. B camom geme, Torga Jo-
6o dIeMEHT Y < T NPHHALIEXAT HEKOTOpoMy Xg ¢ 3 < 7y
(monoxmm 8 = rk(y)) m moTomy z € X, m rk(z) < 7.

Wrak, nocrpoennas mamu pysknms rk obmagaer Tpeby-
€MBIM CBOUCTBOM. EMHCTBEHHOCTE OKAa3aTh COBCEM JIETKO:
ecnu eCTh ABe Takue PYHKOUM, PACCMOTPAM MUHAMAILHYIO
Touky B X, HA KOTOPOU OHU PA3AAIAIOTCA, U CPa3y XKe Io-
JyY9EM IPOTHUBOpeEYme. >

B wacTHOCTH, CIETHEIE OPAMHAILI MOXHO UCIIOIL30BATH
1A KNacCupUKANUy J€PEBLEB, B KOTOPHIX HET GECKOHETHBIX
myTex. Mu1 6yleM pacCMaTpUBAaThL KOPHEBble Jepesba ¢ Ko-
HEUNBIM UAU CUEMMbLM 6emedenuem (Y KaXJON BEPIIAHEBI
KOHEYHO€E WM CIETHOE IUCIIO CHIHOBER ), B KOTOPHIX HET 6ec-
KOHEYHOU BeTBH (IIOCJIEI0BATENBHOCTH BEPIINH, B KOTOPEIX
KaX/J[ad €CTh CHIH MPEBIAYINeH).

PDopmManbHO TaKoe [epeBO MOXHO ONPENENATEH KaK MOJ-
MHOXECTBO 1 MHOXeCTBa N* KOHEUHBIX ITOCJIEJOBATEIBHO-
CTeN HATYPAJIBHEIX 9UCE], 3AMKHYTOE OTHOCATEIHLHO B3ATHA
mpedukca (ecau MOCTEOBATENBHOCTD NpUHAMIEXUT T, TO
M0G0 €€ HAYANBHBIA OTPE30K TPUHAMIERUT 1'). DIeMEHTH
MHOX€eCTBa 1’ MBI HA3BIBAEM 6EPULUHAMU [EPEBA; BEPIIXHA Y
€CTBH CblH BEPIIVWHEL I, €CJIN Y MOMYIAE€TCA U3 I MPUINCHIBA-
HUEM CIIPABa KAKOT'O-TO OJHOTO umciaa. Bepmmua y ABngeTcs
NOMOMKOM BEPIIVHEL I, €CJIA Y TOTYyIaeTCA 106aBIEHUEM K T
OJHOT'0 WA HECKOJBLKUX dUCElL.

Mzer roBopuM, 91O B gepese 1’ nem beckoneunoti 6emeu,
€CJIA He CYIIECTBYET GECKOHETHOU IOCJEJOBATEILHOCTH Ha-
TypaJbHBEIX 9HCe], BCE HAYala KOTOPOW mpmHagtexart 1.
B sTom caygae oTHOmEHUME mOpAIKA

y<zx < Y eCTb MIOTOMOK I
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$YHITPOBAHO W MOXHO IPUMEHUTE OPEAHIAYIILYI0 TEOPEMY,
OIIpEe/IeIMB PAHT'M BCeX BepmwH fAepeBa 1. PaHr ero xopna
(mocnemosarensrocTr anwaE 0) m 6yIeM HA3HIBATEH PAH20M
depesa.

Teopema 46. (a) Panr mo6oro gepesa (ommcarHOro BEAA)
ABIAETCA CIETHLIM OpJUHATIOM.

(6) Beaxwit cI€THENL OpAWHAT ABIAETCA PAHIOM HEKOTO-
poro fepesa.

< (a) IIycTs paHr HEKOTOPOrO J€peBa, TO €CTb paHT
€ro KOpHf, ABIAETCA HECISTHHIM opjuHAIoM. Torja paHr
O/JTHOTO W3 CHIHOBEW KODHA Takxke HecuéTeH. (B camom pe-
Jle, TOYHAA BEPXHAA TPaHb CIETHOTO MHOXECTBA CUETHEIX
OpAVHAJIOB ABIAETCA CIETHEIM OD/JWHAJIOM; 3TO CTAHOBHTCA
ACHEIM, €CII PACCMATPUBATEL 3TH OPAWHAIL KAaK HAIATLHEIE
OTpe3ku GOMBIIEr0 — TOTJa TOYHAA BEPXHAA T'PaHb OyAeT
06BequEEHEAEM.) Y DTOTO CHIHA B CBOIO 09€PENb €CTH CHIH He-
CYETHOrO PaHra @ T. . DTOT IPOIECC HE MOXET 060pPBaTH-
Cfl, ¥ MEHI TIOTy9aeM 6€CKOHEYHYIO BETBh B TPOTHBOPETUH C
IIpe/ITIONOXKEHAEM.

(6) OTo yTBEpX TEHEE NOKA3HIBAETCA MHAYKIUEN: IyCTh
Q — HAVMEHBINY CIETHRIA OPAWHAJ, 1A KOTOPOT'0 TAaKOr'O
nepesa HeT. Torja A1 BCeX MEHBLIIX OP/WHAJOB [€pPEBbA
ecTb. Bo3pMéM 3TH JepeBba W CAelaeM WX HOJAePEBbAMM C
06muM KOpHEM (MX KODHHE CTAHYT CHIHOBLAMYE 3TOTO 06IIero
xopHa). HoBoe fepeBo Takke mMeeT CIETHOE BETBICHUE W
PaHr €ro KOpHA paBeH . >

149. IlycTe mmeeTca c4éTHOE AepeBO, He MMeroIee 6E€CKOHEY-
HEIX BeTBed. IIpeAmosoxmumM, 9TO B KaXJOM €ro JUCTE HAXOJAT-
CA OTPE30K WIW JOIOJHEHWE A0 OTPE3Ka, a B KaX/OX BHYTDEH-
HEN BEpPIIFHE CTOMT 3HAK IepecedeHus mim obneammenmsa. Kakx
COIIOCTABUTHL TAKOMY [JE€PEBY HEKOTOPOE GOpeNeBCKOEe MHOXECT-
Bo? (Ykasamme: mOKaxwTe, 9TO B KAX /0N BEPIINHE MOXKHO €QWH-
CTBEHHHIM 0GPa3oOM HAMUCATH HEKOTOPOE MHOXECTBO, COIVIACO-
BaHHOE ¢ moMeTkamu.) IlokaxuTe, 9TO Bce GOPENEBCKAE MHOXE-
CTBa MOI'yT OBITH IOJIyY€HHEI TAKAM CIOCO60M.

JlepeBba ¢ mOMETKaMU, PACCMOTPEHHEIE B 3TOU 3aJade,
TpECTaBIAIOT CO60M KaK GBI GeCKOHedHBIE (hOPMYIEI, CO-
CTaBJEHHBIE U3 OTPE3KOB U [OMOJHEHUN K HUM C TIOMOIIBIO
omepanuii CIETHOTO 06'be[AHEHAA U IePECETeHUA (KOHETHBIE
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ZIePEBbA COOTBETCTBOBAMM GBI KOHETHHIM opmyaam). Mox-
HO YCJIOBHO CKa3aTh, YTO 60OpeJeBCKHE MHOXECTBA — 3TO
MHOX€ECTBA, BEIPAXKAIOIIUECA C IIOMOIILI0 TakuX (hOpMy.I.

B zakmrodenme mpusenéM ckopee 3a6aBHBIM, 9€M BaX-
HEIA, IPEMEP HCHOJb30BAHUA TPAHCHUHATHOU PEKYyPCUM U
Op/IVHAJIOB.

Teopema 47. CymecTByeT MHOXECTBO TOYEK HA ILIOCKO-
CTH, KOTOPOE TIEPECEKAETCA C KAXK 0! MPAMOU POBHO B IBYX
TOYKaX.

<! Tpe6oBanusa K MHOXECTBY MOXHO CHPOPMYyJAPOBATH
TaK: HUKAKWE TPA TOYKM HE JEXAT HA OJHOU MPAMOU, HO
m06asa IpAMasa MEPECEKAET €0 He MEHEE 9€M B IBYX TOIKAX.

ByzaeM cTpouTh 3T0 MHOXECTBO TPAHCPUHUTHOU PEKYP-
cuenn. IlycTh @ — MUHWMANBLHBIN OD/UHAMT, UMEIOIIAN MOII-
HOCTb KoHTZHyYMa. (Ecim xoHTHHYyM-runoTesa BepHa, TO
OH coBmajaeT ¢ N, HO 3TO HaM He BaxHO.) Torga MHOXECT-
BO BCEX MEHBIINX OPJZAHAJIOB MOXHO IIOCTABUTEH BO B3aXMHO
O/THO3HAYHOE COOTBETCTBUE C MHOXECTBOM BCEX NMPAMBIX HA
mrockoctn. IlycTs g — mpamas, cooTBeTCTBYIOmas OpAU-
gany (3 < a.

[Jlna xaxporo § < o mocTpomM MHOXeCTBO Mg, B KOTO-
POM HUKAaKWe TPA TOYIKU HE JEXKAT HA OJHOU IIPAMOH, CIAEY-
romuM o6pazoMm. OGbequHAM BCE TOCTPOEHHEIE DAHEE MHO-
xectBa M, npu Bcex ¥ < . MoryT m B 3TOM MHOXECTBe
(o603navmM ero T') Kakwe-TO TPH TOYKH JEXKaTh HA OJHON
npamon? Ecim fa, To 3T TOUKE 6€pyTCA U3 KAKUX-TO MHO-
xects M, , M,,, M,,; BO3bMEM HaMOOIBINMA U3 OPJUHAIOB
Y15 Y2, ¥3; B COOTBETCTBYIOIIEM MHOXECTBE GyIyT TPH TOYI-
KU, JEeXAaIIue HA OJHOU NPAMOU, 9TO IPOTUBOPEUUT MHPE]-
TIOJIOXKEHWIO WHYKITAW.

ITocMoTpuM, BO CKOIBKAX TOYKaX IepeceKaeT mpaMad g
vuOoxecTBO 1. Takwx Togek (mo JoKasaHHOMY) He GOMBIIE
nByx. Ecim ux poBHO [ABe, TO BCE XOPOIIO M MEI HOBEIX TO-
4ek He jgobamngeM, cumrad, 9T0 Mg = T. Ecmm ux MeHs-
e, TO MEI JIOMXHE T0GABUTEH HOBHIE TOYKH ([0 ABYX), HO
TOJBKO TaK, 9TOOGHI IpM 3TOM He 06pa3z0BajoCh TPEX TOYEK,
JeXaInuX Ha OJHOU mpaMon. [[pyruMu croBaMu, HETB3A JO-
6aBIATH TOYKH, KOTOPEIE JIEXAT HA IepecedeHnn lg ¢ mpsa-
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MBIMH, IIPOXOAAIMMMEA 9€pPe3 HaPHl yXKe MMEIOIIAXCA TOIEK.

CKoNBKO TakuX IPAMEIX (TO €CTh CKOJBKO Iap yXe mMe-
rormuxcsa Togex ) ? Ilo mocTpoermro BUAHO, 9TO BCE yKE UMEFO-
IMuecs TOYKMY JIeXaT o JBe Ha Kax/jou npamon L, mpu vy < .
(Crporo roeops, To clelyeT BKIIOYATH B MHAYKTUBHOE
mpeamonoxenne.) Takum o6pasom, MEOXECTBO 1’ MO MOII-
HoCTH ecTh 23 = 3, a map To4ex He Gombime B2 = 3 < ¢. Ilo-
5TOMY 3alpeIEHHbIE TOYKA COCTABIAIOT JHAMb Malyio (mo
MOIIHOCTH) 9aCTh OPAMOK lg, ¥ MOXHO BHIGPATH JBE paspe-
INEHHBIE TOYKM.

Teneps ocTanock o6be uHUTE MHOXECTBa Mg A1 BCcex
opauEanoE 3 < « m momxywmTs mckomoe mHOXecTBO. (Ilo
YCJOBMIO TPH TOYKY Ha OJHOU IPAMOU B HEM MOABUTHLCA HE
MOr'yT, & BCAKAA IpaAMas OyJeT PAHO WIK IO3JHO PacCMO-
TPEHA ¥ JBE TOYKW Ha He: GynyT obGecmedeHsr.) >
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KHUTWU U3JATENBCTBA MUHMO

Mporpammupoeatnue: Teopembl u 3agaqn (A.Illens)

B s>Tou xEUre 06BHACHAIOTCA TPAEMEI, IOMOTAIOIIME HAIACATH
OPaBWIBHO ¥ OHEICTPO PabOTAIOIIYI0 MPOrPAMMY BMECTE C JOKa-
3aTeJbCTBOM €€ mpaBmwiIbHOCTH. KHuUra Hanmmcasa B ¢popme 3a1a4
C pelIeHuaAMn.

HaszBanwusa ruas: 1. [lepemennbie, BEIpaXXeHUA IPUCBAXBAHNA;
2. Ilopox gerne xoMGrHEATOPHEIX 00HeKTOB; 3. O6x01 Aepesa. Ile-
pe6op ¢ Bozepatamu; 4. Copruposeka; 5. Koreunnie aBTromaTh 1
06paboTka TexcToB; 6. Tunu garrbx; 7. Pexypcus; 8. Kax o6ou-
TECh 6e3 pexypcun; 9. Pasarie anmropurme Ha rpadax; 10. Cono-
crapieHue ¢ o6pasmom; 11. IIpeacrasaerne MmuoxecTB. Xemmpo-
Banwe; 12. IIpegcrasnenne muoxects. [lepesbs. C6arancuposas-
urle aepesns; 13. Konrexcrro-cBo60oaane rpammaruku; 14. Cue-
TakCHYeCKu pa3bop CJIeBa HAIIPABO.

Nspasa B 1995 roxy. 264 c. CBoGOAHO pacHpOCTPaHAEMEIR
rekcr (ASCII, TEX, PostScript) maxoauresa mo agpecy

ftp://ftp.mccme.ru/pub/users/shen/progbook

ANTOPUTMBbI: MOCTPOEHUE N AHANN3

Krura npeacrapiger co60M CTaHAAPTHHA aMEPUKAHCKUAU
y4eGHUK [0 MEeTOJAaM IOCTDOEHWA M aHaIu3a 5(PpdEKTUBHEIX
aNrOpETMOB, HAIWCAHHBIM HAa OCHOBE OJHOMMEHHOIO Kypca B
MaccaqayceTCKOM TEXHOJIOTHIECKOM MHCTHTYTE U BHLAEPXKABIIAN
6onee 15 m3ganmz 8 CIITA (mepsoe — B 1990 roay). E€ aBroper —
Thomas H. Cormen, Charles E. Leiserson, Ronals L. Rivest.

B men pazbuparoTca BaXHEMIHE KIACCH 3G (PEKTHBHBIX aIro-
PUTMOB ¥ METOJH UX IOCTPOEHUA (KaK KIACCAYECKHUE, TaK H CO-
BpeMeHHEIE). Man0xenne mogpo6HOe (B HEM OKOJO THICAYA CTPa-
Hul, Gonee 200 pACYHKOR), IOHATHOE ¥ MaTEMATAYECKHA CTPOLOE.
KHUT'y MOXHO HCIOJL30BATh B KAYECTBE yIeOHUKA WK CIPABOY-
HEKa, 0Ha Gy €T IOIEe3Ha U CTYIEHTaM, 1 pa6OTAOIIZM IPOrpaM-
muctaMm. Ouens pekomergyem!

WN3-3a cBoero paamepa KHUra nony4unacb [JOBO/BHO
foporoi, Ho uagaTenscTeO obewaeT ckuaky B 10%
BCEM YMTaTensim, npegbsieuBluMm 3TOT Kynou! Agpec:
Mocksa, 121002, Bonbwowu Bnacbesckun, 11.




OcHOBHbIE NOHATUSI TEOPUNM MHOXECTB (MOLUHOCTH,
OpAMHanbl, TPAHCHUHNUTHAS UHAYKUUS) BXOAST B
YMCNO BELLEN, KOTOPbIE XOPOLIO Obl 3HaTh KaXKAOMy
rpamMoTHoMy MaTeMaTuKy. O6bI4HO NPO HUX
KOPOTKO MULIYT B NEPBbIX raBax y4e6HUKOB
aHanu3a, anrebpbl UM TOMOAOrUM, CMELa NePenTy K
OCHOBHOW TeMme KHUru. A Xxanb — npeameT
[NIOCTaTOYHO UHTEPECEH, BaXKEH U NPOCT, 4TOObI
paccka3aTb O HEM HE TOpPOMSCh.

MmeHHO Takoi monynsipHbIM paccka3 aBTOpbI
MbITaNUCb HaNUCaTb, UMes B BUAY CaMbIX Pa3HbIX
YuTaTenen — OT NOArOTOBNEHHbIX LUKONBHUKOB A0
npodeCcCcUOHaNbHbIX MaTeMaTUKOB.

KHura ocHoBaHa Ha MaTepuanax nekuumn ans
MNa/LUIEKYPCHUKOB, KOTOPbIE aBTOPbI YUTANU Ha
mexmaTe MI'Y B pasHble rogbl. [oTOBATCS K
U3[aHUIO CNefyHoLLUE KHUMU 3TON CEpUM:

«3bIku U ucuucnenus» u «Bbluucnumble pyHKUUMY.
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N TEOPUN ANTOPUTMOB
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